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?A@CB�DCEGFIHCJ�FIDLKNM�OQPRKNM*PTS�UV@WBYXWFIZ[ZGB�E\U]KTU[FIPQH^FIZ_U[P`Z\UVaCXcbedcPQfgPQMIBihkjlUmb1DnB�FIHWB�okaLKNMpFpUVFpB�ZFIHRhNPQMph1FIHWO$EGBqKNEGEVKNHCONB�r�B�HRU,FpHRhRKNEGFsKNHRUutvKNHLKTJ]@wSxaCHCJiUVFIPNH�HCPNE[r�Z�y7?A@CBzB�r�DC@LKNZGFI{�BzFpZuDCacUPQH#UV@WB�E[PQMpB�PNSutvKNHLKTJ]@�SxaWHCJ�U[FIPQH�Z[DCKNJ�B�Z�FpHRhQPQM|hQB�X�FpH}UV@CB.FIHWB�okaLKNMpFpUVFpB�Z�~>FIH#DCKNEGU[FIJ�aWMsKNEPQH�UV@WB�FIE�PQDcUVFIr�KNMpFpUmb���FpU[@�E[B�ZGDnB�J�U�UVP�K.OQFphNB�H�B�HRh1FIEGPQHCr�B�HRUqy
� y����3���I�c�C�����3�����5�����5�(�>�����5�>�����3�

��B�U��YfnB�KAXCPQr�KNFpH�PNSc�CHCFpU[B�r�B�KNZ[aCEGB�FIH
Rn ��FpU[@ n ≥ � y��^F|UV@+HCP�MIPQZGZ�PNScOQB�HCB�EVKNMpFpUmb�uBYZG@LKNMpM*KNZGZ[aCr�B#UV@LKTU | � | � � y���B#XCB�HCPTUVB�fRb

M � ���.UV@CB�J�MIKNZ[Z�PTS$EGBqKNM�j hQKNMIaCB�Xr�BqKNZGaCEVKNfWMIB$SxaWHCJ�U[FIPQHCZzPQH#�
KNHCX�fkb
M ¡�� ����UV@WB�J�MIKNZ[ZzPNS�HCPQHCHWB�ORKTU[FphNB�SxaCHCJiUVFIPNHCZ�FpH

M � ���iytub
c, C

�,B+Z[@CKNMIM(XWB�HCPNU[B�hQKNE[FpPQaCZADgPQZ[F|UVF|hQB�J�PNHCZGUVKNHRUVZ�FIHCXCB�DnB�HCXCB�HkUzPNS�KNDCDCEGPQDCEGFsKTU[BokaLKNHRUVF|UVFpB�ZuKNHCXwHWPNU,HWB�J�B�Z[Z[KNE[FpMpb�UV@WB�ZVKTr�BzKTU¢BqKNJ]@wPcJ�J�aCEGE[B�HWJ�BNy���B���FpMIMC��EGFpUVB
A . BFpSLU[@CB�EGBvFIZ�K*DnPNZ[FpU[FphNB,J�PNHCZGUVKNHRU

C
~RFpHCXCB�DnB�HCXCB�HRU�PNH.KNDCDCEGPQDCE[FIKTUVBuokaLKNHRUVF|UVFIB�Z�~QZGaCJ]@�UV@LK£U

A ≤ CB
y¤LPQE�Um�uP�HCPNE[r�B�X#SxaCHCJiUVFIPNHYZGDLKNJ�B�Z

X, Y
PNS¢SxaCHCJiUVFIPNHCZ�XCB��CHCB�X�PQH¥�*~��uB�Z[Kqb}UV@LK£U

X
FIZAJ�PQHRUVFIHkaCPNaCZ[M|b�B�r�fgB�XWXCB�X"FIHRUVP

Y
~:KTHCX���E[FpU[B
X ↪→ Y,� � y � ���@CB�H"UV@WB�E[B+FpZ�K.DgPQZGFpUVF|hQB�J�PQHCZGUVKNHRU

C
Z[aCJ]@¦UV@LKTU�~CSxPQEAB�hNB�E\b

u ∈ X
~C�,B+@LKqhQB

‖u‖Y ≤ C‖u‖X .§ S � � y � ��FIZ�ZVKTU[FIZ\�LB�X(~3�,B_Z[KqbYU[@LKTU�UV@CB�Z[DLKTJ�B Y FIZ$K¥¨|©Nª<«1¬iª�­m®>©1¯'¬�U[@LKNH
X
~�PQE+UV@LK£U

‖ · ‖Y
FIZ�K�­i°�©N¨�¨I¬iª�±>²£ª³°´U[@LKNH ‖ · ‖X

y�§ Sµ~5r�PQE[B�P-hNB�E�~(UV@CB.Z[DCKNJ�B�Z
X
KNHCX

Y
XCP�HCPTUJ�PNFIHCJ�FIXCB+FIH¦UV@CB�Z[BiUGjlUV@CB�PQE[BiUVFIJ�KNM5Z[B�HCZ[BT~n�uB�ZVKqb�UV@CKTU

Y
FIZ�¬]­]­'¬i±L¶¸·¸©N¨�¨º¹w¨|©Nª<«1¬iª�UV@CKNH

X
y§ S¢HCPQHCB�PNS�UV@CB�EGB�MIKTUVFpPQHCZ

X ↪→ Y
~
Y ↪→ X

@CPQMpXCZ�~nUV@CB�H}�,B�Z[K'b"UV@LK£U*UV@CB�ZGDLKNJ�B�Z
XKNHCX

Y
KNEGB�·�±>¯'²£°�®>©NªG©R»�¨I¬iy¤LPQE�Bi¼WKNr�DCMpBN~5�,B�@LKqhQB

Lp ↪→ Lq FpS,KNHCX�PQHCMpb�FpSv½ < q ≤ p ≤ ∞ ~�Z[FpHCJ�B��¾FIZ�PTS�LHCF|UVB�r�BqKNZGaCE[BTytub`K`¿(²N»£²£¨I¬iÀ#·�±>¬[Á�ÂW©N¨º·�¶<¹Ã�uB}r�BqKNH�KNH�B�Z\UVFprwKTU[B"PTS�K¥J�B�EGU]KTFIH�HWPQE[r PNS+K¥ONFphQB�HSxaCHCJiUVFpPQH"PTS�Z[BihQB�E[KNM5hRKNEGFsKNfCMpB�Z�fRb"KNHCPNU[@CB�E�~gDgPQZGZ[FIfWMpb�XCF|Ä>B�E[B�HkU�~nHWPQE[rÅPNS�FpU[Z�ONEVKNXCFpB�HRUqydcPC~¢FpS
X, Y

FpZ�K�DCKNFIE�PNS*tvKNHLKTJ]@`ZGDLKNJ�B�ZwPNS�SxaCHCJiUVFpPQHCZ.XCB��CHCB�X`PQH��*~¢UV@CB"dcPNfnPQMpB�hFIHWB�okaLKNMpFpUmb_FpZvUV@CB+B�ZGUVFprwK£UVB
‖u‖Y ≤ C‖∇mu‖X , u ∈ CmÆ � ��� .� � y � �

Ç,È]É�ÊiË-Ì3ÍGÎ\Í\ÏuÐTÍGÑ�ÒiÓ£Ô£Õ³ÓiÓ�Ò-Ö ×
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§mHCZ\UVBqKTX�PNSnK�dcPQfgPQMpB�h$FIHCB�o1aCKNMIF|Umb$�uBv��FIMpMCKNMpZ[P�PNS�U[B�H�U]KTM��$KNfnPNaWU¢K�¿(²N»£²£¨I¬iÀ$¬i°�»£¬����N·�±1«N~KNHCX���E[F|UVB
WmÆ � X � ↪→ Y.� � y��Q�

�zB�E[BT~:U[@CB+Z[aCfWZ[J�EGFIDWU�½�XCB�HWPNUVB�Z�U[@LKTU�UV@CB�SxaCHWJ�UVFpPQHCZ�FIH � � y � �vKNE[B+PNS3J�PQr�DLKNJiU�Z[aCDCDgPQE\UPQH�� KNHCX�UV@CB�Z[aWDnB�E[Z[J�E[FpDWU
m
Z\U]KNHWXCZ�SxPNE�U[@CB�PQE[XCB�EzPTS�UV@WB$B�r�fnB�XCXCFpHCO � UV@CB�PQE[XWB�E�PNSUV@WB�OQEVKTXCFIB�HkU�FIHRhQPNMphQB�X:�iy�?A@CB�Z[DCKNJ�B�Z

X
KNHCX

Y
KNE[B$E[B�ZGDnB�J�U[FphQB�Mpb"JqKNMpMIB�X"UV@WB��1²£°�©N·�±­m®>©1¯'¬�KNHWX¦U[@CB.ª[©N±1«1¬�­m®>©1¯'¬+PNS�UV@CB$dcPQfgPQMpB�h_B�r�fgB�XCXCFpHCOCy

� aCE*r�KNFIH"PQf��GB�J�UVF|hQB�FpZ�UVP�Z\UVaCXWb ²]®g¶<·�°�©N¨º·�¶¸¹¦PNS�hRKNEGFIPQaWZ*UmbcDgB�Z�PTS¢SxaWHCJ�U[FIPQH}ZGDLKNJ�B�ZFIH"UV@CB.d1PQfnPNMIB�h¦B�r�fnB�XCXCFpHCOQZ�y*�5BiU�aCZ*B³¼cDCMsKNFpH"��@LK£U*�,B�r�BqKTH}fRb�PQDcUVFIr�KNMpFpUmbQy�§ S�UV@WBZ[DCKNJ�B
Y
FIH � � y��R��J�KNH fnB�E[B�DCMsKTJ�B�X fRb K#Z[r�KNMIMpB�E�ZGDLKNJ�B Y ′ ~¢ZVKqbQ~,KNHCXÃUV@CB"dcPNfnPQMpB�hB�r�fnB�XCXCFIHWO

WmÆ � X � ↪→ Y ′� � y��k�FIZ�ZGUVFpMIM5UVEGaCBN~(U[@CB�H(~�PTSuJ�PQaCEGZ[BN~ � � y �k��FpZ�KNH�B�ZGZ[B�HRU[FsKNMpMpb"ZGUVEGPQHCOQB�E�E[B�Z[aCM|U*UV@LKTH � � y��R�iy�§ SZ[aWJ]@_KNH�FIr�DCE[P'hNB�r�B�HRU¢FIZ�HCPNU¢DgPQZ[ZGFIfCMpB � ��FpU[@CFIH�K+OQFphNB�H�JqKTU[B�OQPNEGb�PNSnSxaCHCJiUVFIPNH�ZGDLKNJ�B�Z]�³~�uB�ZVKqb�UV@LK£U
Y
FpZ�KTH`²]®g¶<·�°�©N¨5ªG©N±1«1¬ � KNORKTFIH(~C��F|UV@CFpH�FpU[ZzJ�KTUVB�OQPQE\bC�³y"!zHLKNMpPQOQPQaCZGMpb��uBUVEGBqKTU,PQDWU[FIr�KNMIF|Umb�PNS�U[@CB�XCPNrwKNFpHwZGDLKNJ�B

X
y�§ S5HCB�F|UV@CB�EuU[@CB�E[KNHCOQB*HWPQEuU[@CB�XCPNrwKNFpHwJ�KNHfgB�Fpr�DWE[P'hQB�X(~W�uB�UVKNM��wKNfnPNaWU�²]®g¶<·�°�©N¨1®>©N·�ª�PNS�SxaCHCJ�U[FIPQH�ZGDLKNJ�B�Z�y��Bu��FIMpMkHCP'�`FpMIMpaCZGU[EVKTU[B�U[@CB#�TB�b$E[PQMpB,PNSChQKNE[FpPQaCZ�SxaCHCJ�U[FIPQH�Z[DLKNJ�B�Z�FpH�dcPQfgPQMpB�h�B�r�fgB�X1jXCFpHCOQZ�yu�¥B$fnB�OQFIH���FpU[@"UV@WB�S¸KNr�FIMpFsKNE,��B�fgB�Z[ONaCB � PQE Lp �vZ[DCKNJ�B�Z�KNHCX¦UV@CB�H}Bi¼1UVB�HCX}PQaWEUV@WPQaCOQ@RUVZvU[P�fCE[PQKNXCB�EAZGJqKNMpB�ZAPNS�SxaWHCJ�U[FIPQH�ZGDLKNJ�B�Z�y��¥B*��FpMIM<~kSxPNE,UV@CB�Z[K$�NB+PNS�ZGFIr�DCMIFpJ�FpUmbN~E[B�ZGU[E[FIJiU�PQaCE[ZGB�M|hQB�Z�UVP�U[@CB+JqKNZGB�PTS3U[@CB��LE[Z\UGjmPNE[XCB�E�ONEVKNXCFpB�HRUqy

%3B�E[@LKTDCZ7UV@CBuZ[Fpr�DCMpB�Z\U�SxPQEGr PTSLUV@CBuJ�MsKTZ[Z[FpJqKNMWdcPQfgPQMpB�h�FIHCB�okaLKNMIF|Umb�KNZ[ZGB�E\UVZ7UV@CKTUq~QONFphQB�H�
< p < n

~CUV@CB�E[B+Bi¼cFpZGUVZ
C >

½.ZGaCJ]@"U[@LKTU
(∫

& |u � x � | np
n−p dx

)n−p
np

≤ C

(∫

& | � ∇u � � x � |p dx
) ' /p

, u ∈ C
'Æ � ��� .� � y)(Q�

§mH¥J�KNZ[B.��@CB�H
p > n

KNHWX¥�%FpZ$K¦��FIDCZGJ]@CFpU[{�XWPQrwKTFIH(~�K�SxaCHCJ�U[FIPQH���@CPQZGBwOQE[KNXCFpB�HRUfgB�MIPNHCOQZvUVP
Lp � ���vFpZ*�1HWP-��H¦UVP.fgB+�-,QMIXWB�EAJ�PNHkU[FIHkaCPQaWZ�~:HLKNr�B�M|bQ~
Z[aWD

x,y∈
&
|u � x � − u � y � |
|x− y| ' −n/p

≤ C

(∫

& | � ∇u � � x � |p dx
) ' /p

, u ∈ C
'Æ � ��� ,

��@CFpJ]@(~LFIH�DLKNE\UVFpJ�aCMIKNE�~cFIr�DCMIFpB�Z
‖u‖L∞ ≤ C

(∫
& | � ∇u � � x � |p dx) ' /p

, u ∈ C
'Æ � ��� .� � y�.R�

?A@CBzJqKNZGBz��@CB�H
p � n

FpZuZGDnB�J�FsKTMly3��B�J�KNMIM:F|U¢U[@CB�¨º·�°�·�¶¸·�±1«�¯�©£­'¬zPNS�dcPQfgPQMpB�h.B�r�fnB�XcjXCFpHCOCy*§ U�FpZ�J�MIBqKTE[Mpb�U[@CB�r�PQZGU�FIHRUVB�E[B�Z\UVFpHCO_JqKTZ[BN~(KNHCX(~(FpHCXCB�B�X(~�KTMIZ[P�UV@CB�r�PQZ\U*XCF0/�J�aCMpUPQHCBTy�§ U�FIZ1�kHCP'��H¦U[@LKTUq~CSxPNEAB�hQB�EGb
q <∞ ~

(∫

& |u � x � |q dx
) ' /q

≤ C

(∫

& | � ∇u � � x � |n dx
) ' /n

, u ∈ C
'Æ � ��� .� � y)2Q�
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d1UVKNHCXLKNEGX#Bi¼WKNr�DCMIB�Z�PNS�SxaCHCJiUVFIPNHCZ���FpU[@�KNH�KNDCDWE[PQDCEGFsKTU[B��GMpPQORKNEGFpU[@Cr�FpJ+OQE[P'�AUV@}U[P�FIHcj�LHCF|Umb� �HCBqKNEuUV@CB*PNE[FIONFIH(~1ZVKqbQ~WZ[@CP'� UV@LKTU�~CKNM|UV@CPNaCOQ@

np/ � n− p
� → ∞ ��@CB�H

p→ n− ~PQHCB+J�KNHCHCPNU�UVK$�NB�UV@WB
L∞ j HCPQE[r PQH�UV@CB+MIBiS�UAZ[FpXCB+PNS � � y)2N�iy��B�U�aCZ�HCP'� EGB���EGFpUVB*U[@CB�ZGB$FpHCB�okaLKTMIFpU[FIB�ZvFIH�UVB�E[r�ZAPNS3B�r�fgB�XCXWFIHCOQZ�y��¥B+OQBiU
W

'Æ � Lp � ↪→ L
np

n−p ,
�
< p < n !� � y#"R�

W
'Æ � Lp � ↪→ L∞, n < p <∞ !� � y#$R�

W
'Æ � Ln � ↪→ Lq,

SxPNEAB�hQB�EGb
q <∞.� � y � ½R�

%zP'�+~���FpUV@WFIH�UV@CB�MIFpr�F|UVB�X#B�HRhcFpE[PQHWr�B�HkU$PNS
Lp Z[DLKNJ�B�Z�~7UV@CB�Z[BwEGB�ZGaCMpU[Z$J�KNHCHCPNU$fgB�Fpr.jDCEGP-hNB�X_FpHwKTHkb�DgPQZ[ZGFIfCMpBA�vKqbQy&%�PNUVB�UV@WBzFpHkU[B�EGB�ZGU[FIHCO�S¸KNJ�U('3��@CFpMIB � � y)"R�7J�PQHRU]KNFpHCZ,KTHwPQDcjUVFprwKTMgDCKNFIEuPNS

Lp HWPQE[r�Z�~ � � y#$R�¢XWPcB�ZAHCPNUA@LKqhNB*UV@CB*PNDWUVFprwKNM:XCPNrwKNFpH_HCPQEGr KTHCX � � y � ½R�XCP1B�Z�HWPNU�@LKqhNB_UV@CB_PNDWUVFprwKNM�E[KNHCOQB�HCPQE[r¦~7ZGFIHCJ�BwUV@CB�E[B�FpZ�HCP}MIKNE[ONB�ZGU
Lp Z[DLKNJ�B_UV@LK£U�uPQaCMIXYE[B�HCXCB�E � � y)$Q�zUVE[aWB�KTHCX(~�MIF��TB���FpZ[BN~�U[@CB�EGB�FpZ+HCP"ZGrwKTMIMIB�ZGU Lq Z[DCKNJ�B.UV@LK£U��uPQaCMpXE[B�HCXCB�E � � y � ½R�uUVEGaCBNy* MIB�KNE[M|bQ~kUV@CBzB�r�fgB�XWXCFIHCONZvFIH � � y#$R�uKNHWX � � y � ½R�¢KNE[BzHCPNUAZ[KTUVFpZGS¸KNJiUVPQE\b.SxE[PQr UV@WB�SxaCHCJ³jUVFpPQH¥ZGDLKNJ�B�Z�DgPQFIHRU$PNSAh1FIB��+~�KTHCX FpU$FIZ$HLKTU[aCEVKNM�UVP}KNZ�����@CB�U[@CB�E�KNHRb¥EGBqKNZGPQHLKNfCMpBwFpr.jDCEGP-hNB�r�B�HRU_FpZ�KTUwZGFIOQ@RU�y�?A@CB�KNHCZG�uB�E�FIZ�FIH UV@CB¦DgPQZ[F|UVFphNBN~ufCaWU��,B"@LKqhQB"U[P�DCK'bÃSxPNEUV@WB�Fpr�DWE[P'hQB�r�B�HkU�fRb�fgB�FIHWO�SxPNE[J�B�X�U[P¦J�PQHCZGFIXCB�E$PNU[@CB�E�~5r�PQEGB.J�PQr�DCMIFpJqKTU[B�X#ZGJqKNMpB�Z+PNSSxaCHCJiUVFpPQH�Z[DLKNJ�B�Z�UV@LKTH

Lp Z[DLKNJ�B�Z�y?A@CB�E[B+KNEGB*Um�,P.fLKNZGFIJ*XWFIE[B�J�U[FIPQHCZ,FIHw��@CFpJ]@��,B+JqKTH�Bi¼1UVB�HCX"PNaCE,UV@WPQaCOQ@RUVZ�y�?A@CB*�LE[Z\UPQHCB,FIZ3U[@CBvXCFpE[B�J�UVFpPQH�PTSg�5PNE[B�HRU[{vZ[DLKTJ�B�Z�~Q��@CFIJ]@�EGB�okaCFpE[B�Z�aWZ�UVP*FpHRUVE[P1XCaCJ�BuU[@CBvHCPNU[FIPQH$PNSUV@WB�HWPQHcjmFpHCJ�EGBqKNZGFIHCO�EGBqKNEGEVKNHWOQB�r�B�HRUqy�?A@WB$ZGB�J�PNHCX"XWFIE[B�J�U[FIPQH�FIZuUV@LKTU�PTS � E[MpFIJ�{*Z[DLKTJ�B�Z�~FIHRhNPQMph1FIHWO�OQB�HCB�EVKNM�J�PQHRhQB³¼"SxaWHCJ�U[FIPQHCZ�FpH�DCMsKNJ�B+PNS�DgP'�,B�E[Z�y
+ FphQB�H

f ∈ M � ���³~W�uB�XWB��LHCB�F|UVZ*±>²£±-,m·�±>¯iªV¬[©£­i·�±1«�ªV¬[©NªiªG©N±1«1¬i°w¬i±L¶¸~ f ∗ ! PQH � ½ , � �i~cfkb
f ∗ � t � � FIHWS {λ > ½ ! |{x ∈ � ! |f � x � | > λ}| ≤ t}, t ∈ � ½ , � � .

%zPTUVB�UV@LK£Uq~W��@CB�H
f ∈ M � ���i~CU[@CB�H f ∗ ∈ M ¡�� ½ , � �iy¤LPQEz½

< p, q ≤ ∞ ~:�,B�XCBi�LHCB�U[@CB/.5²£ªV¬i±L¶�0�­m®>©1¯'¬
Lp,q � ���zKNZzUV@CB$J�PQMpMIB�JiUVFpPQH"PTS¢KNMIMSxaCHCJiUVFpPQHCZ

u ∈ M � ���,Z[aWJ]@"UV@CKTU�UV@CB+okaLKNHRUVF|Umb
‖u‖p,q � ∥∥∥u∗ � t � t 1p− 1q ∥∥∥

Lq 2 Æ , '43FIZv�CHCFpU[BNy��B$��FIMpM5HCB�B�X}UVP_J�PQr�DCKNE[B�hRKNEGFIPQaCZ�SxaCHCJiUVFIPNH�Z[DCKNJ�B�Z�FIH"U[@CB�ZGB�HCZGB�PNS�KwJ�PQHRUVFIHkaCPNaCZB�r�fnB�XCXCFIHWOCy3§mH�UV@CB¢J�PNHkU[Bi¼1U7PTS:��PQE[B�HkU[{uZGDLKNJ�B�Z�~TUV@CB¢SxPQMIMpP-��FpHCOAB�MpB�r�B�HRU]KTEGb�B�r�fnB�XCXCFpHCODCEGPQDnB�EGUmb_��FpMIM(fgB�aCZGB�SxaCM4'
Lp,q ↪→ Lp,r, p ∈ � ½ ,∞ 5 , ½ < q ≤ r ≤ ∞.� � y �Q� �§mH¦DLKNEGU[FIJ�aCMsKNE�~

Lp,p � Lp y§ U�UVaCEGHCZ�PQacU�U[@LKTU�~3��@CFpMIB � � y#"R��FIZ�KNH�PQDWUVFprwKTM�E[B�ZGaCMpU���FpU[@CFIH�UV@WB�B�Hkh1FpE[PQHCr�B�HRU$PNS��B�fgB�ZGOQaCB}ZGDLKNJ�B�Z�~�FpU�FIZ�HCPNUwPQDWUVFprwKTMAFIH`U[@CB}fCEGPRKNXCB�EwJ�KTUVB�OQPQEGb PNS���PQEGB�HRUV{"Z[DLKTJ�B�Z�~
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§mHCXCB�B�X(~L�uB$J�KNH¦FIr�DCE[P'hQB�F|UAB�F|UV@CB�E�fkb_rwK$�kFpHCO�UV@CB+E[KNHCOQB+Z[DCKNJ�B�Z[r�KNMIMpB�E�'
W

'Æ � Lp � ↪→ L
np

n−p
,p,

�
< p < n,� � y � � �PQEAfRb�r�K$�kFIHCO�U[@CB+XCPQr�KNFIH�ZGDLKNJ�B+MIKNE[OQB�E('

W
'Æ � Lp, np

n−p
�
↪→ L

np
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FpZ�K	�n²£Âc±1«�
³Â1±>¯i¶<·l²£±���@CB�H
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FpZ3J�PQHRhQB³¼�KNHWX�FIHCJ�E[B�KNZ[FpHCOPQH�� ½

,∞ �vKNHCX MIFIr
t→
Æ�
 t/A � t � � MIFpr

t→∞
A � t � /t � ∞.?A@CB�okaLKNHRUVF|Umb

‖u‖A � FIHcS {
λ >

½ ! ∫ & A
( |u � x � |

λ

)
dx ≤ � }
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A
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A,B

~5�uB�@LKqhNB
LA ↪→ LB

F|SvKTHCXPQHCM|b_F|S�U[@CB�EGB$FpZ�K�DnPQZGFpU[FphQB�J�PQHCZ\U]KNHRU
C
Z[aCJ]@¦UV@LK£Uq~WSxPQE�BihQB�E\b

t ∈ � � ,∞ �³~
B � t � ≤ A � Ct � .

�"PQEGB�P'hQB�E�~
LA

FIZ�B�ZGZ[B�HkU[FsKNMpMpb�ZGrwKTMIMIB�E_UV@LKTH
LB

F|S�KNHCX PQHCM|b�FpS
A � B

~�U[@LKTU¦FIZ�~
LA ↪→ LB

KTHCX
MIFIr�Z[aCD

t→∞

A � λt �
B � t � � ∞ SxPQEAB�hNB�EGb

λ >
½
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A
fgB.K��¢PQaCHWO�SxaWHCJ�U[FIPQH#ZGaCJ]@YU[@LKTU

A � t � � Bi¼cD
tα
SxPQE*ZGPQr�B

α >
½�KNHCX#KNMpM�MsKNEGOQB+hRKNMpaCB�ZzPNS

t
yA�¥B�UV@CB�H}JqKTMIM�UV@CB$J�PQEGE[B�Z[DgPQHCXCFpHCO � E[MpFIJ�{�ZGDLKNJ�B

LAKNH ¬���®�²£±>¬i±L¶¸·¸©N¨��5¹q«N°�Â1± ��¯i¨|©£­]­$KNHWX¦��EGFpUVB
LA � B³¼cD

Lα.§ S
A � t � � tp � MIPQO t � α SxPQE�Z[PQr�B p ∈ � ½ ,∞ �³~

α >
½�KNHCX}KTMIM�MsKTE[OQB�hRKTMIaCB�ZzPNS

t
~:U[@CB�H"�,BU]KTM��_KTfnPQacU+¨I²�«R©Nªi·�¶��1°�·l¯��5¹�«N°�Âc± ��¯i¨|©£­]­$KNHCX���E[FpU[B

LA � Lp � MpPQO L � α.§mHCXCB�DnB�HCXCB�HkU[Mpb�PTSWPQHWB�KNHCPNU[@CB�E�~�%�P �k@CPQ{�@LKNB�h�� �Q½ 5 ~-?�E[aCXCFpHCOQB�E�� ��2 5 KNHCX��¢aCXWP-h1FpJ]@�� � " 5@LKqhQB�Z[@WP-��H¦UV@LK£UAUV@CB�E[B+FIZ�K�J�PQHWZGU]KTHkU
C
ZGaCJ]@"U[@LKTU
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Ln′ ~WONB�HCB�EVKTU[B�X_fRbwKNHRb �¢PQaWHCOSxaCHCJiUVFpPQH

A
��@WFIJ]@�FIZ�B�okaCF|hRKNMpB�HRU¢SxPQE�MsKNEGOQB

t
UVP�Bi¼cD

tn
′ ~
n′ � n/ � n− � �³y7?A@CFpZ¢ZGDLKNJ�B�FpZB�ZGZ[B�HkU[FsKNMpMpb�ZGrwKTMIMIB�E7UV@LKTHwKNHRb
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t

))α∥∥∥
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α � ½W~u�uB�@CK'hNB

Lp,q � α � Lp,q y %�Bi¼1Uq~,SxPNE
α >

½c~ Bi¼cD
Lα � L∞,∞ �−

1
α

KTHCX
Lp � MIPQO L � α � Lp,p � α.
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Æ
(
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t

)
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t
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& | � ∇u � � x � |n dx
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n
−
1
r
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� � � ½ 5 �iy����	�����	�� 
���)�� .5¬i¶
A
»£¬�© �n²£Â1±1« 
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∫ ∞

'

,
A � s �
sn′ ¡ ' ds � ∞ ©N± �

∫ '

Æ
,
A � s �
sn′ ¡ ' ds <∞.

¿(¬i¶
An � t � �

∫ tn
′

Æ
( -

− '
n � s � )n′

ds,

" �L¬iªV¬ -
− '
n

·I­+¶��L¬�·�±LÀN¬iªV­'¬ 
³Âc±>¯i¶¸·l²£±¥²�

-

n � t � �
∫ t

Æ
,
A � s �
sn′ ¡ ' ds.

� �L¬i±
‖u‖LAn

2 & 3 ≤ ‖∇u‖LA
2 & 3 , u ∈ C

'Æ � ��� ,� � y � $Q�©N± � � � y � $R��±>²�¨I²£±1«1¬iª �L²£¨0�£­." �L¬i±
An
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B
­iÂ:¯ �_¶ �W©T¶
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%D � f � � ∫ 'Æ f � t � t 1n dt ~:��@CFIJ]@}FpZ�HCPTU*E[B�KNE[E[KNHCOQB�r�B�HRUGjmFpHRhRKNEGFsKNHRUzKNHCX(~nr�PNE[B�P'hNB�E�~ � A �]�� ��F|UV@ % � %D
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XCB��LHWB�XfRb � .Wy � �]~CUV@CB$dcPQfgPQMpB�h_FpHCB�okaLKTMIFpUmbwFIZAB�o1aWFphRKTMIB�HRU�UVP�U[@CB+B�ZGU[FIr�KTUVB
%R
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t
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Æ f ∗ � t � t 1n dt,
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f ∈ M ¡�� ½ , � � � U]K$�TB�SxPQE_B³¼CKTr�DCMpB
f � t � �� � − t

� − ' �iy��"PNE[B�P'hNB�E�~
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f ∗∗ � s � s 1n− '
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) SxPQE�KNMIM
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%R � f � � % n

n−
1 , ' � f � �
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m
n
ZGaCD
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n g∗ � s �iy¢?A@CB�H�FpU�FIZ�K�Z[FIr�DCMpB*Bi¼cB�EGJ�FpZ[B$U[PhQB�E[F|S�b_UV@LK£U
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σ � g � � %′R � Jg � .

� �L¬i±+*
%D � f � ≈ σ′ � f � SxPQE�KNMIM

f ≥ ½
.

� FpFIFs� � �L¬�
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T
y

����	�����	�� � ����� � F�� T ·I­$»£²£Âc± �1¬���²£±
L
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Lp ~k½ < p < n � FpH�UV@CFpZ7Z[B�HCZ[BT~ L ' FpZ7HCPNU�EGBqKNMpMpb�KNH �GB�HWXCDnPNFIHRU  k�³y * PQHWZ[B�okaCB�HRUVMpbN~
T
FpZ�KNMIZGP.fnPQaWHCXCB�X¦PQH¦B�hNB�EGb�ZGDLKNJ�B

Lp,q ~ p ∈ � ½ , n �i~ q ∈ � �
,∞ 5 y� FpF��¢dcFIHWJ�B (Tχ 2 Æ , '43 ) � t � � t−

1
n

~LKTHCX
t−
1
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n ∈ N
*
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