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1 The motion of viscous fluids around a purely ro-
tating body

In the first part of the thesis we shall study the time-periodic Oseen equations past a
purely rotating body in the whole space and in an exterior domain.

Let Q(t) € R™ (n = 2, 3) be given, the time-dependent exterior domain past a rotating
body ®. We consider that 99 is sufficiently smooth. We assume that Q(#) is filled with
a viscous incompressible fluid modelled by the Navier-Stokes equations with the velocity
Ueo at infinity. Given the coefficient of viscosity v > 0 and an external force f = f (y,1),
we are looking for the velocity ¥ := o(y,t) and the pressure ¢ := (y,t) solving the
nonlinear system

O — vAD+ (0-V)o+Vi=f in Q(t), t >0,
divo =0 in Qit), t >0, (11)
O(y,t) =w Ay on dQt), t >0,
0(y,t) > v as|y] — o0,

Here A denotes the exterior wegde product of R?, and in the two-dimensional case,

wAy = (=y2, 1) for y = (y1,92).
Due to the rotation of the body with the angular velocity w, we have

Q(t) - Ow(t)Qa

where D C R™ is a fixed exterior domain and O, () denotes the orthogonal matrix

cos |w|t  —sin |wlt

cos lwlt —sin|w|t 0
o _(sin\w\t cos |wlt

O,(t) = | sin|w|t cos|w|t 0O ) if n=2. (1.2)
0 0 1

After the change of variables = := O,,(t)”y and passing to the new functlons u(z,t) =

OT'0(y,t) — v and p(z,t) := G(y, t), as well as to the force term f(x,t) := O, ()T f(y, 1),

we arrive at the modified Navier-Stokes system

ur —vAu+ (u-V)u — ((wAx) - V)ut

HOu() Ve - VIu+wAu+Vp=f in Q, t>0,
div u =0 inQ,t>0, (1.3)
u(z,t) + O, () vee =w Az 0n0Q, t >0,
u(x,t) — 0 as |z| — oo

Note that, because of the new coordinate system attached to the rotating body, equa-
tion (1.3); contains three new terms, the classical Coriolis force term w A u (up to a
multiplicative constant) and the terms ((w A z) - V)u and (O,,(t)T vy - V)u which are
not subordinate to the Laplacian in unbounded domains.

An important step concerns its linearized and steady versions, i.e.

e cither in the whole space R" the modified Stokes systems,



—VvAu— (wAz) - Vu+wAu+Vp=f in R",
divu=0org inR", (1.4)
u—0 as |z| — oo,

where n =2 or n = 3;
e or in an open set {2 the modified Oseen systems,

—vAu+kOsu — (wAz) - Vu+wAu+Vp=f in Q,
divu=0o0rg in €, (15)
u(,t) +uw =w Az on OS2,

u—0 as |z| — oo,

with an appropriate choice of the constant translational velocity at infinity u., = kes #
0, therefore parallel to w.

We follow two different ways to handle this problem. The first approach in an L*-
setting uses variational calculus. This viewpoint has already been applied in [23] by R.
Farwig and in [58, 59] by S. Kra¢mar and P. Penel to solve the scalar model equations

—vAu+kOsu=f in Q
and — with a given non-constant and, in general, non-solenoidal vector function a —
—vAu+kdsu —a-Vu=f in Q,

respectively, in an exterior domain €2, together with the boundary conditions © = 0 on
0 and u— 0 as |x| — oo.

Second, to consider more general weights in Li-spaces, we apply weighted multiplier
and Littlewood-Paley theory as well as the theory of one-sided Muckenhoupt weights
corresponding to one-sided maximal functions. This approach was firstly introduced by
Farwig, Hishida, Miiller [27] for the case us, = 0 and in [24], [25] when u,, # 0 without
weights and then extended to the weighed case by Krbec, Farwig, Necasova [31], [30]
and Necasovd, Schumacher [68].

1.1 L9 setting

Definition 1. Let A,, 1 < ¢ < oo, the set of Muckenhoupt weights, be given by all
strictly positive functions w € L; (R"), for which

loc

Agfw) = sup (1QI w(@) (JQI /(@)™ < oc. (1.6)

_1 . .
where w’ := w™ a1 and the supremum is taken over all cubes @ in R"™. We have excluded
the case where w vanishes almost everywhere.

For ¢ € (1,00), w € A,, k > 1 € N, and an open set 2, we define



the Lebesgue space L(Q) := {f € L},.(Q) s.t. [,|f|*wdz < oo}, with the norm
1

1 llgaw == (fo 110w dex) 7,

the Sobolev space HX(Q) := {f € L. (Q) s.t. VIf € L1(Q), j < k}, equipped

loc
with the norm ||u| g = ZQLO V7| g

the homogeneous Sobolev space ﬁiq(Q) ={f €Ll (Q) st VFfeLL(Q)},

loc

the space of smooth and compactly supported functions C§°(£2) and its divergence
free counterpart Cg, (Q2) := {¢ € C5°() s.t. div ¢ = 0},

() = ooy e

~ S

o and the spaces H,%(Q) := C’(‘]’O(Q)H'”ﬁi’q, HE

w,0

It is easily seen that

/ 1 1 1
(LL(Q) = LL,(Q) with —+— =1 and w' =w 1. (1.7)
q g

Moreover, by [74], for 1 < ¢ < oo and w € A, there exists s such that 1 < s < ¢ and
w € A,. In addition, if €2 is a bounded domain, then it follows from Holder’s inequality
that the weighted Lebesgue spaces are embedded into unweighted ones as follows

LI (Q)— L"(Q) for every r < q/s. (1.8)

Considering the dual spaces in (1.8) one obtains that for ¢ and w as above there exists
r € (1,00) such that L"(Q) — L2 ().

1.1.1 Strong solution

Oseen system see [30]

The Oseen system (1.5) has been analyzed by Farwig in [24], [25], in L9-spaces, 1 <
q < o0, the a priori estimates being generalized by Farwig, Krbec, and Necasova in
weighted L?-spaces

V2 ull g + VP llgw < ellfllgaw. (1.9)

ksl + 1w A @) - = 0 Al < e, 2,0)] g (1.10)

More precisely,

Theorem 1. Let the weight function 0 < w € L _(R?) be independent of the angular
variable 0 and satisfy the following condition depending on q € (1,00):

for some T € [1,00)

|

2<g<oo: w’ EAT_q/2

l<g<2: wTGAT_q/2

(1.11)

[

for some T € (

o
o



(i) Given f € Li(R3)® there exists a solution (u,p) € Li (R?)* x Li (R3) of (1.5)
satisfying the estimate
vV ull g + 1VPllg < €l fllgw (1.12)
with a constant ¢ = ¢(q,w) > 0 independent of v, k and w.
(i) Let f e LI (R*)* N LL (R?)? such that both (¢, w1) and (gz,ws) satisfy the con-

ditions (1.11), and let uy,uy € L _(R3)? together with corresponding pressure functions
1

p1,p2 € L (R?) be solutions of (1.5) satisfying (1.12) for (q1,w:) and (g2, ws), respec-
tively. Then there are o, 3 € R such that uy coincides with uy up to an affine linear
field ces + Pw Az, a, B € R.

Remark 1. Precise definition of fl;q /o 18 given in (30].

Corollary 1. Let the weight function 0 < w € L. (R?) be independent of the angular
variable 0. Moreover, let w satisfy the following condition depending on q € (1,00):

2<q¢g<o0: wTeﬁ; J) for some T €l,00

1<g<2: w €A ,(J) forsome 7€ (2 5%]
where the weight class AZ(J), 1 <7 < 00, is defined by
AZ(T) = AZ(R?) N A-(T).
Given f € Li(R3®)? there exists a solution (u,p) € Li_(R*)?® x LL.(R?) of (1.5)

loc
satisfying the estimate

k5
[kl + 0 A 2) = Al < ¢ (14 S ) Il (118

with a constant ¢ = ¢(q, w) > 0 independent of v, k and w.

We note that the w-dependent term 1+ #j}w in (1.14) cannot be avoided in general;

see [25] for an example in the space L*(R?).
As an example of anisotropic weight functions we consider

w(z) =ng(x) = L+ |z))* (1 + s(2))",  s(x) = |(21, 22, 23)] — s, (1.15)
introduced in [23] to analyze the Oseen equations.

Corollary 2. The a priori estimates (1.12),(1.14) hold for the anisotropic weights w =
ng, see (1.15), provided that

2<g<o0 :—I<a<i, 0<B<{ and o+ 3> —1,
1<qg<2 :—i{<a<qg-1 0<B<qg—1 and a+3>—-1

Note that the condition § > 0 will reflect the existence of a wake region in the
downstream direction x5 > 0, where the solution of the original nonlinear problem (1.1)
will decay slower than in the upstream direction x3 < 0.



1.1.2 Weak solution
Whole space R3, see [56]

We introduce the following notations. The class C§°(R?) consists of C* functions with
compact supports contained in R?. By LI(R3) we denote the usual Lebesgue space with
norm || - ||,- We define the homogeneous Sobolev spaces

V-llq

WH(R?) = CR(R3) " = {v € LL (R?); Vv e LYR??}/R. (1.16)

loc
Definition 2. Let 1 < ¢ < co. Given f € W Y(R3)3, we call {u,p} € W (R3)? x
L%(R3) weak solution to (1.5) if
(1)  V-u=0 in LYR?), (1.17)
(2) (wWAz) - Vu—wAu e W’l’q(R3)3,
{u, p} satisfies (1.5); in the sense of distributions, that is

v(Vu, Vo) — (wA x) - Vu —w A u, )

+h{ 2 0) — (0, V- 9) = (£, 9), (1.18)
€ C3°(R3)3.

The main results are the following

Theorem 2. Let 1 < ¢ < oo and suppose [ € W’l’q(RS):S. Then problem (1.5) possesses
a weak solution (u,p) € WH(R?)3 x LY(R3) satisfying the estimate
IVullg +Ipll + w Az) - Vo —wAul g+ [[05ul -1y < Cllfll-14, (1.19)

with some C' > 0, which depends on q.

Theorem 3. The solution {u,p} given by Theorem 2 is unique up to a constant multiple
of w for u.

1.2 L? setting

Whole space see [57]
We will introduce notation used in this subsection:
Let (L2(€2: w))® be the set of measurable vector functions f = (fi, fo, f3) in Q such that

L

. . 2 . 2 . o 3 .
We will use the notation LZ ; (2) instead of (L*(; n§))” and || - 2,05 instead of || - ||(L2(Q; )

Let us define the weighted Sobolev space H! (Q;nag,ngll) as the set of functions u €



L2

0,80

u e H'(Q; 030, n5') is given by

0

1/2
— 2 a0 g 2 ar g
L p—— (/Q’“’ 5o “/Q\Vu! s, X) :

As usual, I?P (Q; ngg,ngll) will be the closure of C° () in H! (Q; nag,ngll), where
Cy () is (G ()"
For simplicity, we shall use the following abbreviations:
: o)) 3 :
L2 ; (Q) instead of (L*(Q; ng))” ||- 2,05 instead of | - ||(

() with weak derivatives du € L2 5 (), i = 1,2,3. The standard norm of

a1,61

. L :
L2(Q;ng))37 Ha,ﬂ (Q) instead

of IO{1 (Q; ng:ll, ng), Va5 () instead of ﬁl (Q; 77271, ng)
We shall use these last two Hilbert spaces for a« >0, >0, a + § < 3.
We will consider the nohomogeneous case div u = g.

Theorem 4. (Existence and uniqueness) Let 0 < < 1, 0 < o < y1 8 with y; will be
given in see [57]. Morecover, let £ € L2, 5, g € Wy with suppg = K CC R®, and
Jgs g dx = 0. Then there exists a unique weak solution {u, p} of the problem (1.5) such
thatuw € Vog, p € L2 5 1, Vp € L2, 5 and

[y 1Vl 1ol as s + 190lir5 < € (I8l ins + lolla) -

An exterior domain see [57]

Theorem 5. Let 2 C R3 be an exterior domain and 0 < < 1,0 < a <y, - 3; y1 is
given see [57] , £ € L2, 5(Q) , g€ Wy (Q), with suppg =K CC Q and Jogdx=0.
Then there exists a weak solution {u,p} of the problem (1.5) such that u € Vo5 (),
pE Li,ﬁ—l (Q) ) Vp S Li+1,,8 (Q)? and

[l 0+ 19005+ 122051 + 19PN 0015 < € (105 + llglliz)

2 Asymptotic behavior of the motion of viscous fluid
around a translating and rotating body

For more details see [17].
We consider a stationary linearized variant of (1.3) given by
—Au—(U4+wxz)-Vu+wxu+Vr=f divu=0 in €, (2.1)

under the assumption that U and w are parallel. We derive a representation formula for
the velocity part u of a solution (u, ) to (2.1). This formula is based on a fundamental



solution to (2.1) proposed by Guenther and Thomann in the article [45] where they
construct the fundamental solution to a linearized version of the time-dependent problem
(1.3). On [45, page 20], they indicate that by integrating this solution with respect to
time on (0,00), a fundamental solution to (2.1) is obtained. Using our representation
formula we prove the asymptotic behavior of the solution.

The result was motivated by references [42, 43], where the linear stationary problem
(2.1) as well as the nonlinear stationary variant of (1.3),

—Au—U+wxz)-Vutwxu+ (u-Vu+Vr=f divu=0 (2.2)
in Q=R)\D

are considered. It is shown in [42] under suitable assumptions on the data, and in the
case of (2.2) additionally under some smallness conditions, that solutions to respectively
(2.1) and (2.2) exist in certain Sobolev spaces. These solutions are unique in the space
of functions (v, o) satisfying relation

sup{|v(x)| - |z| : z € R*\Bg} < 0o for some S >0 with ® C Bg.

Article [43] further shows that under additional assumptions on the data, and after some
change of variables, the solutions (u,7) constructed in [42] verify relations

sup{|u(z)| - |z|- (14 Re - (Jz| + z1)) : € R*\Bs} < o0, (2.3)
sup{|Vu(z)| - |22 - (14 Re - (Jz| + 1)) : 2 € R®\ By} < oo,

2.1 Notations, definitions and auxiliary results.

If 2,y € R3, we write # x y for the usual vector product of  and y. The open ball
centered at * € R and with radius 7 > 0 is denoted by B,(z). If z = 0, we will write
B, instead of B,.(0). The symbol | -| will be used to denote the Euclidean norm of R?,
and it will also stand for the length oy + as + a3 of a multiindex a € Ng.

We fix vectors U, w € R3\{0} which are parallel: U = g - w for some p € R\{0}. By
the symbol €, we denote constants depending only on U and w. We write €(vy, ..., V)
for constants which additionally depend on quantities vy, ..., 7, € R, for some n € N.
We further fix an open bounded set ® in R?® with Lipschitz boundary 99, the outward
unit normal to ® is denoted by n®). For T e (0,00), put D7 := Bp\D ("truncated
exterior domain”).

Define the matrix X by

0 —Wws (o)
Y= ws 0 —Ww1
—W9 w1 0

such that w x z = X - for z € R3. For open sets V C R3, sufficiently smooth functions
w:V —R3 and for z € V, we set

L(w)(z) == —Aw(z) — (U +w X z) - Vw(z) + w X w(z). (2.4)



Let K denote the usual fundamental solution to the heat equation, that is,
K(z,t) = (4-7- )72 e /U for 2 e R?, t € (0,00).

In order to introduce the fundamental solution constructed by Guenther, Thomann [45]
for the linearized variant of (1.3), we define matrices

GO (y, 1) = (0 — (= 2(0); - (v = 2D ly = 2(0)]2) g €7,
G (y,2,) 1= (/3= (v — 2(1); - (v — 2O - |y — 2] ) g €

for y,z € R?, t € (0,00) with y # 2(¢t). Here and in the rest of this paper, we use the
abbreviation

2(t):=e "2 —t-U for z€R3 te]0,00). (2.5)

The Kummer function 1 F3(1, ¢, u) appearing in the following is defined by

1Fi(1c,u) = Z(F(c)/F(n—l—c)) -u” for u € R, ¢ € (0,00),

n=0

where the letter I' denotes the usual Gamma function. As in [45], the same letter T’
is used to denote the fundamental solution introduced in that latter reference for a
linearized version of (1.3). This fundamental solution reads

Uir(y, 2,1)
= K(y—2(t),t) - <G(1)(y, 5t) = 1F(1,5)2, ly — 2(0)]/(4-1)) - GOy, =, t))

jk

for y,z € R®, t € (0,00) with y # 2(t), j,k € {1, 2, 3}.
The following estimates of |y — z(¢)| will play a fundamental role in our argument.

Lemma 1. The relation |e % - v| = |v| holds for v € R3.
Let R € (0,00), y,z € Bg with y # z, t € (0,00) with

t < min{ |y~ 2|2 [U]). |y~ 2I/(24 -] - B). (arccos(3/4))/J| }

Then |y — 2(t)| > |y — z|/12.

2.2 Main theorems

Theorem 6. Let u € C*(Q)3, 7 € CY(Q), f € C°(Q)3 with f = L(u) + V7. Suppose
there is S > 0 with
9 C Bg such that

/RS\B 2|72 | f(2)] dz < o0, |2|72 - |divu(z)| dz < oo.
S

R3\ Bg

Further suppose there is a sequence (R,) in (S, 00) such that

R;”z'/ag (IVu(@)] + ()] + u(2)]) doz+R;2-/ |divu(z)| do, — 0

dBr,



for n — oco. Let j € {1, 2, 3}, y € Q. Then

Uj(y) \
_ /R 3\@(2 /0 Ty, t) dt - ful2)

+@An) "t (y—2)j -y — 2|7 div u(z)) dz

3

Z(/OOO Uin(y, 2,t) dt - (Oui(z) — 0 - w(2) +up(2) - (U +w x 2);)

=1
— /000 0, Ljk(y, z,t) dt - uk(z)> nl(g)(z)
—@em) T (=) ly— 2 =) ™) (2)] do.

Definition 2.
Let p € (1,00). Define M, as the space of all pairs of functions (u,7) such that
uwe WD), e WD,

loc loc
uDp € WP (D)3, 7|Dp € LP(Dg), u|0D € W/PP(0D)3  (2.6)
divulDr € WP(®Dr), L(u)+ Vr|Dr € LP(Dp)?

for some T € (0, 00) with ® C Br.

Theorem 7. Let p € (1,00), (u,m) € M,. Put F':= L(u) + V7. Suppose there are
numbers Sy, S, v € (0,00), A € [2,00), B € R such that S; < S, ® C Bg,,

u|BS € LY(BS)?, Vu|B: € L*(BS)?, 7|Bs € L*(BS), supp ( div u) C Bs,,
A+min{l, B} >3, |F(z)| < v|z| *s.(2) P for 2z € B,

where
sp(x) =14+ 7(|z| —2,) for z € R
Put § := dist(D,dBgs). Let i,5 € {1, 2, 3}, y € B¢. Then
Ju;(y)| < €(S. 81,4, B.8) (v+ | FIBs, |l + |[divull, + ||V |0D], (2.7)
+H 70Dl + C@, p) [uldD|2-1/pp ) (19]5- (1)) Lan ),
101115 ()| (2.8)
< €(S. 81,4, B,8) (v + | F|Bs, | + |divul|, + |V | 0D, + [|7]0D])s
+C(D., ) [ul0D -1/ ) (1957 () )™ 52 ()™ OT2ABY (),

where C(®, p) was introduced in ([17] Lemma 5.2) and function l4 5(y) see ([17], The-
orem 3.3). If the assumption supp( div u) C Bg, is replaced by the condition

| div u(2)] <F|z| “s.(2)" for z € BE,

10



for some ¥ € (0,00), C € (5/2,00), D € R with C' + min{1, D} > 3, then inequality
(2.7) remains valid if the term ||divul[; on the right-hand side of (2.7) is replaced by
7 + ||div u|Bg,||1. Of course, in that case the constant in (2.7) additionally depends on
C and D.

In the next theorem, we present an asymptotic profile of u for the case that L(u)+ V7
and divu have compact support.

Theorem 8. Let p € (1,00), (u,7) € M,, S, S; € (0,00) with S; < S, and put
F := L(u) + V. Suppose that

DU supp (F)U supp (divu) C Bg,,
ulBG € L°(BS)®, Vu|B§ € L*(BS)°, w|B§ € L*(BY).

Then there are coefficients (31, 32, 33 € R and functions §1, 2, 3 € C°(BE) such that
for j € {1, 2, 3}, y € B,

u(y) = Zi:ﬁkBjk(y, 0) + </a divudz) Ey(y)+355(y), (2.9)

u~n(©)doz—|—/

Bs,

£3)
and

&) < €S, 8) (Il + || div ully + [Vu| 0Dy + |7]0D],  (2.10)
+C(®, ) |[uldDa-1/pp ) (yls-(v)) >,

where C(D,p) > 0 only depends on © and p. (Note that |Ey;(y)| < €ly|~2 and |y| 2 <
€(9) (|yls-(y) )_1 for y € BE; (see Lemma 2.4 [17].)

Finally we obtain a representation formula for weak solutions of the stationary Navier-
Stokes system with Oseen and rotational terms.

Theorem 9. Let u € W' (D)3 N LY(D)? with Vu € L*(D)°. Let 7 € L*(D), p €

_loc

(1,00), ¢ € (1,2), f: D" — R? a function with f|D7 € LP(Dr)? for T € (0,00) with

D C By, f|BS € LY(Bg)? for some S € (0,00) with ® C Bg.
Suppose that the pair (u, ) is a weak solution of the Navier-Stokes system with Oseen
and rotational terms, and with right-hand side f, that is,

/@C(Vu-Vgo—l— (7(u-V)u+7ou— (wx2) Vutwxu) -g0+7rdivgo> dz
= s f-pdz for o € CX(®)?, divu=0.
Then
ui(y) = R (f —7(u V)u)(y) + B;(u, 7)(y) (2.11)

for j € {1, 2, 3}, ae.y € D",
For definition of Ey;(x), 3;1(y, 2), R(f), B;(y) see [17].

11



3 Asymptotic behavior of the viscous fluids in the
presence of Coriolis forces

For more details see [69].

3.1 Stokes problem in the whole space R?

We consider the Stokes problem with the Coriolis force in the whole space R3. The
system reads
—pAu+w xu = Vp+ f,

divu = 0, (3.1)

where w is given and we set w = Ag, A > 0. We assume for the simplicity that g = e,.
The motivation of the problem can be found in the work of Weinberger see [80, 81].

Theorem 10. Let f € LIY(R?), 1 < ¢ < oo, there exists a pair of functions (u,p)
with uy, uz € LY(R?), u € D*(R?),Vp € LI(R?) satisfying the Stokes system (3.1) and
moreover

ulag + ol g + el + lally < ell (32)

Further, if 1 < ¢ < 3 then
|uilrg + [u2l130/G-g) + [Ul2g + [Plig + [luallg + llually < ¢l fllg i = 1,3. (3.3)
Finally, if 1 < ¢ < 3/2 then
|wilt,g + [[willg + |u2l130/-q) + [U2l3g/-29) + |U|2g + [Pl1g < el fllgi=1,3. (3.4)

3.2 Stokes problem in an exterior domain

We consider the Stokes problem in an exterior domain 2 of class C™*2 m > 0 with
data f € C°(Q),v, € Wm+2=1/44(9Q)). The governing equations are

—pAu+Agxu = Vp+ f,

divu = 0, (3.5)
u|3Q = U,
lim, ..cu = 0.

Theorem 11. Let © be an exterior domain in R? of class C™*2,m > 0. Given f €
WmP(Q),v, € Wmt2=1/e9(9Q), 1 < q < 3/2 there exists one and only one solution
(u, p) to the Stokes problem such that

Ui — vy € WI(Q) N { N, [DH9(Q) N Dl+27q]},z’ ~1,3,
Uy — V4 € WM3/B=20) () N { Nl DH134/G3=0)(Q) N Dz+2,q]}’ (3.6)
p € N DFH(Q).
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Moreover, (u,p) satisfy

il + 1u2llm,sq/3-20) T Dieo{%illirrq + Nu2lliv1,30/-a) + [Ulir2,q + |Pliv1,0}

(1 fllmg + Nvsllmso-1/g0.00), i = 1,3,
(3.7)
where ¢ depends on m,n,q,§. Moreover, let f € L'(Q) then for z € By (by By we
denote the ball with radius 1 and BY its complement)

|u(z)] < cmnla|™

D5u(2)] < el 7.0 < 3] > 2 (3.8)

and for x € B{,0 < 3 <2
DPu(e)] < comlz] . (3.9)

3.3 Oseen problem in the whole space R?

We investigate the Oseen problem with the Coriolis force in the whole space R?. The
system reads
—puAu+Agxu = Vp+f,

divu = 0. (3.10)

We assume for the simplicity g = es.

Theorem 12. Let f € LY(R?), 1 < g < oo, there exists a pair of functions (u,p) with
uy, uz, Ou/0ry € LI(R?), u € D*9(R3?),Vp € LI(R3) satisfying the Oseen system (3.10)
and moreover

8ui .
Ha - 1plg + luallg + lually < ell fllgi = 1,3. (3.11)
T2 q
Further, if 1 < ¢ < 4 then
Ou, .
|ww+mmW4q+wn+wm+Ha <ol flil=1,3. (312)
X2 q
Finally, if 1 < ¢ < 2 then
Ou; )
WMmHWhW4q+WmW2q+Mu+mm+H%2 5], < el =13

(3.13)

3.4 Oseen problem in an exterior domain

We consider the Oseen problem in an exterior domain  of class C™%2, m > 0 with data
f € C2(Q),v, € Wm+21/04(9Q), v, # 0. The governing equations are

—pAu+Agxu = Vp—+f,

812
divu = 0, (3.14)
u|89 = Uy, .
Mmoot = Vso.

13



Theorem 13. Let © be an exterior domain in R? of class C™*2,m > 0. Given f €
WmP(Q),v, € WmH2=1/49(9Q), 1 < g < 2, vs € R® there exists one and only one
solution (u,p) to the Oseen problem such that

us = vg € Wa(@) 0 { ([0 9(@) N D]} i = 1,3
Us — Vyp € WM20/2=0)(Q) N { N, [DH—Q,q]},
as € W),

0z

(3.15)

g_ig c Wmta/4=a)(Q),

peNso DH1a(Q).

Moreover, (u,p) satisfy

[t = Vooillm,g + Uz — Vo2 llm,2q/2—0) + 20t ttillie1,q + ||3—;‘f

l4q/(4—q) T |U|l+2,q + |p’l+1,q}

< C(HfHﬂ%q + HU* - Uoon+2—1/q,q,8Q)a ial =1, 37
(3.16)

where ¢ depends on m,n, q, €.

4 Compressible motion

There are several results concerning one dimensional situation, let us mention work of
Kazhikov and Shelukhin in 1977 [53], who firstly proved the global existence in one
dimension for smooth initial data and for discontinuous data we can refer to work of
Serre and Hoff see [73, 47]. The significant progress was made during last twenty years
on the compressible Navier-Stokes system or Navier-Stokes-Fourier system in dimension
2 and 3. We mention the work of Matsumura, Nishida [63, 64, 65] and fundamental
work of P. L. Lions [61] which was extended by Feireisl [33, 34, 35]. We would like
to mention that for large initial data the global existence and large-time behavior of
solutions to the Navier-Stokes-Fourier system have also been obtained in the spherically
symmetric case (see [48, 47, 37]). For other references see [50, 51, 62, 70, 75, 76, 77].
In case when viscosity coefficients dependent on the density and viscosity coefficients
vanish on vacuum and new entropy inequality was proved to provide the regularity for
the density see Bresch and Desjardins [11, 12].

Recently Mellet and Vasseur [66] proved the existence of a solution for the barotropic
Navier-Stokes system, when the viscosity coefficients are density dependent functions
related by the Bresch-Desjardins relation [11], [12], for any “physical” adiabatic exponent
v > 1.

4.1 Free boundary problem for the equation of one-dimensional
motion of compressible gas with density-dependent viscos-
ity isentropic case

For more details see [70].
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In this part we consider the following system of equations

(4.1)
S(pu) + F(pu? +p) = & (n2e) — py,

where ¢t > 0, 0 < £ < y(t). The unknown functions p, u represent the density and the
velocity, respectively, p = ap” and pu = bp? are the pressure and the viscosity coefficient,
a, b are positive constants, v > 1, and 0 < < v — 1. The constant g is the gravitation
constant, £ = 0 is the fixed boundary

u(t,0) =0,
and £ = y(t) is the free boundary, i.e. the interface of the gas and the vacuum;

ou

Y — o), (p— 15 ) tu(e) =0,

We rewrite the equations in the Lagrangean mass coordinate:

3
ﬂ::/ p(t,<)ds.
0

Assuming that
y(t)
| et =1
0
the above problem is transformed to the following fixed boundary problem

0, 20u __
&5 =0,

oxr
(4.2)
u 0 u
StE= %(up%) -9,
int>0and0 <z < 1, where p = ap”, i = bp® with the boundary conditions
ou
£.0 :0,( _ —>t,1=o 4.3
u(t,0) p—ppy ) (t1) (4.3)
and the initial condition

(0, ) (0,) = (po, o) (), 0 < 7 < 1. (4.4)

We consider the following assumptions (A.1), (A.2) and (A.3) for the initial data and
B

e (A1) po € Lip[0,1] and po(z) > p(p is a positive constant),
o (A2) ug € C'[0,1] and %2 € Lip[0, 1],

e (A3)0<g< 4.
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Definition 3.
A couple (p,u) is called a global weak solution for (4.2) if

p, u € L>([0,T] x [0,1]) nC*([0,T]; L*(0, 1)), (4.5)
PP, € L2([0,T] x [0,1]) n CY2(]0, T]; L*(0,1)), (4.6)

for any T, 5 5
00 4 22 (47)

for a.e. x € (0,1) and for any ¢ > 0, and

/0 [P — o (p — pous) + ¢gldz =0 (4.8)

with ¢ € C§°((0,1]) and for a.e. ¢t € [0,T].

Theorem 14. If the assumptions (A.1)-(A.3) hold, then the initial - boundary value
problem (4.2), (4.4), (4.3) admits a global weak solution in the sense (4.5) - (4.8).

Theorem 15. Let us assume (A.1), (A.2), (A.3) and let there exists a constant C(T")

such that 1
o S p(t,z) < C(T), lug(t, z)| < C(T). (4.9)

4.2 Free boundary problem for the equation of spherically sym-

metric motion of viscous gas

See [71, 72]. We consider the following model of compressible symmetrical motion, which
are described by the following system of equations

0 0, Oou
L +uP+p3E+ 2 = 0,
2
pB B+ 8 = w(F 2 - B -, (4.10)
p = ap’,

where v, a,y are positive constants and 1 < v < 2, p is the density and u the velocity
field. We consider the boundary condition

ulp=1 =0 (4.11)
and the initial conditions
plizo = p"(r), tli=o = u°(r). (4.12)
We are interested in the class of initial data which includes the stationary solutions
=DM (1 1\11/(v-1) <
p=d (- %)) (r<h), (4.13)
0 (R<r),

We rewrite the equations in the Lagrange mass coordinates:

T = 47r/ p(t, s)s*ds.
0
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The above problem is transformed to the following fixed boundary problem
% + 47r,02%(r2u) =0,

8“ _|_47-‘-7~ng — 167T I/ o) <,r,4p(3u> _ 2]/% . TMQ, (414)
p=ap’,

where

3 [T dE
“+4w/ PG

By normalizing the total mass, we consider the equations (4.14) in 0 < z < 1 with
the boundary conditions

u|x:0 = O,p|$:1 =0 (415)
and the initial conditions
Pli=o = po(x), uli=o = uo(z). (4.16)
We consider the following assumptions

e (A1) po € C[0,1] and pg(x) > 0 for z € [0,1), po(1) = 0, total variation [p] < oo
and there exists a monotone decreasing function A(x) such that 0 < A(z) < p(z)
and fo 3oy < %0

. <A2) Ug € C[O, 1],
e (A.3) assume py = ap} € C*[0,1] and uy = 0.

Definition 4.
A couple (p,u) is called a global weak solution for (4.14) if

p, u € L=([0,T] x [0,1]) n C*([0, T]; L*(0, 1)), (4.17)
pue € L=([0,T] x [0,1]) n CY2([0,T]; L*(0,1)), (4.18)
there exists a constant C'(7") with %po(x) < p(t,z) < C(T)po(x), (4.19)
for a.e. x € (0,1) and for any ¢ > 0, and satisfying
dp 2up
at—l—47rrpux+——0forae x € (0,1) and for any ¢t <0, (4.20)
Jo [bw — (4126, + 22)p + 167206, pu, + 26 + ¢24]dw = 0 (4.21)

with ¢ € C§°(0, 1) and for any ¢ > 0,

p(0,2) = po(x) and u(0,x) = up(z) for any x € [0, 1], (4.22)

and
u(t,0) =0 for any ¢t > 0. (4.23)
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Theorem 16. Assume (Al), (A2), (A3). Let (p1,u1) and (p2,us) be solutions of
(4.20),(4.21), (4.22), (4.23) satisfying (4.17, (4.18), (4.19) for any 7. Then we have

P1 = P2, U = U2.

Let us consider the following additional assumption

(A4) fol po(pio - %)2(1 7 < +oo for some g >3
Theorem 17. Let (A1)—(A4) be satisfied, suppose that a is sufficiently small and let
La < M, where L = L(v,v, E*, M*, R) (4.24)
provided Fy < E* and M < M*. Let us assume that the initial pressure pq satisfies
La(l —z) <py < M(1—x), (4.25)

where

where L is a suitable constant depending on v, v, E*, M*, R for definition of E*, R see
[71, 72]. Then the global solution (p,u) satisfies

fol u(x, t)*dr — 0,

1 2 (4.26)
Ik Po(@(mi,t) — %) U—Cfvw — 0 as t — o0.

4.3 Global existence of solutions for the one-dimensional mo-

tions of a compressible viscous gas with radiation: an “in-

frarelativistic model”

The aim of radiation hydrodynamics is to include the effects of radiation into the hy-
drodynamical framework. When the equilibrium holds between the matter and the
radiation, a simple way to do that is to include local radiative terms into the state func-
tions and the transport coefficients. One knows from quantum mechanics that radiation
is described by its quanta, the photons, which are massless particles traveling at the
speed c of light, characterized by their frequency v, their energy E = hv (where h is
the Planck’s constant), their momentum p’ = h” (), where Q is a unit vector. Statis-
tical mechanics allows us to describe macroscoplcally an assembly of massless photons
of energy E and momentum p by using a distribution function: the radiative intensity
I(r,t, Q, v). Using this fundamental quantity, one can derive global quantities by in-
tegrating with respect to the angular and frequency variables: the spectral radiative
energy density Eg(r,t) per unit volume is then ER(T’ t):=1 [ [I(rt, Q,v) dQ dv, and
the spectral radiative flux Fg(r,t) = [ [Q I(r,t,Q,v) dQ dz/ If matter is in thermody-
namic equilibrium at constant temperature T and if radiation is also in thermodynamic
equilibrium with matter, its temperature is also 1" and statistical mechanics tells us that
the distribution function for photons is given by the Bose-Einstein statistics with zero
chemical potential.
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In the absence of radiation, one knows that the complete hyrodynamical system is
derived from the standard conservation laws of mass, momentum and energy by using
the Boltzmann’s equation satisfied by the f,,(r, v, t) and Chapman-Enskog’s expansion
[38]. One gets then formally the compressible Navier-Stokes system

Oip + V - (pit) = 0,

0,(p@d) + V - (pi ® @) = (4.27)

+f,
=
I

UU EIU

O(pe) +V - (peti) = =V — +9,

= =
where [I= —p(p,T) I + 7 is the material stress tensor for a Newtonian fluid with the
= =
viscous contribution 7= 20 D +AV - @ [ with 3A+2p > 0 and p > 0, and the strain
= = —
tensor D such that Dy; (@) = (g;“ + 6u7> 7 is the thermal heat flux and F' and g are

external force and energy source terms.

When radiation is present, the terms f and ¢ include the coupling terms between the
matter and the radiation (neglecting any other external field), depending on I, and [
is driven by a transport equation: the so called radiative transfert integro-differential
equation discussed by Chandrasekhar in [13].

Supposing that the matter is at LTE, the coupled system reads

0,(p@0) + V - (pi ® @) = —V- I — S,
=

> (4.28)
O(pe) +V - (pett) = =Vq — D : 11 =S,
\ %%I <r,t,ﬁ,y> +Q-VI <r,t,§,y> =5 (r,t,ﬁ,u) ,

S

where the coupling terms are

@(; ) [B) 1 (r1,5.0)]

//05 rtp,Q' QV—>V>{—]<TtQ/ >I(r,t,ﬁ,y>

—0, <r,t,p, Q- v— u’) I (r,t, Q, 1/) I (r,t, 0, y’)} Q' dv/,

<y

—

Si(r,t,Q,v) = o4(v, Q, o, T,

the radiative energy source

Sg(r,t) = //St(r,t,ﬁ,l/) dS2 dv,

Sprt //QStrtQV)dey

the radiative flux

In the radiative transfer equation (the last equation (4.28)) the functions o, and o,
describe in a phenomenological way the absorption-emission and scattering properties of

19



the interaction photon-matter and the Planck’s function B(v, 6) describe the frequency-
temperature black body distribution.
In 1D the previous system reads

/

pr+ (pv)y =0,

(pv)r + (PU2>y TPy = MUy — (SF)R7

1 1
{p (e+§v2)] + {pv (e~|—§vg) +pv — kb, — povy| = —(Sg)r,

Y

(4.29)

1
_]t + Ld_ly = S,
C

In this study we only consider an “infra-relativistic” model of compressible Navier
- Stokes system for a 1D flow coupled to a the radiative transfer equation. As in the
model studied by Amosov [1], we suppose that the fluid motion is so small with respect
to the velocity of light ¢ that one can drop all the % factors in the previous formulation.
We get then

( pr + (pv), =0,

(pv)r + (pvz)y + Py = [y,

1 1
[p<e+§vz>] —l—[pv (e+§v2>+pv—/§6y—uvvy = —(SEg)r,

Y

(4.30)

\ wa = S,

in the domain O x R, with O := (0, L), where the density p, the velocity v, the
temperature 6 depend on the coordinates (y, 7). The radiative intensity I = I(y, 7, v,w),
depends also on two extra variables: the radiation frequency v € R, and the angular
variable w € S := [—1,1]. The state functions are the pressure p, the internal energy
e, the heat conductivity x and the viscosity coefficient p .

In the standard radiative transfer equation, the source term is

S(y, 7,v,w) = Sac(y, 7, v,w) + Ss(y, T, v,w), (4.31)
where the absorption-emission term is
Sae(y, T, v,w) = 04(v,w; p,0) [B(v;0) — I(y, T,v,w)], (4.32)
and the scattering term is

SS(y? T? V? w) = US(V; /07 0) j(y7 7—7 V? 0) - ](y7 7—7 V? w)] ) (4'33)

where I(y,7,v) := %f_ll I((y,7,v,w) dw and B is a function of temperature and fre-
quency describing the equilibrium state. We suppose that o,(v,w; p,8) and o4(v; p,0)
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are positive functions. We also define the radiative energy

1 oo
Er:= / / I(y, 7,v,w) dv dw, (4.34)
-1Jo

the radiative flux .
Fgr:= / / wl(y, 7,v,w) dv dw, (4.35)
~1Jo

and the radiative energy source

(Sp)p = /_ 11 /0 Sy rvw) dv dw. (4.36)

It is convenient to switch now to Lagrange (mass) coordinates relative to matter flow:
(y,7) — (z,t). With the transformation rules [8]: 9, — pd, and 0, + vd, — 0., the
previous system reads now

( M = Vg,

Uy = Oy,

(e+5°) =ov=a. = n(Sen o

wl, =nS,

\

in the transformed domain @ := Q x R™ with Q := (0, M) (M is the total mass of
matter), where the specific volume 1 (with 7 := %), the velocity v, the temperature 6
and the radiative intensity I depend now on the Lagrangian mass coordinates (z,t).
We also denote by 0 := —p+ u % the stress and by ¢ := —k %““ the heat flux, and the
source term in the last equation is

S(x,t,v,w) = o4(v,win, ) [B(v;0) — I(z,t;v,w)]
touwin,0) [1(w,t,v) = Lo, t,v,w)] (4.38)
We consider Dirichlet-Neumann boundary conditions for the fluid unknowns

U|$:0 = Ula::M = 07

(4.39)
q’x:O = q|x:M = 0’
and transparent boundary conditions for the radiative intensity
Il,_,=0 forwe(0,1)
(4.40)
Il,_,;,=0 forwe(-1,0),
for t > 0, and initial conditions
M=o = 770(90), Vg = UO($)7 O),—o = 90(90), on (1. (4.41)
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and
I,_o=I(z,v,w) on Q@ xRy xS (4.42)

Pressure and energy are related by the thermodynamical relation

677(777 (9) - _p(na 9) + 9}70(77, ‘9) (443)

Finally we assume that state functions e, p and £ (resp. 0, and o) are C? (resp
C?) functions of their arguments for 0 < 1 < oo and 0 < # < oo, and we suppose the
following growth conditions

( e(n,0) >0, c(1+0") <egp(n,0) < Ci(1+07),
—cn A1+ 0M7) < py(n,0) < —Con™2(1+01F7),
Ipo(n, 0)] < Csn~ ' (1+07),
ca(1+0M7) < np(n, ) < Ca(1+07), py(n,00) <0,
0 <p(n,0) < Cs(1+6"),
ce(1+07) < k(n,0) < Cs(1+607), (4.44)
| (1, )] + [y (1, 0)] < C7(1 + 69),
noa(v,w;n, 0) B (v;0) < Cs|w|0°! f(v,w)  for m = 1,2,

Oa(yaw;n70) < Ogg(l/,CU),

|(@a),

+ I(Ua)el} (v,w;n, 0) [1+ B(;0) + [By(v; 0] < Croh(v,w),

\ O—S(V;nve) < 011]{5(1/,(4}),

where 7 € [0,1], ¢ > 2r +1, 0 < a < r, the numbers ¢;,C;, j = 1,...,10 are positive
constants and the functions f, g, h, k are such that

f?gah GLI(R-F X Sl)mLOO(R+ X Sl)a

and
ke 'Ry x SHYNL¥([R, x SY,

for an arbitrary small v > 0.
We suppose also that the viscosity coefficient is a positive constant.
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We study weak solutions for the above problem with properties

( n € L¥(Qr), m € L¥([0,T], L3(Q)),
ve Lo([0,T], LX), v € L=([0,T], L3(Q)), v, € L=([0,T], LA()),
o, € L=([0,T], L2()), (4.45)

0 e L>([0,T],L2(2)), 6, € L=([0,T], L*(Q)),

Ie LM xR, xS

\

where Qr :=Q x (0,7).
We also assume the following conditions on the data:

n®>0on Q, n°e LY(Q),
vo € L2(Q2), 2 e L*(Q), (4.46)

00 € L*(), info6° > 0.

Then our definition of a weak solution for the previous problem is the following
Definition 5. We call (n,v,0,1) a weak solution of (4.37) if it satisfies

n(z,t) = n°(z) +/0 v, ds, (4.47)

for a.e. x € Q and any t > 0, and if, for any test function ¢ € L*([0,T], H(Q?)) with
¢, € L([0,T], L*(Q)) such that ¢(-,T) = 0, one has

/ {qﬁtv + dup — HO vx} dx dt
Q n

/Qgﬁ(O,a:) v0(x) du, (4.48)

/Q {qjt (e * % “2) + ¢ (00 —q) + ¢77(SE)R} dr dt

= /Q ¢(0, ) <e°(x)+% UO(I)2> d, (4.49)

and if, for any test function ¢ € H*(Q2) x L'(R; x S')), one has

/ [Vewl +9YnS| dv dw dx = 0. (4.50)
R+X51

In the following we use the following notation for the integrated radiative intensity

Z(x,t) ::/O /sl I(z,t;w,v) dw dv.

Then our main result is the following
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Theorem 18. Suppose that the initial data satisfy (4.46) and that T is an arbitrary
positive number. Then the problem (4.37), (4.39)—(4.42) possesses a global weak solution
satisfying (4.45) together with properties (4.47), (4.48) and (4.49).

Moreover one has the uniqueness result

Theorem 19. Suppose that the initial data satisfy (4.46) and that T is an arbitrary
positive number. Then the problem (4.37),(4.39)—(4.42) possesses a global unique weak
solution satisfying (4.45) together with properties (4.47), (4.48) and (4.49).

5 Laplace equation and Stokes problem in the half
space

For more details see [2, 6, 7].

5.1 Notations

For any real number p > 1, we always take p’ to be the Holder conjugate of p, i.e.

1 1

p D
Let © be an open set of RN, N > 2. Writing a typical point z € RV as x = (2, xy),
where 2/ = (z1,...,2y_1) € R¥"! and zy € R, we will especially look on the upper

half-space RY = {z € RY; zy > 0}. We let RY denote the closure of RY in R" and
let I' = {z € RY; 2y = 0} = RV denote its boundary. Let |z| = (22 + --- + 23,)"/?
denote the Euclidean norm of z, we will use two basic weights

o= (1+[z)Y? and lgo = In(2 + |z|?).
Weighted Sobolev spaces

For any nonnegative integer m, real numbers p > 1, o and (3, we define the following
space:

Wers (€0 ={u €D(Q): 0< N <k, o™ (Igo)?1 0*u € LP(Q);

(5.1)
k+1< |\ <m, o™ (lgo)’ 9*u € LP(Q)},
where
—1 it X +ad¢{l,....,m},
]{;— p
— e
m—g—a 1f;+04€{1,...,m}.

Note that W."() is a reflexive Banach space equipped with its natural norm:

il = (D0 N0 (lgo)™ 0l
’ 0<|AI<k

a—m p 1/p
Y e ge) Ml
E+1<[A|<m
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We also define the semi-norm:
« p l/p
’u‘W;’f’BP(Q) - < Z o (lgg)ﬂ a)\uHLp(Q)) .
[A|l=m

The weights in the definition (5.1) are chosen so that the corresponding space satisfies
two fundamental properties. On the one hand, D(RY) is dense in Wity (RY). On the

other hand, the following Poincaré-type inequality holds in W,/ (RY) (see [2], Theorem
1.1): if

%—i—a@’;‘{l,...,m} or (B—1)p# -1, (5.2)

then the semi-norm | - |W§f’5p(R1) defines on W."/(RY)/P;+ a norm which is equivalent
to the quotient norm,

Vu € Wg}bp(Rf)’ ||U||Wc’jf’;(lRf)/7Dq* <C |U|ng’;’(]Rf)a (5.3)

with ¢* = inf(q, m — 1), where ¢ is the highest degree of the polynomials contained in
W (RY). Now, we define the space
Wo(RY) = DERY) s

which will be characterized [see Lemma 2.2 [6]] as the subspace of functions with null

traces in W™ P(RY). From that, we can introduce the space WP (RN) as the dual
a, 8 + a,—f3 +

space of W, §(RY). In addition, under the assumption (5.2), | - ]Wm,ﬁp(Rﬁ) is a norm on

W 5 (RY) which is equivalent to the full norm || - ||W;’jbp(laﬁ)- We will now recall some

properties of the weighted Sobolev spaces W," (RY).

Remark 2. In the case § = 0, we simply denote the space W;';"(Q2) by W7»?(Q).

The spaces of traces

We define the traces of functions of W2»?(RY). For any real number o € R, we define
the space:

WoP(RY) = {u € D'(RM); w*u € LP(RY),

/ (@) u(@) = W)@l ;g OO}
RN xRN @ — y[NFor |

where w = ¢ if N/p+a # o and w = o (Igo)/“~ if N/p+a = o. For any s € R*, we
set

War(RY) = {u e D'(RY): 0< | <k, 0~ (I5) ™ 0 € L/(RY);

k1< M <[s]—1, ot @ue LP(RY); |\ = [s], Pue ng(RN)},
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where k = s — N/p—a if Nljp+a € {o,...,0+ [s]}, with 0 = s — [s] and k = —1
otherwise. It is a reflexive Banach space equipped with the norm:

a—s — p
Ny = (D2 10 (lge) ™ ull
0<[AI<k

a—s p
> e gy ) D 10l

k+1<|A<[s]—1 IA[=[s]

1/p

We can similarly define, for any real number 3, the space:

WanmY) = {o e D'(RY); (1go)’v € Wer(RY)}.

5.2 Laplace equation

The aim of this section is to study the problem

—Au =f inIR,J_,’\_[,
<P){ u =g onl=RN"

Theorem 20. Let [ > 1 be an integer and assume that
N
; ¢ {1,..,—l}. (5.4)

1
Then for any f € W ,""(RY) and g € W7, "(RN-1), problem (P) has a unique solution
u € Wi’lp (RY) /A[%H— nyp and there exists a constant C' independent of u, f and g such
that

A[%Ij N et q”Wif(Rm = C(”fHW—_ll'p(Rf) + HgHW%’P(RN_l))‘ (5.5)
7 *

For definition of A[%Hf N/ See [2].

Theorem 21. Let m be a nonnegative integer, let g belong to W t™?(RN-1) and
assume that

N
few, Hmr(RY) if > #1lorm=0, (5.6)
or

N
fe WP (RY) N W (RY) if o~ Landm #0. (5:7)

Then problem (P) has a unique solution u € W,,"™?(RY) and u satisfies

. N
HUHW,’,?“’P(RQ) < C(Hf”w;““vp(laﬁ) + HQHWT?er,p( ) if ? #lorm=0 (58)

and

m < _ m
||u||Wm+1’P(Rf) = C(HfHWI}vP(RQ) + ||f||v[/m1+ P(RY) + ||g||W,,?+myp(]RN_1))

(5.9)
if%zlandmséo.

26



5.3 Stokes system

The purpose of this part is the study of the Stokes system

—Au+Vnr =f in ]Rﬂf,
(ST) divu =h inRY,
u =g onl=RN

with data and solutions which live in weighted Sobolev spaces, expressing at the same
time their regularity and their behavior at infinity. We will naturally base on the
previously established results on the harmonic and biharmonic operators (see [2], [3],
[4], [5]). We will also concentrate on the basic weights because they are the most
usual and they avoid the question of the kernel for this operator and symmetricaly the
compatibility condition for the data.

Among the first works on the Stokes problem in the half-space, we can cite Cattabriga.
In [15], he applies the potential theory to get explicit solution of the velocity fields and
pressure. For the homogeneous problem (f = 0 and h = 0), for instance, he shows that if
g € LP(I") and the semi-norm |g|w(1)71/p,p(r) < o0, then Vu € LP(RY) and 7 € LP(RY).

Similar results are given by Farwig-Sohr (see [28]) and Galdi (see [39]), who also
have chosen the setting of homogeneous Sobolev spaces. On the other hand, Maz’ya-
Plamenevskii-Stupyalis (see [67]), work within the suitable setting of weighted Sobolev
spaces and consider different types of boundary conditions. However, their results are
limited to the dimension 3 and to the Hilbertian framework in which they give gener-
alized and strong solutions. This is also the case of Boulmezaoud (see [9]), who only
gives strong solutions. Otherwise, always in dimension 3, by Fourier analysis techniques,
Tanaka considers the case of very regular data, corresponding to velocities which belong
to W5 "> 2(R3), with m > 0 (see [78]).

Let us also quote, for the evolution Stokes or Navier-Stokes problems, Fujigaki-
Miyakawa (see [29]), who are interested in the behaviour in ¢ — +o00; Bochers-Miyakawa
(see [10]) and Kozono (see [54]), for the LY-decay property; Ukai (see [79]), for the LP-L4
estimates and Giga (see [44]), for the estimates in Hardy spaces.

5.3.1 Generalized solutions to the Stokes system in RY

Theorem 22. For any f € Wy P(RY), h € LP(RY) and g € Wy PP(T), problem
(ST) admits a unique solution (u, 7) € Wé’p(]Rf) x LP(RY), and there exists a constant
C' such that

HuHWé’p(Rf)+||7T||LP(]R§) <

C (Il ey + 10l ryy + glgasrmngey ) - (5:10)

5.3.2 Strong solutions and regularity for the Stokes system in RY

In this section, we are interested in the existence of strong solutions (and then to regular
solutions, see Corollaries 3 and 4), i.e. of solutions (u, 7) € W3R (RY) x W,B(RY).
Here, we limit ourselves to the two cases ¢ = 0 or £ = —1. Note that in the case
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¢ =0, we have WPP(RY) < W P(RY) and W)"P(RY) — LP(RY). The proposition
and theorem which follow show that the generalized solution of Theorem 20, with a
stronger hypothesis on the data, is in fact a strong solution. First, we introduce the
homogeneous case:

—Au+Vr=0  inRY, (5.11)
divu =0 in RY, (5.12)
u=g on I'. (5.13)

N _
Proposition 1. Assume that — # 1. For any g € W3 VPP(T  the Stokes problem
p
(5.11)-(5.13) has a unique solution (u, ) € W2 P(RN) x W1 P(RN), with the estimate
||u||Wf’p(]R§) + ||7T||w}vp(1R§) < C ||g||Wf—1/p,p(F).

Now, we can study the strong solutions for the complete problem (S*). As for the
generalized solutions, we will show that it is equivalent to an homogeneous problem,
solved by Proposition 1. The following theorem was established in the case N = 3,
p = 2, by Maz’ya-Plamenevskii-Stupyalis (see [67]).

N
Theorem 23. Assume that o # 1. For any f € W(ll’p(Ile), h € Wi’p(RT) and

g € Wf_l/p’p(I‘), problem (ST) admits a unique solution (u, ) which belongs to
WPP(RY) x W P(RY), with the estimate

||u||wfvp(1R§) + ||7T||w}*p(RT) =

C (HfHW?’p(]RT) + Allwrr gy + ”g”vvf‘”p’p(F)>

N
Corollary 3. Letm € IN and assume that E #1ifm>1. Foranyf € W tP(RY), h e

W&""(RT) and g € W$+1—1/P7P(I‘), problem (S1) admits a unique solution (u, m) €
WotLe(RN) x WIP(REY), with the estimate

HuHWQ'H’p(]RT) + 7 llwmemy) <

C (I lwg-1-oguesy + 1Pl + w1y ) -

Now, we examine the basic case £ = —1, corresponding to f € LP(RLY). More
precisely, we have the following result, corresponding to Theorem 23:
Theorem 24. For any f € LP(RY), h € WyP(RY) and g € Wi "/PP(T), problem
(S*) admits a solution (u, 7) € WaP(RYN) x Wy P(RY), unique if N > p, unique up
to an element of (Rzy)N~! x {0} x R if N < p, with the following estimate if N < p
(eliminate (X, ) if N > p):

inf (I Az oy + 17 + sl ey <

(A W) E(Rxn)N-1x {0} xR

C (IE oy + Wlhaor sy + Il gz-mmgy ) -
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Corollary 4. Let m € N. For any f € W2P(RY), h € W2LP(RY) and g €
W2 PP (1Y problem (ST) admits a solution (u, w) € WmH2P(RN)x WL p(RN),
unique if N > p, unique up to an element of (Rxy)¥1 x {0} x R if N < p, with the
following estimate if N < p (eliminate (A, p) if N > p):

(A,u)e(]inI)llf’*lx{o}le (Hu + )\Hwﬁﬁ’p(ﬁi‘) + |l + F‘Hwﬁ“’p(ﬂ{f)) =

C (y|f|\W$,p(R§) + [[Bllymesp gy + Hgngu—l/p,p(p)) :

5.3.3 Very weak solutions for the Stokes system

N _
Proposition 2. Assume that — # 1. For any g € W_}/p’p(I‘) such that gy = 0, the
p

Stokes problem (5.11)-(5.13) has a unique solution (u, 7) € WYP(RY) x W_1'P(RY),
with the estimate

[ullwopgy) + 17llw-1r@y) < Cllglly-1/ere

N _
Theorem 25. Assume that — # 1. For any g € W,}/p’p(I‘), the Stokes problem
p
(5.11)(5.13) has a unique solution (u, 1) € WOP(RN)x W P(RY), with the estimate
lallwe ps) + Imllw-2r@y) < C llglly-1rmr ).

Proposition 3. For any g € W /P"P(T') such that gy =0, and g’ L RN=1 if N < p,
the Stokes problem (5.11)-(5.13) has a unique solution (u, 7) € LP(RY) x Wo ' P(RY),
with the estimate

ulles e + I lwo ey < C gl

Theorem 26. For any g € Wal/p’p(I‘) such thatg L RN if N < p', the Stokes problem
(5.11)~(5.13) has a unique solution (u, ) € LP(RY) x Wy " P(RY), with the estimate

||u||Lp(JR§) + “T‘-HWELP(]RT) < C ||g||wa1/p’p(r)‘

5.4 Stokes problem with Navier condition
For the stationary Stokes problem
—Au+Vr=f and divu=h in €,

where € is a domain of RY, there are several possible boundary conditions. Under the
hypothesis of impermeability of the boundary, the velocity field u satisfies

u-n=0 on 0, (5.14)

where n stands for the outer normal vector. According to the idea that the fluid cannot
slip on the wall due to its viscosity, we get the no-slip condition

u, =0 on 09, (5.15)
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where u; = u— (u-n)n denotes, as usual, the tangential component of u. The Dirichlet
boundary value problem, which was suggested by Stokes, is the combination of (5.14)
and (5.15). Concerning this problem, the literature is well known and extensive. Espe-
cially in the case of the half-space, we would like to mention the works of Cattabriga
[15], Tanaka [78], Farwig and Sohr [28], and Galdi [39], where the solution of the prob-
lem is investigated in homogeneous Sobolev spaces, whereas in the works of Maz'ya,
Plamenevskii, and Stupyalis [67] and Boulmezaoud [9], we can find results in weighted
Sobolev spaces. This is also the functional framework of our previous work (see [6]) and
also see Section 5.3.

The correctness of the no-slip hypothesis has been a subject of discussion for over two
centuries among many distinguished scientists. Instead of (5.15), Navier had already
proposed the following condition saying that the velocity on the boundary is proportional
to the tangential component of the stress:

(T -n)_+FBu, =0 on 01, (5.16)

where T denotes the viscous stress tensor and (3 is a friction coefficient. For the incom-
pressible isotropic fluids, the viscous stress tensor is given by

T=—71+v(Vu+Vu?h).

The case § = 0 is termed complete slip, while (5.16) reduces to (5.15) in the asymptotic
limit 8 — oo. The aim of this paper is to investigate the Stokes problem in the half-space
with the following type of slip boundary conditions:

(Sﬁ) —Au+Vr=f and divu=h inRY,
U, =¢g, and J,u' =g onl.

Similarly as in Section 5.3 the weak, strong and very weak solution were investigated.

5.4.1 Weak solutions

Proposition 5.1. For any g, € Wy "/»?(TI') and g’ € Wg ™ P(T') such that g’ L RV~
if N <p/, the Stokes problem

~Au+Vr=0 inRY, (5.17a)
divu=0  in RY, (5.17b)

Up = Gn on T, (5.17¢)

ou =g on T’ (5.17d)

has a solution (u, 7) € Wg'P(RY) x LP(RY), unique if N > p, unique up to an element
of RN=1 x {0}? if N < p, with the estimate

hen{zivlgx{o} ha =+ Hwé’p(RT) T HWHLP(RT)

=¢C <”9"“Wé*”"*p<r> * ”g/”Wa”‘“’(r)>

if N < p, and the corresponding estimate without inf (h = 0) if N > p.
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Theorem 27. Assume that % # 1. For any f € WP(RY), h € W"P(RY), g, €

W PP(I), and g € Wq/PP(T), satisfying the following compatibility condition if
N <p"

vie{l,..  N-1}, /M Fid = (g2, 1)y im0 (5.18)

problem (S*) admits a solution (u, 7) € WgP(RY) x LP(RY), unique if N > p, unique
up to an element of RV~ x {0}? if N < p, with the estimate

heR}’IE‘X{O} u+ h||w3vP(R$) + ||7T||LP(R$)

< C (Ifllwo-o sy + Il oy + I9allya-17e ey + 18y 1000

if N < p, and the corresponding estimate without inf (h = 0) if N > p.

5.4.2 Strong solutions
Theorem 28. Let ¢ € Z with hypothesis

N/p ¢{l,... 041} and N/p¢{l,...,—(—1} (5.19)

For any f € WO'E(RN), h € WSE(RY), g, € Wi, /PP(D), g € W, /PP(T), satistying
condition

Ve € '/\/’[lAJerN/p’] X Aﬁ+57N/p’]7

f—Vh)-pd div £, TIndi .
/M( Vh) o dx 4 {divE TINGV @)y ) ot ) (5.20)

/ / / —
+/anan§0ndx - <g’ (p>W;1/p’p(r)xwizl/plyp/(r) B 0’

problem (S%) admits a solution (u, 7) € W2B(RY) x W, B(RY), unique up to an

element of S[ﬁlf — N/ with the estimate

L (Il + A2,z ) + 17 + el )
’ —¢{—N/p

<C (HfHW?_fl’(RE) Hlhllwe.pyy + 9nlly 2y + ||g'||W;+—11/p,p(F)> :

5.4.3 Very weak solutions

Theorem 29. Let ¢ € Z and assume that

N/p¢{l,....0+1} and N/pé¢{l,...,—(+1}.
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For any f € W), B(RY), h € W ;2(RY), g, € Wﬁill/p’p(F), g € W;};l/p’p(F), satisfying
the compatibility condition

Vo € N roonyp) X AR renyp)s

/ (=Vh) - pdx + (divf, IIndive)
RY w

o /
041 (RT)XWI_}I)_l(RT)
+ <gn7 angon>wz_11/13,P(F)Xwi;iéplvpl(r)

ro .
<g7 SO >Wé—3;1/pvP(F)Xwiz}riplﬂpl(r) - 07

problem (S*) admits a solution (u, 7) € WE(RY) x W, ;P(RY), unique up to an
element of S[ﬁlf — N/ with the estimate

N (LS YRS LR ey
’ 1-¢—N/p

< C (IEllwez e, + 1ol + 19l moe + 18 oy 13 ) -
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SUMMARY

We study time-periodic Oseen flows past a rotating body in R3 proving weighted a priori estimates in
L7-spaces using Muckenhoupt weights. After a time-dependent change of coordinates the problem is
reduced to a stationary Oseen equation with the additional terms (v A x) - Vu and —» A u in the equation
of momentum where o denotes the angular velocity. Due to the asymmetry of Oseen flow and to describe
its wake we use anisotropic Muckenhoupt weights, a weighted theory of Littlewood—Paley decomposition
and of maximal operators as well as one-sided univariate weights, one-sided maximal operators and a
new version of Jones’ factorization theorem. Copyright © 2007 John Wiley & Sons, Ltd.
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1. INTRODUCTION

We consider a three-dimensional rigid body K  CR? rotating with angular velocity ==a(0, 0, 1)T,
@ # 0, and assume that the complement R3\K is filled with a viscous incompressible fluid modelled
by the Navier-Stokes equations. Then we will analyse the viscous flow either past the rotating
body K with velocity us, =ke3 #0 at infinity or around a rotating body K which is moving in
the direction of its axis of rotation. Given the coefficient of viscosity v>0 and an external force
f=f(y,t), we are looking for the velocity v=wv(y, t) and the pressure g =¢(y, t) solving the
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552 R. FARWIG, M. KRBEC AND S. NECASOVA

nonlinear system

vt—vAv—i—v-Vv—}—Vq:f in Q(t), t>0
divve =0 in Q(t), t>0 W
v(y,t) = oAy ondQ), t>0

v(y,t) > U #0 as |y|— o0

Here the time-dependent exterior domain €(r) is given—due to the rotation with angular velocity
w—by

Q) =0,(1)Q

where Q C R is a fixed exterior domain and O, (t) denotes the orthogonal matrix:

coswt —sinwt 0
Oyn(t)= | sin@t coswt O 2)
0 0 1

Introducing the change of variables and the new functions
=0,y and ulx, =00, W00 —ux), ple,H)=q(y,1) 3)

respectively, as well as the force term f(x,1)= O(t)T f (y,t) we arrive at the modified Navier—
Stokes system
ur —VvAu +u-Vu +kosu —(wAx)-Vu+owoAu+Vp=f inQx (0,00)
diveu =0 in Qx (0, 00) “)
u(x,t)—>0 as|x|] »> o
with boundary condition u(x, ) = w A x —ux on 0L in the exterior time-independent domain Q.
Due to the new coordinate system attached to the rotating body the nonlinear system (4) contains
two new linear terms, the classical Coriolis force term w A u (up to a multiplicative constant) and
the term (w A x) - Vi which is not subordinate to the Laplacian in unbounded domains. Linearizing
(4) in u at u = 0 and considering only the stationary problem we arrive at the modified Oseen
system
—VvAu +kd3u — (WA x)-Vu+woAu+Vp=Ff inQ
divu =0 inQ 5)
u—0 atoo

together with the boundary condition u(x, r) = A X — use on 0. Note that there is no boundary
condition in the case Q= R3,

Copyright © 2007 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2008; 31:551-574
DOI: 10.1002/mma
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The linear system (5) has been analysed in classical L9-spaces, 1<g<oo, for the whole space
case in [1, 2] proving the a priori estimate

WW2ully + 11V plly <cll fllg

K4 (6)
lkdsullg + o Ax)-Vu+orulg<c (1 + W) Ifllq

with a constant ¢>0 independent of v, kK and w. For a discussion of weak solutions, we refer to
[3,4]; the spectrum of the linear operator defined by (5) is considered in [5]. The corresponding
case when u, =0 has recently been analysed in [6—13]. For a more comprehensive introduction
including physical considerations and nonNewtonian fluids we refer to [14].

The aim of this paper is to generalize the a priori estimate (6) to weighted L9-spaces for the
whole space R3. For this reason, we introduce the weighted Lebesgue space

1/q
LIRHY=LI =JueLl (R%: ||u||q,w=</ |u(x)|qw(x)dx> <oo}
Rn

where w € LllOC is a nonnegative weight function and should reflect the anisotropy of the flow
and the existence of a wake region in the downstream direction x3>0. Our tools will include
Littlewood—Paley theory, singular integral operators, multiplier operators and maximal operators
in weighted spaces so that we need weight functions satisfying Muckenhoupt-type conditions. For
a totally different approach using variational methods see [15].

Definition 1.1

Let # be a collection of bounded sets R in R", each of positive Lebesgue measure |R|. A weight
function O<w € LllOC belongs to the Muckenhoupt class Ay () =Aq([R§", R), 1<g <00, if there
exists a constant C>0 such that

1 1 g1
sup (_/ w(x)dx) (—/ w™1/@=h dx) <C forany Re #
R \IR| Jg IRl Jr

if 1<g<oo, and

1
sup —/ wx)dx<Cw(xg) fora.a. xgeR"
Re#.R5xy IRl JR

if g =1, respectively.

Due to the anisotropic nature of our problem we shall need a variant of the classical Muckenhoupt
class A, (%) =Aq(IR§3, %), where € is the set of all cubes Q C R3 with edges parallel to the
coordinate axes. Namely, % is replaced by ¢, the set of all bounded intervals (rectangles) in R3,
leading to the class A, (%) = Aq(R3, J). Obviously, Aq([R3, I C Aq(R3, b).

Moreover, to describe the anisotropy of the wake region more precisely by weights we have to
introduce in addition to the weights on R" one-sided Muckenhoupt weights and one-sided maximal
operators on the real line, see Definition 1.2, Theorem 2.3 and Lemma 2.4.

Copyright © 2007 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2008; 31:551-574
DOI: 10.1002/mma
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Definition 1.2

(i) For every locally integrable function u on the real line let, M Tu be defined by

1 x+h
MTu(x)= }slupOZ/ lu(t)| dt
> X

Analogously,

1 X
M u(x)= sup—/ lu(t)| dt
h>0 h x—h

(i) A weight function O<w eLllo -(R) lies in the weight class A} if there exists a con-

stant ¢>0 such that MTw(x)<cw(x) for almost all x € R. Analogously, w € Af if and
only if M~ w(x)<cw(x) for almost all x € R. The smallest constant ¢>0 satisfying
M*w(x)<cw(x) for almost all x € R is called the AT—consmnt of w.

(iii) A weight function OSw € LllOC belongs to the one-sided Muckenhoupt class AL‘;, l<g<oo,
if there exists a constant C >0 such that for all x € R

1 X 1 x—+h q—1
sup (—f w(r) dz) (—/ w(r)~1/@=b dt> <C
h>0 h x—h h x

The smallest constant C >0 satisfying this estimate is called the A;—constant of w. By
analogy, we define the set of weights A~ and the A_"-constant of a weight in A .

Now we are in a position to describe the most general weights considered in this paper. Note
that these weights are independent of the angular variable 0 in the cylindrical coordinate system
(r, 0, x3) € [0, 00) x [0, 27] x R attached to the axis of revolution ez = (0, 0, 1)T. Hence, we will
write w(x) = w(xy, x2, x3) = w,(x3) for r =|(x1, x2)|, x = (x1, X2, X3).

Definition 1.3
For 1<g <00, let

X; = ;;(R3) ={we Aq(R3) : w is O-independent for a.a. r>0
w(xr, x2, ) =wr() € A (R) (N
with A (R)-constant essentially bounded in r}
Theorem 1.4

Let the weight function O<w € Llloc([R{3 ) be independent of the angular variable 6 and satisfy the
following condition depending on g € (1, 00):

~

2<g <00 : uJTeATq/2 for some t€[1, 00)

l<g<2: wie Ao for some 1 € %,i ®
/2 9 2—¢q

Copyright © 2007 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2008; 31:551-574
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(i) Given f e LL(R%)3 there exists a solution (1, p) € L1 (R*)3 x L1 (R3) of (5) satisfying

: loc loc
the estimate

WV2ullg,w + 1V Plgw<el fllgw €)

with a constant ¢ = c¢(g, w)>0 independent of v, k and w.
(i1) Let fequll (R3)3OLZ,22(R3)3 such that both (g1, w1) and (g2, wy) satisfy conditions (8), and
let uy, us € Llloc([R{3)3 together with corresponding pressure functions pp, ps € L}OC(R3) be

solutions of (5) satisfying (9) for (g1, w1) and (g2, wy), respectively. Then there are o, f € R
such that u#; coincides with u» up to an affine linear field ae; + fo A x, o, f € R.

Corollary 1.5
Let the weight function 0w € Llloc( R3) be independent of the angular variable 6. Moreover, let
w satisfy the following condition depending on g € (1, 00):

2<g <00 : wTeZ;]/Z(f) for some t €[1, 00)
2 2

l<g<2: w'eA, f el —
<g< w rq/z(f) or some T (q 2—q:|

(10)

where the weight class XT— (#), 1<1<00, is defined by
AD (D) =A7 (RN AL(S)

Given f € L% (R there exists a solution (u, p) € L\ (R*)3 x L!

loc 100(R3) of (5) satisfying the
estimate

k5
||ka3u||q,w + I wAx) u—wAn u||q,w<C (1 + W) ”f”qw (11)

with a constant ¢ = c(g, w)>0 independent of v, k and w.

We remark that the w-dependent term 1 + k> /v/2|w|/? in (11) cannot be avoided in general;
see [2] for an example in the space L*(R?).
As an example of anisotropic weight functions we consider

w(x) =n3() =1+ KDL +s@)F, s =101, %2, x3) = x3 (12)
introduced in [16] to analyse the Oseen equations; see also [3, 15].

Corollary 1.6
The a priori estimate (9) holds for the anisotropic weights w = 1173, see (12), provided that

2<q<oo:—g<oc<g, 0<[3<g and o + f>—1
2 2 2
. q q
1<q<2.—§<o¢<q—1, 0<ﬁ<q—1ando¢+ﬁ>—§
Note that the condition >0 will reflect the existence of a wake region in the downstream
direction x3>0 where the solution of the original nonlinear problem (1) will decay slower than in

the upstream direction x3<0.

Copyright © 2007 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2008; 31:551-574
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2. PRELIMINARIES

To prove Theorem 1.4 we need several properties of Muckenhoupt weights and of maximal
operators. Recall that # stands for the set of all nondegenerate rectangles in R" with edges
parallel to the coordinate axes.

Proposition 2.1

(1) Let u be a nonnegative regular Borel measure such that the strong centred Hardy—Littlewood
maximal operator

M gpu(x) = sup € f dp
rReg.Rox IRl JR
is finite for almost all x € R"; here R runs through the collection # of rectangles containing
additionally the point x, and | R| denotes the Lebesgue measure of R. Then (/% s )" € A1(#)
for all y €0, 1).
(2) For all 1<g<t, we have A1(#) CA,(f) CA( 7).
(3) Let I<g<oo and w € A;(#). Then there are wy, wy € A{(#) such that

w1

Conversely, given wy, wy € A1(#), the weight w = wlwé_q belongs to A, (7).

For the proofs see [17, Chapter IV, Section 6]. Claim (3) is a variant of Jones’ factorization
theorem, see [17, Chapter IV, Theorem 6.8].
For a rapidly decreasing function u € ¥ (R"), let

7/ e_ix'éu(x)dx, EeR"
Rn

be the Fourier transform of u. Its inverse will be denoted by % ~!. Moreover, we define the centred
Hardy—Littlewood maximal operator

1
Mu(x) = sup —/ lu(y)ldy, xeR"

0sx 1091 Jo
for u € LIIOC(R”) where Q runs through the set of all closed cubes centred at x.

Theorem 2.2
Let I<g<oo and w € Ay.

(i) The operator .#, defined e.g. on ¥ (R"), is a bounded operator from LI to LY.
(i) Let m € C"(R"\{0}) satisfy the pointwise Hérmander—Mikhlin multiplier condition

1™ D" m(&)|<c,  for all & e R™\{0}
and all multiindices o € N’é with |o|<nj € N, where n1>n/2. Then the multiplier operator

ur> Z Y (mi), ue ¥ (R"), can be extended to a bounded linear operator from L toL%.

Copyright © 2007 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2008; 31:551-574
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(iii) Let m be of class C" in each ‘quadrant’ of R" and let a constant B>0 exist such that

lmllo<B,
sup /
Xk415es Xp J I

for any dyadic interval .# in R, 1<k<n, and also for any permutation of the variables
X1, ..., Xg Within xq, ..., x,. If I<p<oo and w € A,,(R”, J), then m defines a bounded
multiplier operator from L% (R") to LY (R").

5km(x)

——— | dx;...dx<B
0xy -+ 0xp

Proof

(i) See [17, Theorem IV 2.8], [18, Theorem 9] and (ii) see [17, Theorem IV 3.9] or [19, Theorem 4].
Note that the pointwise condition on m implies the integral condition in [17, 19]. For the proof of
(iii) see [19]. O

Concerning one-sided weights and one-sided maximal operators on the real line, see Definition
1.2, we first recall the following duality property: w € A;r if and only if w9 14 =yw=1/=D ¢ A;,.
Moreover, we will need the following results:

Theorem 2.3 (Theorem 1 of [20])
Let lI<p<ooand p'=p/(p — 1).

(i) Letw;eAf, wy €A, . Then wl/wzp_1 € A;’. Conversely, given w eAfDr there exist w; € A7,

wy € A| such that w = w]/wgfl.

(ii) The operator M+ is continuous from L% (R) to itself if and only if w € A;r. Analogously,
M~ : L{(R)— Li(R) if and only if w e A},

Obviously, A, C A[j,[ where A) denotes the usual Muckenhoupt class on the real line. Hence
[x]*, (I+]x)* e A[jf if —l<a<p—1, 1<p<oo. However, in view of the anisotropic weight w = 17;;

on R3, see (12), we have to consider also one-dimensional anisotropic weight functions such as
Wy p () = Wy p(x; 1) = (2 + 1PV r2 + 22— x)f, xeR, r>0 (13)
Lemma 2.4
(i) For every r>0, the univariate weight ﬁa’ l;(x; r) lies in Ay if and only if >0, a<f and

« + f>—1. Moreover, the A} -constant of w, g is uniformly bounded in r.
(i) For every r>0, the univariate weight

Wy, p(¥) =wy (s 1) =1+ + )21+ Vr2 + 22 = x)f
lies in A" with an A -constant independent of r>0 if and only if
a<0<B and a4+ f>—1 (14)

Copyright © 2007 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2008; 31:551-574
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(iii) Let 1<p<oo. Then for every r>0

u)of,ﬂ(-;r)eA;,r for a>—1, B<0, a+ f<p—1 "
wyp(-;r) €A, fora<p—1, 20, a+ f>—1

Moreover, the A?—constant is uniformly bounded in r>0.

Proof
(i) A simple scaling argument shows that it suffices to look at the weight w =, g in (13) for

r =1 only and that the A} -constant is independent of »>0. We will consider three cases.

Case 1: x>0. Then w(x)~ (1 + |x|)“_ﬁ, i.e. there exists a constant ¢>0 independent of x>0
such that (1/¢)(1 + |x)*P<W(x)<c(1 + |x])*F for all x>0. Hence, for all h>0

1 x+h 1 x+h
E/ w(z)dmﬁf aA+n*Far
X X

If o — >0, then the term on the right-hand side is strictly increasing to 400 as & — oco. Thus, we
are led to the condition a<f.
Now let a<f5. Then for all >0

1 x+h 1 x+h
E/ 1+ t)‘“_ﬁdt<E/ A+0Pdr=+1xD*P~Tx)
X X

Case 2: x<0 and O<h<|x|. Then w(z) ~ (1 + |t|)°‘+ﬁ for all t € (x,x 4+ h). Assume that
o+ f=—1 and let A =|x|. Then

log(1 + |x])
|x|

1 9 |
m/ 1+ e) tdr=
X

is not bounded by ¢ (x) = ¢/|x| uniformly in x <O for any constant ¢>0. Analogously, if a+f<—1,
then for A =|x| we see that (1/|x|)fx0(1 + |t|)“+ﬁ dt ~1/|x| is not bounded by cw(x)=c(l +
|x|)*th uniformly in x <0. Hence, in the following we have to assume that o + f>—1. We shall
consider two subcases: £>0 small with respect to |x| and # comparable with |x|. If O<h<|x|/2,
then

1 x+h 1 x+h _
Z/ A+ th*HPar~ E/ A+ xD*Pde = + |xD* P ~ B (x)
X X

For the second subcase, assume that |x|/2<h<|x|. Then we are led to the integral

1 x+h
ET/‘ (1 + 1) dr
X

(1 4 |x|)x+ﬁ+l

10 s x>
<o [asupra N ~ i)
lx] Jx
1, lx] <1
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Case 3: x<0 and h>|x|. In this case, we have to consider the sum

1 0 1 x+h 1 0 c x+h
—/ wdt+—/ wdtg—/ wdt+—/ (1+t)“‘ﬁdr::11+12
hJ, h Jo x| Jx h Jo

where the first integral I; is bounded by cw(x) uniformly in x <0, see Case 2, and where for
|x|<1 the second integral I is bounded by ¢ ~ w(x). Therefore, let |x|>1 in the following. If
o — f<—1, then the condition o« + f>—1 implies that f>0; moreover, I is easily shown to be
bounded by cw(x) ~ (1 + |x|)°‘+ﬁ uniformly in x <0 and A>|x|.
Now consider the case o — f>—1. We shall investigate three possibilities of the position of &
with respect to |x|. If h =2|x|, then
1 Il c
— | A+ Pdi=— (0 +xD* P =1
lxI Jo x|
Since 1/|x|=o(|x |0y = 0(W (x)) by the condition that o+ > —1, the assertion Ir <cw(x)~ |x|+P
necessarily implies that |x|°‘*ﬁ <c|x|°‘+/3 for |x|>1. Thus, § must be nonnegative.
Next, if |x|<h<2|x|, then, since « — f<o+ f and o + f>—1,
|x]

Izéﬁ (1 + 0% dr<elx | ~ B (x)
X1 Jo

Finally, if h>2|x|>2, then
12<%(1 ¥ x4 )P e B x P ~ B ()

since a<f; (see Case 1). Summarizing the previous cases and estimates we have proved that there
exists ¢>0 such that M+ w(x)<cw(x) for a.a. x € R, and that this results holds if and only if
p>0,a<f and « + f>—1.

(ii) To verify the necessity of (14) let r = 1 and w = w,, g. For x>0 when (1+v/r? + x2—x)f~1,

we have to estimate

1 x+h 1 x+h 3

— t)ydr~ — 1+1)"dt
p /X w(t) p /x ( )

by cw(x) ~ (1 + x)*. As in Case I of Part (i) (with f =0) we get the necessary condition «<0.
Let x <0. Again we shall distinguish according to the size of & with respect to |x|. If O<h<|x]|,
then w(r) ~ (1 + |¢))**# for all ¢ € (x, x + 1), and

1 x+h 1 x+h
W[ ewass [ s
X X

is bounded by cw(x) ~ (1 + |x|)”‘+ﬁ only when o + f>—1; cf. Case 2 of Part (i). Finally, when
x<0 and h>|x|, say h =2|x|>2, and when a>—1, then

1 x+h 1 0 1 x+h
—/ w(t) dtN—/ (1+|t|)“+ﬁdt+—/ (1 +n)*dr<cw(x) + c|x|*
h X h X h 0

which is bounded by cw(x) ~ (1 + |x|)“+ﬂ only if f>0. However, if a<—1, then the condition
o+ p>—1 implies that even ;>0. Hence, the conditions (14) are necessary to prove that w € A].
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We shall prove that conditions (14) are sufficient for w, g(x;r)€ A} with an A -constant
independent of r>0. Let us assume that (14) holds and let first 0<r <1. Then

1, >0

w(t) ~ (1 + [t)* { 5
1+ 1DP, t<0

A+p~P2 >0
~ u):xr’ﬁ/(t; r)

~ (L e
(14 1tDP?, <0

where o/ = a+p/2, B’ = /2. Since assumptions (14) on o, fimply that o, B’ satisfy the assumptions
in (i), w € A] with an A} -constant independent of O<r<I1.
Next, let r>1. An elementary calculation shows that

fﬁaﬁ(t; r), t<r?
w(t) ~ 5

Weot;r), t>r

Then we will consider three cases.

Case 1: x<r? and x + h<r2. In this case, by Part (i),

1 x+h 1 x+h
Zf w(t) dtNZ/ We, (t; r) dt<cthy, g(x; 1) ~ cw(x)
X X

with ¢>0 independent of r>1.

Case 2: x>r% and x + h>r%. Now

1 x+h 1 x+h
5 / w(t)dr ~ 5 / We,0(t; 1) dt<cWey o(x; 1) ~ cw(x)
X X

due to Case I in Part (i).
Case 3: x<r? but x + h>r2. Then

1 x+h 1 r
—_ )dt ~ —
b woa~ |

By Part (i), the first integral on the right-hand side is bounded by ((r? — x)/h)zﬂa,ﬁ(x; r<
Wy, p(x; r)<cw(x). Hence, it suffices to prove that

2

x+h
Wy, p(t; r) dr + — / We,0(t; r)de
' h J2

1

x+h
—/ We0(t; r)dr<cew(x)
h J2

If |x|<r2, then Part (i) implies that

1 [xth x+h—r%_ -
7 /2 Wy 0(t; 1) dté—h Wa0(r%; 1) <Wa0(r%; r)<er™
.

where r2*<(r + |x|)*<cw(x) since a<O<p.
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If x< — r2, then w(x) ~ |x|“+ﬁ , and a simple scaling argument and the condition >0 allow to
reduce the problem to the case » = 1. Actually, it suffices to show the existence of ¢>0 such that

x+h
J;:/ t“dt<0h|x|“+ﬁ when x<—1, x+h2>1
1

If o<—1, then J is bounded by (1/]o + 1))<c|x|* P <ch|x|*tF, since a+ f>—1 and h>|x|>1.
In the case o = —1 the integral J equals

log(x + h) ~ logh + %gc(l + D) <oy P!

since f>—1 — a=0. Finally, for a>—1, we may bound J by c(x + h)*T!. If 1<|x|<h<2|x],
this term is bounded by c|x|<ch|x|°‘§ch|x|°‘+ﬁ. In the remaining case when i2>2|x|, we get that
(x + ) <eh* M <eh|x|*HP, since a<O<B.

Now (ii) is completely proved.

(iii) By Theorem 2.3 (i) and Part (ii) of this Lemma

(14 I"2 + x2)a1/2 . A+
(1472 +22)2(=D2(1 + /rT 4 22 = x)h2p=D ~ 77
for all oy, a2, B, satisfying —1 <o <0, <0< B, and an + f,>—1. Hence, with o =o; —an(p—1),

B=—P(p—1), we getthat w =w, g(-;r) € A;; for all o, f satisfying a>—1, f<0and a+f<p—1.
By analogy,

w(x)=

A+r2+xH)M20 +/r2+x2—0f
(412 + x2)yn-D/2 €A4p

w(x)=

for all oy, o2, B satisfying oy <O<By, o1 + f;>—1, —1<0p<0. Hence, w=w, g(-; r) € A; for
all o, f such that >0, a<p — 1 and o + f>—1. Moreover, in both cases the Aljf—constant of the
weight is uniformly bounded in »>0. O

Note that the univariate weights w,, g and w,, g mainly differ for large x>0. While w g decays as

(1/x)P as x — oo for every fixed r >0, the weight wy_z is bounded below by 1 as x — oo. The reason
to consider the weights w, g rather than w0, g is based on the use of the anisotropic weights 1173 on
R3, see Corollary 1.5, when fixing » = |(x1, x2)|, x1, x2 € R, so that n%(xl,xz, x3) = wa,l;(x3; r).
Due to the geometry of the problem we introduce cylindrical coordinates (r, x3, 0) € (0, co) X
R x [0, 27) and write u(x1, x2, x3) = u(r, x3, 0). Then the term (e3 Ax)-Vu = —xp01u~+x102u may
be rewritten in the form (e3 A x) - Vu = dgu using the angular derivative dy applied to u(r, x3, 0).
Working first of all formally or in the space .¥ "(R%) of tempered distributions we apply the Fourier
transform # =" to (5). With the Fourier variable & = (¢;, &, &3) € R3 and s = |£] we get from (5)

(v52 4+ k&) — (0ol — e3 AT +ilP=F, iE-u=0 (16)

Here (e3A¢)-Ve= —,0/081+10/0&, = 0, is the angular derivative in Fourier space when using
cylindrical coordinates (s, &3, ¢, ) € Ry x R x [0, 27). Since i¢-w = 0 implies i&- (0p,u—w Au) =0,
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562 R. FARWIG, M. KRBEC AND S. NECASOVA

the unknown pressure p is given by —|é|2p=i¢ - f, ie.
¢ Nf
1¢[2

Then the Hérmander—Mikhlin multiplier theorem on weighted L?-spaces (Theorem 2.2 (ii)) yields
for every weight w € Aq(R3, %) the estimate

Vp(é)=ié p=

IVPlgwscll fllgw (17

where ¢ = c(q, w)>0; in particular Vp e L%,
Hence, u may be considered as a (solenoidal) solution of the reduced problem

—VvAu + kd3u — @(0gu —esAu)=F:=f —Vp in R3 (18)
or—in Fourier space—
(v5? 4 k&)l — B0 —es A = F

As shown in [1] this inhomogeneous linear differential equation of first order with respect to ¢
has the unique 27-periodic solution

e 1 /o —OIEPHKE) 0T (1 7 F (O d
WO = e e TOF F(0,(1)¢) dt
o0
22
= fo e 0T (O(F F(0u(t) - —kte3)) (&) dr (19)

—v|E12t 3/26—Ix|?/4vt

Finally, note that e is the Fourier transform of the heat kernel E;(x) = (4nvt)~

yielding
u(x)= /oo E; OE)(t)F(Oa,(t) - —kte3)(x) dt (20)
0

Since F = f — Vp is solenoidal, the identity i& - F=0 easily implies that also u is solenoidal.
The main ingredients of the proof of Theorem 1.4 are a weighted version of Littlewood—Paley
theory and a decomposition of the integral operator

o~ d
Tf(x) =/0 U1 () 04 (DT [ (O (1) - —kte3) (&) Tt

o k d
=/, Vi (OO0, (OF || Owp(t) - —le © " 1)
where
~ 1 g2 ~ ~
VO = 5o EPe™ 7 and Y () =yY(V1), >0 (22)
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are the Fourier transforms of the function = —AE; € & (R?) and of Y, (x)= 1732y (x /1), t>0,
respectively. Note that due to Theorem 1.4 it suffices to find an estimate of [|Au/|, , in order to
estimate all second-order derivatives 0;0xu of u.

To decompose 1///\1 choose 7 € Coo(é, 2) satisfying 0<7<1 and Z;OZ_OO 7(27/s) =1 for all s>0.
Then define y ; (i J € Z, by its Fourier transform

7O =7Q7ED), feRr
yielding 372 7; =1 on R"\{0} and
supp?; C A2/~ 27 = (e R 12/ 71|12/ (23)

Using y;, we define for j € Z
V= G=7, D) (24)
T @2n)32 xj* =X
Obviously, Z =0 W Y on R3. Finally, in view of (21), (24), we define the linear operators

T; f(x) = / V(00T f(0u(t) - —ktes)(f)—

k d
TV @0 07 f (Oop) - —1ey) (9 25)
v t

Since formally 7 =%

j=—oo I'j> we have to prove that this infinite series converges even in the

operator norm on L7,.
For later use we cite the following lemma, see [7].

Lemma 2.5 o
The functions Y/, ¥/, j € Z, t>0, have the following properties:

2J-1 2/+1)
1) Suppl//t CA ( NN
(ii) Form>% leth(x) = (1+|x|*)~™ and h,(x) =t 3/%h (%) ¢t>0. Then there exists a constant
¢>0 independent of j € Z such that
W ) <27 by (x),  xeR?

. . (26)
I 11 < 272!

To introduce a weighted Littlewood—Paley decomposition of LY, choose ¢ € Cgo(%, 2) such that

0<®<! and [;° $(s)>ds/s = 5. Then define ¢ € #(R?) by its Fourier transform §(¢) = (|¢|)
yielding for every s>0

P50 =p(51D, SHPPQDVCA(Zf j—) 27

and the normalization fooo @ (f)zds/s =1 for all £ € R"\{0}.
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Theorem 2.6
Let 1<g<oo and w € Aq(R3). Then there are constants ¢, c2>0 depending on g, w and ¢ such
that for all fe L%

o0 5 ds 172
cill fllgws (/ los * f ()] ?> <el fllg,w (28)
0 g
where ¢, € (R") is defined by (27).
Proof
See [21, Proposition 1.9, Theorem 1.10], and also [19, 22]. ]

3. PROOFS

As a preliminary version of Theorem 1.4 we prove the following proposition. The extension to
more general weights based on complex interpolation of L% -spaces will be postponed to the end
of Section 3.

Proposition 3.1
Let the weight w € Ll (R3) be independent of the angle 0 and define w, (x3) := w(xy, x2, x3) for

loc
fixed r = |(x1, x2)|>0. Assume that

weA;/2 if g>2
~ 1o~
weA;] or —eA ifg=2 (29)
w
2/(2— e .
w?/( q)EAq/(Z—q) if 1<g<2

Then the linear operator T defined by (21) satisfies the estimate
ITfllguwscll fllgw forall feLf (30)
with a constant ¢ = c(g, w)>0 independent of f.

Proof
Step I: First we consider the case g>2, w € A;/z C Ay, and define the sublinear operator .4 J,a

modified maximal operator, by

; ; k dr
AT g(x) = sup/ (AEY)) <OZ/V(t)x + —t€3) — (€2
s>0J Ay v t
where Ag =[s/16, 16s]. Then we will prove the preliminary estimate
in1/2 in1/2 .
V75 f g <l 121N W f N S € Z (32)

where v denotes the 0-independent weight

~

—w—@/2'/@/2) —_ ,-2/q-2) c F+  _qF
v=w =w €Ay =4Ag1a-2 (33)
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To prove (32) we use the Littlewood—Paley decomposition of L%, see (28), applied to T;f.By
a duality argument we find some function 0<g € qu/ - (ng/ 2))* with | gll(4/2),v =1 such that

5 ds

/ oy # T3 fFORE
0 N

e d
= @, # Tj £ ()| 2g (x) dx — (34)
q2w Jo IR S

To estimate the right-hand side of (34) note that

dt

[ee) . k
oy * T f(x)= fo Oy () (@5 % Y  f) (Ow/\mx — ;ze3> —

where @, * ! =0 unless 1 € A(s, j) :=[22/%s, 22/+45]. Since Ji e acs jdt/t=log 28 for every
Jj €Z,s>0, we get by the inequality of Cauchy—Schwarz and the associativity of convolutions that

24

lpg * ij(X)|2<C/

AGs. )

; k
W * (@5 % f)) <0co/v(t)x - ;te@)

. . k ds
<clly’ I / (1 log * £17) (Ow/v(t)x - —tes) —
AGs, /) v 4

here we used the estimate (] * (@, * )PV (Y| % lo, % FI)(y) and the identity
I = Iy |11, see (26). Thus,

T £117
. © ; k dr ds
</ [ [ [ awlislo s <0w/\)(t>x - —te3> ORI
0 JAG,j) JR? v rs
: o0 ; k dr ds
<t/ [ [ [ i togx oo (05/»,(r)x T —teg) T
0 JAG, ) IR v rs

<clly’ lpg * f17(x) (Wil %8) | Ogp(x + —tez | ——dx  (35)
rR3 Jo A(s, ) v t s

since lp{ is radially symmetric. By definition of ./ the innermost integral is bounded by .#/ g(x)
uniformly in s>0. Hence, we may proceed in (35) using Holder’s inequality as follows:

. e d .
||T,-f||§,w<c||wf||1/RS (/0 st*flz(X)?S) M g(x) dx

. oo ds
<CIIWII1/O |<Ps*f|2(X)?

47 gll¢q /2y v (36)
q/2,w

Now (28) and the normalization ||gl|(/2),v =1 complete the proof of (32).

Copyright © 2007 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2008; 31:551-574
DOI: 10.1002/mma



566 R. FARWIG, M. KRBEC AND S. NECASOVA

Step 2: We estimate |7 gll(g/2y,v- For functions y depending on 0, x3 only let .#pe; denote
the ‘helical’ maximal operator

1 w k
M ety (0, x3) = sup —/ 7] (9 — —t,x3+ —t> dr
Ay v Ay

s>0

where Ag =[s/16, 16s]. Then, writing p :=(q/2)’, we claim that

M g(x) <27y (Myearg)(x)  for aa. x € R (37)
I gl v < 272N Ig oo (38)

where in (37) #/ne1g is considered as #/he1g(r, -, -) for almost all r>0.
To prove (37) we use the pointwise estimate W,’ (x)|<c2_2|j‘h,2_zj (x), see Lemma 2.5(ii).
Hence,

. . k dr

AT g(x)<c2™ 2! sup/ (hyp—2j % 1g)) <0$/v(t)x + —te3> —
s>0 J Ay v 1

Moreover, there exists a constant ¢>0 independent of s>0, j € Z, such that h,,—2; <ch,-2; for all

t € A;. Consequently,

M g(x) <272 suph 9-2j * / lg| ( tx + ﬁte3) g
A w/v P

s>0

<27 sup hy % Mperg(x)
t>0

Since A is nonnegative, radially decreasing, and ||A;||; = ||2]|1 = co>0 for all £>0, a well-known
convolution estimate, see [23, II Section 2.1], yields the pointwise estimate (37).

Step 3: Note that up to now we have not yet used any specific properties of the weight v e A,,. To
estimate .#1e1g, we shall work with a suitable one-sided maximal operator since our weight belongs
to a Muckenhoupt class in R but a problem occurs when the weight is considered with respect
to x3 only. This naturally corresponds to the physical circumstances of the problem, where in the
Oseen case the wake should appear. To estimate .#pe1g, we write g,(0, x3) = g(r, 0, x3) = g(x)
and v, (x3) =v(x), r =|(x1, x2)|>0, for the O-independent weight v. Then by the 2zn-periodicity
of g, and v, with respect to 8 we get for almost all >0

2n
/ i (0, x3)Pv, (x3) A0 dxs
2n 16s w k k
// sup — / |g,|(9——<x3+—t>,x3+—t) dr
s>0 S k v v
2 16s k P
/ / sup — / Vro (x3 + —t) dt
>0 S ' v

dOv, (x3) dx3
2n
=16 f / |MFy,.9(x3)] vy (x3) des dO
0 R

P
vy (x3) dO dxs
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where 7y, g(y3) =1g,1(0 — (w/k)y3, y3) and M™ denotes the one-sided maximal operator, see

Definition 1.2. Since w, € A;/z’ by (33) and Theorem 2.3(i) v, :wr_(qm//(q/z) € A&/Z)/ :A;)r

with an A;-constant uniformly bounded in r>0. Then Theorem 2.3(ii) yields the estimate
2n
/R AMreigr (0, x3)P vy (x3) dO dx3
0

2n
gc/() /R|Vr,0(x3)|pvr(x3) dxs d9=C||gr”€”(R><(O,2n),u,(x3))

where ¢>0 is independent of k, v. Integrating with respect to r dr, r € (0, o), Fubini’s theorem
allows to consider an extension of .#e] to a bounded operator from LY (R3) to itself with an operator
norm bounded uniformly in k, v. Moreover, . : LY (R3) — LY ([RE3) is bounded by Theorem 2.3(ii).
Hence, (37) implies (38), and by (32) as well as Lemma 2.5(ii) we get the estimate

_2 i
ITi fllgw<e2 2 Fllgw

for all f e L% (R?) with a constant ¢>0 independent of j € Z. Summarizing the previous inequal-
ities we proved (30) for g>2. _

Step 4: Now let g =2, w € A . In this case, the Littlewood—Paley decomposition of 7 f in sz
implies that

2 > 2 ds
1T f13,,<c lps * T f17(x)g(x) dx —
0 R" S
where
1
gely’, v=— and | glle,v =eSssuppslgv[=1
w
By the same reasoning as before we arrive at (32), i.e.

i i 1/2
IT; £ N2 <2 VNt | 211 f 112,00 (39)

and at (37). Concerning .41 wWe use the pointwise estimate g, (0, x3)<w,(x3) for a.a. 0 € (0, 27n),
x3 € R, and get that

16s k

Me1gr (0, x3)< sup — / Wy (X3 + —t) dr<16M T w, (x3)<cwy (x3)
5>0 0 v

with a constant ¢>0 independent of r>0. Since w is an Al(R3)—weight, (37) implies that
./%jg(x)gc272|-’“%w(x)<c272mw(x)

and consequently that .7 g||oo,v<c2_2|j | with a constant ¢>0 independent of j € Z. Hence,
||ij||2,w<c2_2‘j| proving (30) when g =2.

Step 5: The remaining estimates are proved by duality arguments. Obviously, the dual operator
to T is defined by

T*f(x):/oo(—A)Ow(t)Et * f(OL(t)x + ktez) dt
0
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which has the same structure as K, but with an ‘opposite orientation’. Hence, 7™ is bounded on

L, for ¢>2 and all weights w € A /2- Now let 1<g<2 and w29 ¢ A~ /) _A(q /2y Then
by simple duality arguments w’ = w ¢ /4 ¢ A 7/2) and
KT =1L T I lguwl T gl w<cll fllgwllgllg,w
Finally, let g =2 and 1/w € A}". As before,
KT f < f 2wl T*gll2 1 w<ell fll2,wliglz, 1w
Now Proposition 3.1 is completely proved. ]

Lemma 3.2 (Bergh and Lofstrom [24])
Let 1<py, p2<o0, let O<w;, wy be weight functions, é € (0, 1), and

1 _ 1-9 + i wl/pzwgl—(s)/m _wg/pz

p P1 p2

Then

(LD, LI2)s=LD,

wi?

in the sense of complex interpolation.

In the following, we shall derive an anisotropic variant of Jones’s factorization theorem tailored
to our situation, when we need to work with one-sided Muckenhoupt weights with respect to x3,
satisfying the usual Muckenhoupt condition in three dimensions.

Lemma 3.3 (Anisotropic version of Jones’ factorization theorem)
Suppose that w € A . Then there exist weights w; € A and wy € AT such that

w1

q—1
w;

w =

Here A;r is defined by analogy with AT, cf. Definition 1.2, by assuming for wzeAl+ that
(), € AT with AT-constant uniformly bounded in r>0. An analogous result holds for w € A;’.

Proof -
Let g>2. Given w € A~ we consider the operator 7' defined by

Tf= (w—l/qﬂ(fq/q’wl/q))q//q + wl/Qﬂ(fw_l/q)
M w )T w9 (f

where r =|(x1, x2)|. Then for all f e L9(R?)

||Tf||Z <c {/3 w—q//q(%(fq/q/wl/q))q’ dx + /2 w(%(fw—l/q))q dx
R R
+ / ( / w4 (MG w4 ) dx3> d(x1, x2)
Rz \JR
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+ / ( / wr<M1+<frw:”‘f>>4dx3) d(xl,xz>}
R> \JR

<A £

with a constant A = A(g, w)>0.
Let us fix a nonnegative 0-independent function f € L9(R?) with | f l; =1 and define

=Y QA *Tf)
k=1

where TX(f)=T(T*~1(f)). Obviously, Tf and therefore also # are 6-independent. Moreover,
neLY(R3) and ||nll,< Y 52,2 ¥ =1. In particular, (x)<oo for a.a. x € R, ,(-) € LI(R) for
a.a. (x1,x) € R? and n,.(x3)<oo for a.a. x3 € R. Since T is subadditive and positivity-preserving,
we get the pointwise inequality

o0 o
<Y, QAT TH(H =Y @A TH (<A
k=1 k=2
Now let wy := w'/439/4" and wy := w~ /9y such that w = 9= T
1:=w'4y and wy :=w n such that w =w;/w,; . Then
%(wl)éwl/q(Tn)q/q/éwl/qnq/q,(ZA)q/q, — (ZA)q/q,wl
M () <w 9T <wiydle' 24)974" = 24)979 (),
M (w)<w™IT (<w ™24 = 2Aw,
My (w2) ) <w YIT (i <w ™42 A = 2A(w)),
proving that wj € Zl_, wy € ZT

The case 1<g<2 follows by a simple duality argument, since weX{; is equivalent to
w4 e X;C O

Proof of Theorem 1.4
(i) Let g € (1, 00) and w € A, such that the L1 -estimate of Vp holds, see (17). Hence, it suffices
to consider u defined by (19)—(20). We consider arbitrary g1, g2 € (1, 00) and ¢ € (0, 1) with

1 1-6 o

l<qi<g<gqr<oo, q1<2<q> and —= +—
q q1 q2

(40)

,L— ~7
and assume that w* € A 0/

ue Xl_, vE ZT such that

, Witht=2/(2 — q(1 — 9)) €[1, 00). By Lemma 3.3 there exist weights

u _ u
v“]/z_l - UQ/(Z_Q(I_é))—l

w' =

Then we define the weights wy, wy by

2/2-q1) _ u __u
Wi = o hjagy M wa=—os
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yielding

g _ e ~
w €A /g W2E€ALp

Since, due to an elementary calculation, with w:w‘f(l_é)/ a wgé/ 2 Lemma 3.3 and

Proposition 3.1 we can prove that 7 is bounded on LZ,(R3). Since u EZI_, V1 eA~;r are ar-
bitrary, we proved the boundedness of 7 on LY, for arbitrary w if

2
T — _
w equ/z’ r—z_q(l_é)e[l,oo)

Now we have to find all admissible 7 subject to the restrictions given by (40). For this reason,
consider the easier term

/g —1/q2
1/q1 —1/q2

First Case 1<g<2, in which 1<gj<gq and g»>2. Due to monotonicity properties of s as a
function of 1/g; and of 1/¢; it suffices to check s at the corners of the rectangle (1/¢q, 1) x (0, %].
The corresponding function values are ¢, 1 and 2 — g. Hence, the range of s equals the interval
(2 — ¢q, q) yielding for t=2/(2 — s) the condition

s=2<1—1> =q(l —0)=gq
T

2 2

—<T<—

q 2—q
Note that the limiting value t=2/(2 — ¢) is allowed due to Proposition 3.1. Finally, the
condition w® € Af_q/Z’ 2/q<t<2/(2 — q), easily implies that w € A;: By Lemma 3.3, there exist

Ui eAvl_, V1 eA;r such that

1/t
w=—1 @1
= -
Ui
where ui/r € Zl_ and ¢/2 — 1/1<q — 1 yielding v%q/z_l/f)/(q_l) € ZT

Second Case q>2, in which 1<q|<2 and ¢>>¢. In this case, the values of s at the corners of
the rectangle [%, 1) x (0, 1/g) in the (1/q1, 1/g2)-plane are O, 1 and 2. Hence,

l<t<o0

and we observe that T=1 is admissible due to Proposition 3.1. Finally, note that the condition
w'e Arq2 implies also w € Aq_: there exist u; € A;, v € A]L such that w satisfies (41), where
again ¢/2 — 1/t + 1<q for all T € (1, 00). -

Third Case q =2. In this case it suffices to interpolate between L2 , and Li)z, where w; € A|
and 1/w; € KT, see Proposition 3.1. Then T is bounded on L%) for all

u)f&
w=—=, 0<o<l1
Wy
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Then w'/0=9 — w; /"™, or with 7= 15 € (1, 00),

= L A=A
W =—"7€% =A4yp

(ii) Note that L% (R") C S'(R"), i =1, 2; indeed, w; € LIIOC(IR") and flxl>1 w;i (x)]x]| " dx <00,

see [17, IV.3 (30)]. Since Equation (5) is linear, it suffices to consider f =0 and a solution
ue S (RH" of (8). In the proof of [7], Theorem 1.1 (2), (3), it was shown that under these
assumptions u is a polynomial and that u(x) =aw + fo A x + p(x1, x2, —2x3)T, o, f,7eR
(u(x) = p(—x3, x1) if n=2). O

Proof of Corollary 1.5
Considering a priori estimates for du/0x3 we use representation (19) of u. In order to analyse the
dependence of the following estimates on the parameters k, v and @ let

K=k/®, vV =v/& and D(&=1-e 2P
Then for f € #(R*)? we get the identity
ik'é (2
D(©) Jo
where F = f—Vp, see (18). Choose a cut-off function n € C§°(B1(0)) with n(&) = 1 for ¢ € By 2(0)

and define the multiplier functions

ik’ &3n,y
mo(&) = 2 %Z’g)@

kou(@) = TIPS OT (1) (0, (1)) dr 42)

k/ 1 — 1’]‘,/(5)

s ml(f):ﬁ D)

where 7,/ (&) =n(+/v'€), as well as
Ho (&) = VIHFHFGN (@) =ig;vve VIFHKSY e (0, 2m)

Then we get

kO3u(8) = mo(OT0() +m1 (O (©)

where Io(x), I1(x) are defined by their Fourier transforms

2n
10(§)=f0 ﬂo,,(i)Oi(t)F(0e3(l)')(<f) dr

21
11(5)=/0 M,,(i)OZ(t)F(0e3(t)')(€) dt

Concerning the multiplier function y, , we note that e.g.

5/1 SVE2 i
¢ ago’t = (=218} — ik 1&5)e VISR G)
3
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<c(v
k/
<C(1+
(+%)

with a constant C>0 independent of & #0, ¢ € (0, 2r), K’>0 and v'>0. Then it is easily seen that
Ho.s» My, satisfy the pointwise multiplier estimates

k/ 7212
/V/t|§3| eV 1E1°t
NEd

k
sup max sup(1&* Do, ()] + V118 Dy ())<C (1 + W)

te0,2m) % &#£0

uniformly in k>0 and v'>0, where o € Ng’) runs through the set of all multi-indices o € {0, 1}°.
Hence, Theorems 2.2(iii) and (17) show that

k n k
I lollg,w <c <1 + W) /O I F(Oey(1))lg,wdt<c (1 + «/_) I fllgw

k

Vol

2n 1 k
F(O,, wdt<e [ 1+ w
) A \/-II (Oc3 (1)) llg,w dt C( m) I fllg,

I1llg,w<c <1 +

where ¢>0 is independent of k, w and v. Moreover, a lengthy, but elementary calculation proves
that mg, m satisfy the pointwise estimates

k4
*D% <C (1
max max SUpICE Dgm; (DI ( e |2)

with ¢>0 independent of v, w, k; for details see [1]. Now another application of Theorem 2.2(iii)
yields the estimate

k5
lko3ullg,w<c (1 + W) 1 fllg,w

for feS (IR%3 )3, with a constant ¢>0 independent of f, k, v and w. Since S (R3 )is dense in LY (R3 ),
this result extends to all f € L,; for its proof we refer to [1]. However, note that we did not estimate
F(Ow(t) —kte3)E in L1(Q) as in [1]; instead we have to deal with F(Oe3 (t)-), and the shift
operator is estimated with the help of multipliers.

Now Corollary 1.5 is completely proved. (|

Proof of Corollary 1.6
We have to check for which «, f§ the weight w(x) =;1;‘}(x) =(1 + |x])*(1 + s(x))? satisfies the

conditions needed in Theorem 1.4. From [16] and [25, Theorem 5.2] we know that w = n% €A,
l<p<oo, if and only if —1<fi<p — 1 and —3<a 4+ f<3(p — 1); moreover, by Lemma 2.4(iii)
we have to satisfy the conditions a<p — 1, =0, o + f>—1 to get that w,(-) € A;.
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Let g>2. Then in view of (8) and (15) we have to analyse the convex set

1 1 1 1
© = {(fx, Bro<l = 2 0,04 p>— =, ——<p<l_ 2,
2 T T 1T 2 1

3 3 3
——<oc+ﬁ<—q — — for some 7 €[1, oo)}
T 2 T

Obviously, the conditions f> — 1/t and —3/t<a + <3¢ /2 — 3/1 are redundant since g/2 — 1/
is positive; moreover, the conditions o+ > — 1/t and ff<q/2 — 1/t yield a> — g /2. We will see
that

q q q

%= {(a, P 3 <a<i 0<p<]

Indeed, it suffices to consider pairs (o, f) with a<0. If moreover o 4+ <0, we find t9>1 such

that o + f=—1/79. Then f=—1/190 — o< — 1/79 + ¢/2 and a<0<q/2 — 1/79; consequently
(o, p) € €. If o+ =0, we may choose 7 sufficiently large to show that («, ) € 4.

Now consider the case 1<g <2. As in the previous case we have to analyse the set ¥ where now

7 runs in the interval (2/q,2/(2 — ¢)]. Since t>2/q, the same conditions as before are redundant;

moreover, o>—q /2. Then we will show that

, oc—l—ﬂ>—1}

€ = {(oc, B): —%<cx<q —1, 0<f<g — 1, a+ f> — %}

Indeed, if e.g. a<0 and o + f<g/2 — 1<O0, then there exists 79 € (2/¢, (2 — ¢q)/2] such that
a+p=—1/19, f=—1/10—a<—1/190+¢/2 and a<0<q /2 —1/70; however, when a+ f>¢q/2—1,
we may choose t=2/(2 — g) to see that (a, f) € €. ]
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Abstract. We study the Oseen problem with rotational effect in exterior
three-dimensional domains. Using a variational approach we prove existence and
uniqueness theorems in anisotropically weighted Sobolev spaces in the whole
three-dimensional space. As the main tool we derive and apply an inequality of
the Friedrichs-Poincaré type and the theory of Calderon-Zygmund kernels in
weighted spaces. For the extension of results to the case of exterior domains we
use a localization procedure.

1. Introduction.

1.1. Formulation of the problem.

In a three-dimensional exterior domain Q C R?, the classical Oseen problem
[30] describes the velocity vector v and the associated pressure 7 by a linearized
version of the incompressible Navier-Stokes equations as a perturbation of v, the
velocity at infinity; v, is generally assumed to be constant in a fixed direction,
say the first axis, v, = |v|€1. In the next we denote |v,| by &, and we will write
the Oseen operator k 0;v. On the other hand it is known that for various flows past
a rotating obstacle, the Oseen operator appears with some concrete non-constant
coefficient functions, e.g. a(x) = w X @z, where w is a given vector, see [17], [29]; in
view of industrial applications a(x) can also play the role of an “experimental”
known velocity field, see [20].

This paper is devoted to the study of the following problem in € for (non-
solenoidal) vector function w = u(z) and scalar function p = p(x):

—vAu+kdu—(wxz)-Vutwxu+Vp=f in Q (1.1)
divu=g in Q (1.2)

u—0 as |z|]— o0 (1.3)
u=(wxx)—ke on 99, (1.4)

2000 Mathematics Subject Classification. Primary 35Q35; Secondary 35B45, 76D99.
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where w = (&,0,0) is a constant vector, v, k and & are some positive constants,
and f = f(x) a given vector function, g = g(x) a given scalar function.

We restrict ourselves to the assumption of compact support of g when {2 is an
exterior domain. The system arises from the Navier-Stokes system modelling
viscous fluid around a rotating body which is moving with a given non-zero
velocity in the direction of its axis of rotation. An appropriate coordinate
transform and a linearization yield in the stationary case equations (1.1) and
(1.2), for details see [3], [17]. The third term together with the fourth one (the
Coriolis force w x w) in (1.1) arise from the influence of rotation of the body.

Let us begin with some comments and relevant process of analysis of the
problem (1.1)—(1.4).

e The governing equations of fluid motion are stationary and linear, but in
unbounded domains the convective operators, kd; and (w x &) - V, cannot
be treated as perturbations of lower order of the Laplacian.

e The fundamental tensor (similarly as the fundamental tensor to the Oseen
problem) exhibits the anisotropic behavior in the three-dimensional space.
To reflect the decay properties near the infinity we introduce the following
weight functions:

n(x) =03l (x) = (1+6r)*(1 +es)’,

with r=r(z) = |z| = (30, 2)"? s=s(@)=r—z, z€ R, £6>0,
a, B € R. Discussing the range of the exponents a and 3, the corresponding
weighted spaces LI(R?; ng) give the appropriate framework to test the
solutions to (1.1)—(1.3). This paper is concerned with ¢ = 2. Let us mention
also that 5 belongs to the Muckenhoupt class A, of weights in R® if
—l1<f<land -3<a+p<3.

e In this paper we will prefer the wvariational approach. To avoid the
difficulties with the pressure part of the solution p we solve firstly the
problem in R3. Using the theory of Calderon-Zygmund integrals in
corresponding weighted spaces, we determine the pressure p of the problem
in R® to be from the same space as the right-hand side of (1.1). This first
step cannot be done directly in an exterior domain. Then we apply the
variational approach for the velocity part of the solution.

e For the extension of the results to the case of exterior domains we use the
localization procedure, see [22].
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1.2. Short bibliographical remarks.

The weighted estimates of the solution to the stationary classical Oseen
problem were firstly obtained by Finn in 1959, see [9]. The variational approach to
the model equation —v Au+ kOju = f in an exterior domain in anisotropically
weighted L%-spaces was applied by Farwig, see [1]. The same variational
viewpoint has been also applied in [27], [28] by Kra¢mar and Penel to solve the
generic scalar model equation —vAu+ kOju — a-Vu = f with a given non-
constant and, in general, non-solenoidal vector function a in an exterior domain.
Both model equations are assumed with boundary conditions u =0 on 92 and
u— 0 as |z| — occ.

Another common approach to study the asymptotic properties of the
solutions to the Dirichlet problem of the classical steady Oseen flow is the use of
the potential theory, i.e. convolutions with Oseen fundamental tensor and its first
and second gradients for the velocity (or with the fundamental solution of Laplace
equation for the pressure): the L2-estimates in anisotropically weighted Sobolev
spaces in R® were derived by Farwig [2], the Li-estimates in these spaces were
proved in R® and R" by Kraémar, Novotny and Pokorny in [25] and [26],
respectively. Different approach was used by Kobayashi and Shibata [21].

The fundamental solution to rotating Oseen problem in the time dependent
case is known due to Guenther and Thomann, see [32], but, unfortunately, the
respective stationary kernel does not seem to be of Calderon-Zygmund type. The
Littlewood-Paley decomposition technique offers another approach for an L%-anal-
ysis: Thus, Li-estimates in non-weighted spaces were derived for the rotating
Stokes problem by Hishida [17], by Farwig, Hishida, and Miiller [5], and for the
rotating Oseen problem in R® by Farwig [3], [4]. Li-estimates of the pressure and
the gradient of the velocity for the exterior Stokes flow around a rotating body
without translation were derived in [19]. Li-setting with non-integrable right-
hand side in non-homogeneous case was investigated by Kra¢mar, Necasova and
Penel in [24]. The Littlewood-Paley decomposition technique for L?%-weighted
estimates with anisotropic weight functions was used by Farwig, Krbec and
Necasova [7], [8].

Another approach based on the use of the non-stationary equations in both
the linear and also non-linear cases is proposed by Galdi and Silvestre in [11],
[12], [13], [14]. The last paper showed the existence of the wake region for the
Navier-Stokes flow for small data.

We would like also to mention that the problem was solved by the semigroup
theory in L2-setting in particular by Hishida [18], and then the respective results
were extended to L case by Geissert, Heck and Hieber [15].



242 S. KRACMAR, S. NECASOVA and P. PENEL

1.3. Basic notations and elementary properties.

Let us outline our notations. Let ./ be the space of the moderate
distributions in R®. Let Q be an exterior domain with a boundary of the class
€2, and

Wm9(Q) = {u e L. (Q): DueL{(Q), |I|=m}

with the seminorm [ul,, = (3, Jo [u|)". Tt is known that W™1(Q) is a

Banach space (and if ¢ = 2 the space f]m(ﬂ) = VIA/’”??(Q) a Hilbert space), provided

we identify two functions uy, us whenever |u; — uQ|mq =0, i.e. uy, up differ (at

most) on a polynomial of the degree m — 1. As usual, we denote by qu(Q) the
closure of C{°(12) in Wma(Q).

Let (L2(€; w))® be the set of measurable vector functions f = (f1, fo, f3) in Q
such that

We will use the notation L? 4(Q) instead of (L?(9; % ))? and || - ||2ad instead of
I N2, ) Let us define the weighted Sobolev space Hl(Q Mg ) as the set
of functlons u € L 5,(22) with the weak derivatives 0;u € La 5 (€2). The norm of
ue€ H' (Q a5 ) is given by

2 2(1]
Il )= ([P o [ 9 a )

As usual, H! (€% m3),m5), will be the closure of C°(€) in H'(Q; M5, ), where
Cr(Q) is (C(Q ))3, and H'(Q; 773“,775 ) will be the closure of C{°(€2) in
H'(Q; 13, 15").

For simplicity, we shall use the following abbreviations:

L’ ;()  instead of (L2 (Q 77(}) ) ’

[ [lo,03.0 instead of || ez ()
H}},(Q) instead of (Q n5- 1,7]5)
V.5(Q)  instead of 1( 5 ng)

Vos3(Q) instead of ( 1, %)
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We shall use these last two Hilbert spaces for « >0, >0, a4+ < 3. If no
confusion can occur, we omitothe domain in the notation of the norm || - |5, 5.
The notation H'(Q) and H'(Q) mean, as usual, the non-weighted spaces
(H'(Q; 1, 1))* and (EII(Q; 1, 1)), respectively. As usual, omitting the domain Q
in the notation of spaces will indicate that Q = R?, so e.g. H' = H'(R?).

Concerning the weight functions nf, we will use two notations ng(x) and
ngf(:ﬂ) taking the advantages of the following remark:

REMARK 1.1. Let us note that for ngjf and for any 61, 092,€1,€2 > 0 one has

a,by ,b; a,09
Cmin * 77[3752 S 77“3“’51 S Cmax * 77[37527

Cmin = min(1, (61/8)")min(1, (£1/€2)"),  Cmax = max(1, (6/8:)")-max(1, (e1/e2)").
The parameters 6 and e are useful to re-scale separately the isotropic and
anisotropic parts of the weight function 7j.

We also use the notation of sets Bp={x¢c R%|z|< R}, Bf=
{z € R%|z| > R}, Qp = BrnQ, Qf = BEnQ, B! = B N B, O = Bi! N,
for positive numbers R, Ry, Rs.

1.4. Main results.

In the first part of the paper (chapters 2—4) we study the problem in R®. Let
us assume for a moment that pressure p is known. In solving the problem (1.1)-
(1.3) with respect to u and p by means of a pure variational approach, we shall
deal with the following equation:

k
V/ |Vu|2wda:—|—z// (u-V)u-de:c——/ |u|*0w da
R 2 /p

R3

1
——/ ludiv(wlw x 2))dz= | f-uwde— [ Vp-uwwdz  (1.5)
2 R R R

as we get integrating formally the product of (1.1) by wu with w an appropriate
weight function. First, let us note that div(n§ [w x z]) equals zero for w = 3. The
left hand side can be estimated from below by:

1
K/ \Vu|2wda:+f/ |u|2(—1/|Vw|2/w—k81w>dm. (1.6)
2 R 2 R

Because the term —v|Vw|® /w — kdjw is known explicitly, we have the possibility
to evaluate it from below by a small negative quantity in the form —Cngj
without any constraint in s(-) (see Lemma 2.5).
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An improved weighted Friedrichs-Poincaré type inequality in Iofig is
necessary. The obtained inequality allows us to compensate by the viscous
Dirichlet integral the “small” negative contribution in the second integral of (1.6).
We finally prove the existence of a weak solution (1.1)—(1.3) in Vg by the Lax-
Milgram theorem.

The main results of the first part of the paper can be summarized in the
following theorems (parameters «, [, 8, € are specified in Section 1.3):

THEOREM 1.2.  Let 8 > 0. There are positive constants Ry, ¢y, ¢; depending
on «, B, 6, € (explicit expressions of these constants are given by Lemma 2.3,
essentially co = O(e™2 + §72) and ¢; = O(e7167Y) for § and e tending to zero) such
that for all v € H(lmg

1920 1 p 1< o / Vol de + o / Vol de. (1.7)
330 Bho

THEOREM 1.3 (Existence and uniqueness). Let 0< <1, 0<a<yf,
fe Liﬂ,ﬂ? g € Hj,, such that vVg —kge, + glw x @) € L2 5 y1 will be given in
Lemma 4.3. Then there exists a unique weak solution {u, p} of the problem (1.1)-
(1.3) such that w € Vg, pe L} 5 1, Vp € L2, ; and

||IU‘H2,(171,[} + ”vu”Z,a,ﬂ + ”pHZ,a.ﬂfl + ||Vp||2,a+1,[3
< C (Iflaers+ 10¥9 = kg er + 9w X D)l r5)-
In the second part of the paper (chapters 5, 6) we extend the results of the
first part onto exterior domains.

THEOREM 1.4. Let QC R® be an exterior domain and 0< (<1,
0<a<uy By is given in Lemma 4.3, f € LiHﬂ(Q), g € H'(Q) with suppg =
K CcCQ and fﬂgdm = 0. Then there exists a weak solution {u,p} of the problem
(1.1)-(1.4) such that w € V,p5(Q), p€ L2 5 1(Q), Vp e L}, 4(Q) and

sy + 190l + [Bllsor + (92l s
< C(Hf||2,a+l,ﬁ +lg

|172+w2—|—w+k2+k>.

REMARK 1.5. Concerning dyu and Vwu, our analysis did not catch any
difference in the dependence of the parameters « and (3. The reason appears inside
the proofs of the Theorems 1.3 and 1.4 when we ask for the coercivity of the
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bilinear form @(, -), testing equation (4.20) by unf. On the other hand, we have
no heuristic argument for not expecting better decay behavior of 9y u like Vp as in
Farwig’s result, see [2].

REMARK 1.6. The important feature of the Friedrichs-Poincaré type
inequality is that we are able to evaluate its coeflicients, precisely expressed in
Lemma 2.3 separately near the obstacle and far from the obstacle.

REMARK 1.7. For a > 0, using these coefficients, negative values of the
function F, g(-, -) defined by the formula (2.13) can be compensated by the viscous
Dirichlet integral; this analysis was not required in [2] because F, (-, -) is positive
when a < 0.

REMARK 1.8. The previous compensation cannot be associated with a large
interval of positive values for a: So, we receive the technical condition /8 < y;.
Using other type of weight functions characterized by some parameters, one can
get another technical condition on these parameters.

REMARK 1.9. We can improve the result from Theorem 1.4 removing the
assumptions on g relative to its compact support and to its zero mean value: This
will be the partial subject of a forthcoming paper. In the present paper, we have
decided to use simply the approach by Girault-Raviart (see Subsection 6.1) and
the standard Bogovski’s lemma in bounded domains, to get finally Corollary 6.7.

2. Friedrichs-Poincaré inequality.

In this section we derive an inequality of the Friedrichs-Poincaré type in
weighted Sobolev spaces. We also recall some necessary technical assertions, for
more details see Kra¢mar and Penel [27].

PROPOSITION 2.1.  For arbitrary o, 3> 0 and x € R®, x # O:
Anfj(z) > 2Bmin(1, B)e 613~ (x).

PROOF.  We introduce 3* = min(f, 1) in an explicit expression of Ang:

1+es 1+es S
An% = 252 — ab? 2a36e —
s {(a 1+ ér @ 1+ 6r + aﬂsr

£s
1+es

+28(8 - 1)%(1 + 67)

1 €
+2a6%(1 +55)5+ (1- G + 828 - (1 +57")}77?_11,
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for r > 0. We denote the five terms in { } by T, Tb,...,T5, and overwrite the
previous relation as Anf = {[Ty + Tu] + T + [T + (1 — 5)T5] + 8*T5} nfj~|. Ob-
serving that Ty > 28¢6, the proposition is trivial. O

PROPOSITION 2.2. Let « >0, >0, §>0, e >0 and x> 1. Then for
re R, |x| > |67 — (25)_1|(/<V - 1)_1:

V(@) < 2w (ot 97 (1 2@) 238)

Let >0, 3>0, >0, ¢ >0 and (3—a)(26 — &) > 0. Then for x € R?,
x #0:

i) < (06 + 282 (o)) (29)

PrOOF. If § =0 and a = 0 then both inequalities (2.8) and (2.9) are valid.
Let us concentrate on the nontrivial cases:

For r > 0, s € [0, 2r], we have that dg/ds > 0, where g is a function defined by
relations:

V@) = glst@).r(a) (113 @)

1+es s 1+6r\ s
— 262 2_2

=6 2a36e -+ 2 — | -.
g9(s,7) =« (1+6r>+ af Er+ B (1+€S)T

So, g(s,r) is increasing as a function of s and

G(r) = max g(s,7) = g(2r,7)
s€[0,2r]
1+2 1+ 6
= 282 T agse 44822 0T < on(a+ B (2.10)
r

146 14 2er =
for k> 1 and r > |61 — (2¢) |(k — 1)~ ". So, inequality (2.8) is proved.

To justify the second inequality (2.9), we observe that for the given values of
a, B, 8, € and for r > 0, G(r) < G(0). O

. Next we derive an inequality of the Friedrichs-Poincaré type in the space
H}m It is necessary for our aim to get expressions of constants in this inequality.
It follows from Proposition 2.1.
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LEMMA 2.3.  Let a >0, >0, a+83<3, k>1. Let 6 and ¢ be arbitrary
positive constants, such that (8 — a)(2e — 6) > 0. Then for all u € H(lyﬁ

2 2 2
||u||2‘(171,;371 < CO||VU|BRo||2,a,ﬂ + Cl||vu|BRﬂ

||2’aﬁ7 (2.11)

where ¢y = [(ab+20e)/(B876)%, e = [(26)/(62)] - [(a + B)/(B8")) and Ry >
671 — (2e) (k= 1)

REMARK 2.4. Let us observe that if additionally 6§ <2¢ and 1<k <
2e/6+6/(2¢) — 1 then ¢y > ¢.

PROOF OF LEMMA 2.3.  Due to the density of C{° in Hiﬂ it is sufficient to

prove the inequality for all w € C7°. From Proposition 2.1 it follows that for
ve Cy

26ﬂ*65/ v dx < / 'vQAng dz
R\B, : R\B

P

:—2/ (v-V)v-Vngdw—k/ v’V - ndS
R3\B,, B ‘

9B,

7oz+1 dx

S,@ﬂ*ée/ vng Lz +
R:}\B

v|2‘V179

1
\Y%
BB be /R:}\Bﬂ|

+/ v* V- ndS.
9B, ‘
Hence, because the surface integral is a value of the order O(p?), we have:

ﬂﬂ*ée/:vnaldm_ﬂﬂ* /|

By means of the Cauchy-Schwarz inequality and from Proposition 2.2 with Ry >
|671 = (2)7"/(k — 1) we finally get (2.11). O

—otl de. (2.12)

We will need some technical lemmas. Let us define F, g(s,r) by the relation:

Fop(s,r) -m-l = — ‘vn o — kdy 1, (2.13)

The following lemma gives the evaluation of F, g(s,r) from below.

LEMMA 2.5. Let0<a<pf, k>1,0<e<(1/(2k)-(k/v)-((3 - a)/3%) and
6,v, k> 0. Then
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Fop(s,r) — (1= &) kée(B — a)s > —adk(l + vk~ ad) (2.14)

for all™ >0 and s € [0, 2r].

PROOF. Expressing the function Fy (s, r) explicitly we get:

1+es s 1+06r\s
Fo s, ) = —va26? ~owapset —owpe (1) 2
8(s,7) v (1 —|—(5r) va e vBe o)y

r—

— kad(1l +es)

% kBe(1+6r)2.
r T
For convenient use we subtract (1 — k7 1)kée(8 — a)s from F, 5(s,r). We observe
(see Appendix A) that, for the given «, f, €, &, for all §, v, k> 0 and for r > 0,
Fop5(s,m) — (1 — k7Y kée(8 — a)s > F, 5(0,7), which immediately gives inequality
(2.14). O

3. Uniqueness in R®.

In this section, we will start with the question about the unique weak
solvability of the problem (1.1)—(1.3) in Q = R®. The presented approach will be
also used in the next section, in the proof of existence of a solution verifying
solenoidality of the constructed function w.

THEOREM 3.1 (Uniqueness in R®).  Let {u, p} be a distributional solution of
the problem (1.1)~(1.3) with f =0, g =0 such that w € Hy* and p € L3,,. Then

loc*

u =0 and p = const.

PROOF. From the condition u € /ﬁé’Q we get Vue L?, ue LS, ue. 7.
Because div((wx @) - Vu—wx u)=(wx z) -Vdivu=0, we have Ap=0.
Hence, applying Laplacian and the Fourier transform we get

A(—vAu+kdu— (wxz) - Vu+wxu)=0,
P (vIEPat ke — (@x & Vaitwx ) =0 ..

Assuming the equation in cylindrical coordinates (&1,p,¢), and denoting
T(QO) U= a(éla P 90)7 where

1
T(e) = |0, cos(p), —sin(p) |,
0, sin(p), cos(p)
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we get
6P {~0,0+ [w/@)Ie + ilk/Der o} =0 in 7" (3.15)

We will show that from this equation it follows that supp@ C {0}, and due to the
definition of ¥ we will have also supp u C {0}. This means that w is a polynomial
of 21, &, x3. Because u € L° we get u = 0. Substituting into (1.1) we get Vp =0
and p = const.

So, we have to prove that for an arbitrary real vector function ¥ €
CY (R’ \ {0}) defined for [£1,&,&] € R® we have (v, V) =0. If for each ¥ €
CX(R?\ {0}) there is a function ® € C;°(R®\ {0}) such that

0, (Ie®@) + [(w/@el +i (k/D)ei | (167°2) = v (3.16)

then from (3.15) it follows:

0= (IEP{-0,0+ [(v/D) &> + i (k/D)& o}, @)
= (B, 0,(1EP®) + [(w/@)EP +1 (K/D](€7D)) = (3, W),

Hence, the proof of supp@ C {0} is reduced to the solvability of (3.16). First we
note that it is sufficient to solve the equation

0,¢+ (/@) 6 +i (kD) &1 )¢ = W (3.17)

because the division on the expression |€ \2 defines the one-to-one correspondence
of the space C°(R*\ {0}) onto C°(R*\ {0}).

Let us analyze the equation (3.17) in cylindrical coordinates [¢1, p, ], where
p=(&+ 532,)1/2. For an arbitrary real vector function ¥ € C;°(R?\ {0}) defined
for [£1,6,&) € R® we define f(t) := (&, p cost, psint), a:= (v/D)¢* +
i(k/@)&, assuming @ > 0.

Now, we will use the following technical proposition about the existence of a
solution of an ordinary differential equation in a space of periodical functions (and
later also in the proof of existence of a solution of the problem for checking
solenoidality of a constructed solution, see the proof of Theorem 4.4):

PROPOSITION 3.2.  Leta€ C, Rea> 0. Let f € C*(R) be a 2w-periodical
complez function. Then there is unique 2m-periodical solution g € C*°(R) of the
equation
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/
gt+ag=f

and the solution g can be expressed in the following form:

9(p) = (¥ — 1)_1/% e flp+t)dt = e /W e f(t) dt.

0 —00

Proof of the proposition follows from standard computations.
Using the Proposition 3.2 we get the solution of (3.17) in the form

v k -1
(&, p,0) = {exp[2ﬂ<5 &P + 5)] - 1}
2 v 5 ' k )
: / exp[(; l€]” + i :£1>t] U(&, p cos(t + ), p sin(t + p)) dt.
0 w W

It is easy to see that function ¢ as the function of [£,&,&] is infinitely
differentiable with respect to these variables and ¢ € CJ°(R*\ {0}). Finally we

put & = ¢/|¢. 0

4. Existence of a solution in R®.
In this section we will construct a weak solution of the problem (1.1)—(1.3).

4.1. Existence of the pressure in R>.
If there exist distributions u, p satisfying

—vAu+kOu—(wxz) - Vutwxu+Vp=Ff inR?
divu=g in R?

then pressure p satisfies the equation
Ap=divF, where F=f+vVg—kge + glwx x), (4.18)

because div((w X ) - Vu —w X u) = (w x ) - Vdivu = div[g(w x x)].

Let & be the fundamental solution of the Laplace equation, i.e. & = —1/(4ar).
Assuming firstly F € C° we have p =& *divF and Vp = V& *divF and so,
p=VEx F and Vp=V2&« F. It is well known that both formulas can be
extended for F € Liﬂﬂ with 0 < 8 < 1and —2 < a4 < 2 (the last convolution
Vp = V2& x F due to the fact that V2& is the singular kernel of the Calderon-
Zygmund type and that ng“ belongs to the Muckenhoupt class of weights As), see
[2, Theorem 3.2, Theorem 5.5], [26, Theorem 4.4, Theorem 5.4], where the



Anisotropic L?-estimates of solutions to Oseen-type equations 251

theorems are formulated for the pressure part & of the fundamental solution of
the classical Oseen problem, so & = V& and V& = V2£. For F € Liﬂﬁ we get
pE Li‘ﬁfl and Vp € Liﬂﬂ, and there are positive constants C, Cy such that the
following estimates are satisfied:

1Pl201 < ClllFllaaiip IVPloairs < CollFllyaing (4.19)

REMARK. Another possibility of construction of the pressure is the use of
Hoérmander-Michlin multiplier theorem. Both techniques can be used in L?- as
well as in Li-framework to get an estimate of Vp.

4.2. The problem in Bg.
We will study in this section the existence of a weak solution of the following

problem in a bounded domain Bp, pressure p is assumed here to be known, the
right hand side f — Vp=f € L(QHL@:

—vAu+kOu— (wx @) - Vutwxu=f inBp (4.20)
u=0 on OBp. (4.21)

We show the existence of a weak solution up € H'(Bg). Following (1.5), (1.6)
again with w = 77%0, Bo € (0, 1], using notation (2.13), let us introduce a continuous

bilinear form Q(-,-) on IoIl(BR) X IOII(BR):

Q(u,v) =v Vu:V(v-n%U)dw—i—k/

Bgr Bg

+ /BR(w xz)-Vu (1}1720) dz + /BR(w X U) - (117720) dz,

o - (WI%U) dx

Q(v,v) > 27y |Vv|2n%0 dx + 2’1/ v Fy (5,75 1/)77’5’01_1 de.  (4.22)
Br Bgr

LEMMA 4.1.  Let 0 < By < 1. Then, foroau} € L 4,(Br). e < (1/2) - (k/v) -

(1/Bo)s nf, =m0, » there exists unique up € H'(Bg) such that for all v € H'(Bg).

Q(ug,v) = /B f "”7?90 de. (4.23)

PRrROOF. Bilinear form @ is coercive, i.e. there exists a constant Cr > 0 such
that Q(v,v) > Cg ||v||*, where || - || is the norm in the space H '(Bg). Indeed, we
get
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- v 1 _
Q(v,v) > B |Vv| 77/,0 de+ — / szoﬁo(s, ) 17[,0171 dx
BR BR

Because gy < (1/2) - (k/v) - (1/0) there is a constant x satisfying all previous
conditions and additionally ey < (1/2k) - (k/v) - (1/5)). Because a = 0 we get from
Lemma 2.5

/ V2 Fy 5, (s,7) 173 ydz > (1- K*I)kegﬂg/ v277/[§01715 de,
Bg

1
/ |Vv| nﬁ) dr + - (1 — E) kaoﬂo/B v%g{}_l(aos) de.
R

Using Lemma 2.3 and Remark 2.4 we derive:

C}(v,v) 1 ; |Vv\ ndu de + — Eoﬂo/ U2nﬁ—0171d:l:
R

1
+ 3 (1 — > ksoﬂo/ vzngol_l(eos) dx
K BR '
1\ v
> (1 — —) 4rmn{ 50507 2— 5050}
(/ |Vv\2 0 d:z:+/ v 77501 dm) (4.24)

Q(v,v) ZCR( \V'u|2dm+/ v? dm) = Cglv|?, (4.25)
BR BR

where Cg = (v/4)- (1 —x7') -min{l, 232/4, 2(k/v)Beo} - (1 + o R). Using Lax-
Milgram theorem we get that there is wp € H'(Bg) such that (4.23) is
satisfied. 0

REMARK 4.2. An arbitrary function ® € IOII(BR) can be expressed in the
form ® = vngo, where v € H'(Bg). Therefore for all ® € H'(Bg)

Qlup, @) = /B Fddr, (4.26)

where by the definition Q(ug, ®) = Q(ug, '077%0) = @(uR, v).
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4.3. Uniform estimates of ug in R3.

Our next aim is to prove that the weak solutions up of (4.23) are uniformly
bounded in V, 3 as R — +oc.

Let y; be the unique real solution of the algebraic equation 4y + 8y® +
5y —1=0. It is easy to verify that y; € (0,1). We will explain later, why the
control of a/3 by y; is necessary.

LEMMA 4.3. Let0<f(<1,0<a< ylﬁ,} € Li+w. Then, as R — 400, the
weak solutions up of (4.23) given by Lemma 4.1 are uniformly bounded in V,g.
There is a constant ¢ > 0, which does not depend on R such that

/‘ apng” dm+/ \Vag|*nf da:<c/ ‘f‘ ot da (4.27)
R

for all R greater than some Ry > 0, g being extension by zero of ug on R? \ Bg.

PROOF. First, we derive estimate of up on a bounded subdomain By, C Bg;
The choice of Ry will be given in the next part of the proof. Our aim is to get an
estimate with a constant not depending on R. Let us substitute v = up into
(4.23). Hence, we get from (4.24):

@(uR,uR):/ .;E’U'RU%O de > Cy (/ |VuR|277%D dm+/ “2R77§[)1 dm),
Br Br : Br i

with the constant Cy > 0 stated in (4.24). Let Ry be some fixed positive number
such that 0 < Ry < R. We get

/ |VuR| 3 d:z:+/ u%ng_l dwgCg/
Bg, Bg, Bpr

where the constant Cy = C7' (14 gy Ry)*(1 + &0 2R0)|ﬂ7‘8“‘ depends on k, v, «, 3,
0o, €0, Ry, K, but does not depend on R.

Now, we are going to derive an estimate of up on domain Bp. Using the test
function ® = upnf = up(l+6r)*(1+ es)’ e Hl(BR) in (4.26) we get after
integration by parts:

ﬂ gl da, (4.28)

k
/ |VuR| 3 dw—i—u/ (uR-VuR)-Vngdw—i/ uéamg dz
Bgr

Bg

furngdz.
Br
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So, we get for some k > 1:

v 1 - ~
3 |VuR|2ng dx + 5/3 u?zFaﬁ(s, r)ngf% dx < / f‘|uR|77g dx.
R

Bpg Bp
Let Ry > 67" — (2¢) '|(k — 1)"". Using Lemma 2.5 (with 0 < a < 8, € < (1/(2k))

(k/v)((B — @)/3%)) and Lemma 2.3 (with § < 2¢), the second term in the previous
estimate can be evaluated from below:

/ 'Uz?:g Ey.ﬂ(sa 7"))77,63‘:11 dx
Bpr

VK 2% (a+ 3)\? 2w
> —aék(l—k?aé) 5_5< 55 ) /Bg,W“R' 1 d

i (1 _ n’l)kés(ﬁ — ) /R uizngjs dx — 204/ |VuR|2ng dx.
BRU Br

Denote Cs = adk(1 + vkad/k)(k/(5€))((a+ B)/(B6))%. Tt is clear that Cj <
v/(2K?) <v/(2k) if 1+ l/naé/k:2§ k (le. 6§ <(k/v)-((k—1))/(kB)) and «a <
(1/(265) - (v/k) - (8.8°) /(@ + B))’e. We have

v 1 1 _
%/B |VuR|2 nG dx + 3 (1 — E) kbée(B — a)/B u%ngf% sdx

_ C’G/ u%ngj dx — C’7/ |VuR|277§ dx < /
Bg, Bg, Br

We use now relation (4.28) in order to estimate the integrals computed on the
domain Bp,. Before using the mentioned inequality we should re-scale it with
respect to new values €,6, see Remark 1.1. The new constant in (4.28) after
rescaling we denote Cj.

ﬂ\ung dex.

v ~
z WUR|277§ dz + kbe (0 — ) / uQRngjs dx < Cg / ’f’|uR|ng dx,
R Br Br Br

where Cg = {1+ Cymax(Cs, Cr)}-2- (1 —x")"". We use Lemma 2.3 and Re-
mark 2.4. So, if § < 2e and 1 <k < 2e¢/6+6/(2¢) — 1 we get

v [ BB6e \* - v )
— | —— Crde < — \Y >d
2K (oz6+ 2,36) /BR YR Np-1 0% = 2K /BR| ual Chat
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v Bpée 2 a-1
— \Y 5 dx+ — 51 d
2K /BR| UR| v + <O{6 + 256) AR URn371 v

+k6€(ﬁ*0&)/ uRnﬁ 1sd.'1:<C'g/
Bpr Br

7|l da.

So we get

/ IVaug|*n dm+2/ wpn” 1dm+25/ gy sde
Brg

dx,

= / |V’U,R|27’]g dx + 2/ u%?ngfl de < CIO f
Bpg Bgr

Bg

Cy = min(v/(2x), (v/(2k)) (B6*6c/(ab + 28¢))?, k&6(8— )/2) and Cyy = Cs/Cy.
We have also:

~ t
/ “dmg—/ uRnglder— +1da:
Br 2 Br
So, if we choose t = 2 - Cfol then we get:
12

Vug|*n? de + urnt tdz <c atl g,
| "3 R M3

Bp Bp ‘ R ‘

It can be easily shown that the all conditions on «, 3, 6, €, k used in the proof are
compatible if 0 < a < y1, see Appendix B. O

4.4. The problem in R3.
Let y1 be the same as in Lemma 4.3.

THEOREM 4.4 (Existence and uniqueness in R3). Let 0< <1, 0<a<
B, felLl,, g€ H,, such that vWg—kge +g(wx z) € L%, 5 Then there
exists a unique weak solution {u, p} of the problem

—vAu+kdu— (wxz)-Vutwxu+Vp=Ff in R (4.29)
divu=g in R® (4.30)

such that w € Vop, p € Liﬁ_l, Vp € L?Hl,ﬂ and

||u||2‘a'—l.ﬂ + ”Vu“Q,a,ﬂ + ||p||2,a.ﬂ—1 + ||VP||2,a+1,;3
< C(Iflarns + 1099 kger + gwx @)lpoy).  (43D)
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PROOF. The uniqueness of the solution follows from Theorem 3.1, and we
now justify the existence. Let p be the same as in Subsection 4.1. Let {R,} be a
sequence of positive real numbers, converging to +o0o. Let up, be the weak
solution of (4.20), (4.21) on B, . Extending ug, by zero on R\ Bp, to a function
Un € Vo we get a bounded sequence {u,} in V,, . Thus, there is a subsequence
Up, of U, with a weak limit w in V, 3. Obviously, u is a weak solution of (4.29)
and

v+ IV < gt ([ a2t o [ Va g ao)
ceN r Rr3

<c

~12
7 it de = c/.} f = VplP g da.
.

Taking into account also relation (4.19) we get (4.31).

Let us also check that for u the equation (4.30) is satisfied. Let us mention
that u € H%OC because f — Vp € LZ+1,[}' So, computing the divergence of (4.29), we
get

—vA(divu) + ko (divu) — (wx @) - V(divu) =divf — Ap (4.32)
in the distributional sense. From (4.18) we have

—vAy+ kv — (wxx)-Vy=0

fory=divu—g¢€ LZ,B C L?. Using Fourier transform we get

(VW +ik§1)?— (Wx§&)-Vey=0 in"

Assuming 7 in cylindrical coordinates [£1, p, o], p = (&5 + 53)1/2

the equation in the form:

, We can overwrite

—0A+ |(v/@) 1] + i (k/@) & |7 = 0.

Using the same approach as in the proof of the uniqueness Theorem 3.1 we
prove that suppd C {0}. The proof of this fact is reduced to the solvability of the
equation (3.17) which was proved for arbitrary ¥ € C3°(R?*\ {0}) in the proof of
Theorem 3.1. So, by the same procedure we derive that 7 is a polynomial in R
and because v € L? we get v = 0, i.e. (4.30). O
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5. Uniqueness in an exterior domain Q C R3.

The last two sections are devoted to the problem in an exterior domain. We
start with the question of uniqueness. The uniqueness theorem proved in this
section together with the uniqueness theorem in R* from Section 3 will be used in
the next section in the proof of the existence of a solution in an exterior domain, in
the localization procedure. The homogenous Dirichlet boundary condition on 0f2
for w in the next theorem follows from the assumption u € V().

THEOREM 5.1.  Let {u,p} be a distributional solution of the problem (1.1)—
(1.3) with f =0 and g =0 such that w € Voo(Q) and p € L? | ((Q). Then u=0
and p = 0.

PROOF. Let ® = ®(z) € C7°((0,4+00)) be a non-increasing cut-off function
such that ®(z) =1 for 2<1/2 and ®(2)=0 for z>1. Let || <3. Let
dp = p(z) = ®(|z|/R). We have |V®g| < 3/R and |0,®z| < 3/R for x € R?,
R/2 < |z| < R. Let {R;} € R be an increasing sequence of radii with the limit

+00. So we have that u; = u-®p, € H'(Q2), and {u;} is a sequence of functions
with limit w in the space V(). Using the (non-solenoidal) test functions

p=1u <I>12qj = u; Pp, € H'(Q) for equation (1.1) we get:
v Vu:V(u <I>2R,>da:+k: ou-u d% dr
Q ! Q i

+/(wx:c)-Vu~u@%jdw—&-/Vp-uq)%jda::O. (5.33)
0 : 0 :

Using in (5.33) relation Vu: V(u @%}) = |Vuj|2 — Vg, - Vop, lu|?, integrating
by parts, we get after some evident rearrangements

1
V/|VUj|2 dw——/div(wx w)|uj|2dw
Q 2Ja
k 2 5 52 1 2 2
—3 Q|'u| 81<I>Rjdw—§ Q|u| (wx ) VO dx

—y/|v<pR]\2 Juf? dm—/pu-v(cpg) dz = 0.
Q Q !

1//|Vu]-’2 de < C / )Pt da:Jr/ |pl|ulr~tdz |.
Q oy oy"

ue L2, )(Q), pe L2, ((Q), puc L, (). So, for j — oo we get [, Vul|* dz < 0.
Hence, the function Vu = 0 a.e. in 2, and this means u is a constant a.e. in Q.



258 S. KRACMAR, S. NECASOVA and P. PENEL

From u € L* | () it follows that u = 0 a.e. in Q. Using now an arbitrary test
function ¢ for equation (1.1), we get [, Vp¢dax = 0. So, the function Vp =0 a.e.
in €, and this means p is a constant a.e. in ). From p € L%LO(Q) it follows that
p =20 a.e. in ), and the uniqueness is proved. (I

6. Existence of solution in exterior domains.

In this section we assume problem (1.1)—(1.4) in an exterior domain €. First
we assume the case of the homogenous Dirichlet boundary condition on 0f2.

6.1. Homogenous Dirichlet boundary conditions.
Function g is assumed to be zero, and f = div F with F € Cgo(ﬂ)g. We will
prove that the problem has a weak solution {u,p} € H}(Q) x L? (Q). So we

loc
assume the following sequence of problems on domains Qp = B N Q:

—vAugr+kdup+ (wxx) - Vup—wx ug+Vpr=DivF in Qp (6.34)
div ur = 0 in QR (635)
UR = 0 on 893 (636)

Following Girault-Raviart [16], we formulate each problem in the following mixed
variational form: To find {ug,pr} € Wg x Ig, such that for all v € W, m € lg:

a(ug, v) + b(v, pr) = (Div F, v) (6.37)
b(up, ™) =0, (6.38)

where Wp = /ﬁé(QR), Iy = {71' € L*(Qp); Jo, Tdz = O} with usual norms
[16llw, = IVl Il = llwlly, and

a(q’),w)zy/ﬂ v¢-v¢dm+k/9 O - b da
+/ [(wx z) - Vo—wx¢|-de
Qr
b(o, 7r):—/ mdiv ¢ de.
Qr

These bilinear forms are continuous on Wr x Wx and Wy X Ilg, respectively. It
is easy to see that a(¢, ¢) > v qu||2WR, and it is known that

(m, divv)
sup ——=

2 C() ™
s or— = Cillrl,
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for some Cy = Cy(R) > 0. Hence, there exists a weak solution {ug,pr} of the
problem and [|ug||y, + |IPrlly, < C1[|Div F||_; for some C; = C1(R) > 0. Testing
now (6.37) by v = up we get:

y/ |V’U,R|2d:1::/ (DivF)-updz= | F:Vugdz<|F|,|Vuz|,
Qr Qr

Qn

IVur],< v | Fl,. (6.39)

Since the a priori estimate (6.39) is available, where ug is understood as its
extension by setting zero in Q\ Qp, there exists u € ﬁ(l)(Q) and a sequence
{R,} — o0 so that up, — u weakly in H\() as n — oo.

Let us show that divu =0 in L?*(Q). From the same inequality follows the
weak convergence of div ug, in L*(2). From (6.38) we get divup, = C, on Qp, for
some real constant C,, depending on n. In spite of (6.39) we get that the weak limit
of div ug, is zero in L*(Q).

Finally, for all ¢ € C°(Q) with div¢ = 0 we have from (6.37) after R,, — o0

(Lu — Div F, ¢) = 0,
Lu= —vAu+kdu+ (wxz) - Vu—wX u.

By a result of de Rham, there is a distribution p such that —Vp = Lu — Div F in
2'(Q2). Because the right-hand side belongs to H*(Qp) for every sufficiently large
R > 0 we have that p € L*(Qg) and so, p € L2 .(Q).

Now we use the following

LEMMA 6.1 (Kozono and Sohr [22, Lemma 2.2, Corollary 2.3]). Let Q C
R"(n >2) be any domain and let 1 < q<oo. For all g€ W=4(Q), there is
G € LYQ)" such that

divG =y, ||G||q,sz < C||9||71.,q,sz

with some C > 0. As a result, the space {divG; G € C*()"} is dense in
w-t(Q).

Hence, we get the existence of solution {u,p} € ﬁé(Q) x L7 (Q) for an arbitrary
function f € /I-T’l(Q).

For the extension of Theorem 4.4 to the case of an exterior domain we use the
localization procedure, see [22]. Let now f € Liﬂﬂ(ﬁ). We define for an arbitrary
R>0:
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f, x € Qg
fr=
0, $€Q\QR.

It can be shown that f belongs to /ﬁ’l(Q) N Li+1.ﬂ(Q)' By use of cut-off function
¥ we decompose the solution {w,p} of the problem (1.1)—(1.4) (with the
homogenous Dirichlet boundary condition) on the solution of a problem in R? and
the solution of a Stokes problem in a bounded domain:

u=U+V where U=(1-9)u, V=0Uu
p=oc+T where o= (1-U)p, 7= Up,

where ¥ € Cf°, supp ¥ CC B,, such that ¥ =1 on B,, 0 < py < p1 < p so that
R*\QC B,. We get that {U,o} is a weak solution of the modified Oseen

problem in R?

—vAU+Ek0U—-(wxz) - VU+wx U+Vo=2; (6.40)
divU=-VU¥.-u (641

and {V, 7} is weak solution of the Stokes problem in a bounded domain Q,

v AV +Vr=2) in Q, (6.42)
divV=V¥.u in Q, (6.43)

where the right-hand sides are given by Z; and Z,.

Zy =2VU -Vu+u AV — k1 Pu+ (V¥ (wxz)u—VUIp

+(1_\II)fRa
Zy=-2VU - Vu—-u AV + k) Vu+V[(wxz) Vu—wX u
+VUp+ U fp.

Let us mention that Z; € LiHﬁ(Q). To solve the Stokes problem on the bounded
domain we use the following lemma, see [22]:

LEMMA 6.2 (The Stokes problem on a bounded domain). Let Q be a
bounded domain of R", n > 2, of class C"™*2, m > 0. For any

fewmi(Q), gewmluQ), v e W),
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Y.

1 < q < oo, with

/ v, - ndS:/gd:c, (6.45)
o0 0

there exists one and only one solution { V, 7} to the Stokes system

—AV4+Vr=Ff in Q
divV=g in Q
V=v. on 090

such that V.€ W™4(Q), 1 € Wh4(Q) and

|| V||m+2,q + ||T - ?Herl‘q < C(Hf”mq + H’U*Hm+27l/q,q + ||g||m+l,q>7 (646)

where 7 = Q7! [, Tdx and ¢ = c(m,n, q,Q).

Furthermore, for Q0 of class C?, for every
.f S W(;Lq(Q)’ g (= LQ(Q), v, € Wl—l/q7q<89)7

1 < g < 00, with (6.45) there exists one and only one g-generalized solution { V', 7}
to the Stokes system such that V.€ WH(Q), 7 € LY(Q) and the estimate (6.46) is
valid with m = —1.

From the results about the existence and uniqueness of solutions of the Oseen
problem in R?® (6.40), (6.41), i.e. from Theorem 4.4 and Theorem 3.1 it follows,
that a solution { U, o} is subject of the estimate (4.31), with f and g replaced by
Z; and —VV - u, respectively. Using also the respective results in a bounded
domain for (6.42)-(6.44), see Lemma 6.2 with m = 0 and bounded domain €2, we
get the following lemma for an exterior domain:

LEMMA 6.3. Let Q C R® be an exterior domain and 0 < 0<1,0<a<y -
B; y1 is given in Lemma 4.3. Then there exists a weak solution {u, p} of the problem
(1.1)—(1.3) with the homogenous Dirichlet boundary condition, f := fr and g =0,
such that w € Vo 3(Q), p€ L2 5 1(Q), Vp € L, 4(Q) and

lullon-15 + IVUllans + 1Ploas + [IVPloni1s

< C(Ifallsarrs + Nullio s, + IPlozi, ) (6.47)

where A, := B, \ B,/», and constant Cy does not depend on R.
’ P o/
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Now, we would like to show that the preceding estimate is valid (with
another constant) also if we add to the left-hand side the L?-norm of second
gradient of u on some compact subset of 2. Taking into account the assertion of
Lemma 6.2 for m =0, we get that u € W?Oz(Q), pE Wi)f(Q) Multiplying the
relation (1.1)—(1.4) in an exterior domain 2 (with ¢ =0 and the homogenous
Dirichlet boundary condition on 9€) by Aw and integrating over the compact set

K, with A, C K; C Q, we get

lAull i, < Co(lullo, + IVl + Il + 192, + Il ). (6:48)

Using (6.47), (6.48) and the known relation
IVl < e(1Aully, + Vel

with 4, C K C K, we get

COROLLARY 6.4. In conditions of Lemma 6.3 the following estimate is valid
and constant C' does not depend on R:

lully o1 + Vullyys + ||V2u||2;140 + 1pll20 -1 T 1VPll2041,

< C(Ifallzasns + Nullyga, + IPloza, )- (6.49)
Now, we will prove that the estimate (6.49) is valid without the right-hand
side terms containing w and p with constant ¢ which does not depend on R, i.e. we

will prove:

[Ju

oot T IVUllyy s + HV2UH2;Aﬂ + Iplla0p-1 + IVPlloaiis
< C||fR||2,a+Lﬁ (6.50)

Let us define the norms:

(v, Dl 1) = olly 204, + llallo 20,
[ (v, Q)||(2) = vllya15+ IVOlly0s+ HVQ'”HQ,Aﬂ
+ lallon -1+ 1Vallyar1 s

For the corresponding Hilbert spaces Hy, Hs, we have Hy << H;. Let us assume
that the estimate (6.50) is not true. This means that there is a sequence of
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. > . . .
functions 1 fp/ with Ry — 400, a sequence of corresponding solutions
J k=1
{(ug, p) }re; and a sequence of constants {c;},-, — oo such that:

1= Jluilly o5+ 1VERll00 + 1V, + 1PRll20,5-10 + VPR 20415

k
= (Pl > |71

2.a+1,8

So we get {Hf%? yoi ﬁ}k — 0. The sequence {(ug, py)} oy is bounded in the norm

II - H(Q), so there is a subsequence of this sequence (we will denote this subsequence

using the same notation) with the weak limit (u,p) in the corresponding Hilbert
space Hj. So, (u,p) is a solution of the problem with the zero right-hand side. Due
to uniqueness given by Theorem 5.1 we conclude that ||(u,p)|,) = 0. Because

Hy —— H, we have [[(u — ug,p — pi)||(1;) — 0. From Corollary 6.4 we also get

H(u — U, P — pk)”(Q) -0,

i.e. {(ur,pr)}p, converges strongly in Hy. Because ||(ug, pr)|| o) =1 for k € N, so
we also get ||(u,p)l|z) = 1. This is the contradiction.

So, we proved the following

THEOREM 6.5. Let Q C R® be an exterior domain and 0 < <1, 0<a <
y1 - B y1 is given in Lemma 4.3, f € Li+1,ﬂ(9)~ Then there exists a weak solution
{u,p} of the problem (1.1)—(1.3) with the homogenous Dirichlet boundary
condition on 9, g = 0, such that w € V,5(Q),p € L, ; (), Vp € Liﬂﬁ(Q) and

||u||2,a—1,ﬂ + ||VU||2,a,J{3 + HPHQ,a,ﬂ—l + ||VPH2A,(¥+1,[3 < C||f||2.a+1,/3-

REMARK 6.6. The used contradiction argument is based on a subtle choice
of the sequence {f%?}k with R, — 4+00. We cannot construct a contradiction

separately for fp with fixed R because then the constant ¢ in (6.50) may depend
on R.

6.2. Non-homogenous cases.

In this subsection we take into account the non-homogenous Dirichlet
boundary condition and the non-homogenous continuity equation.

We can prove the following extension of Theorem 6.5 for the case g # 0:

COROLLARY 6.7. Let QC R® be an exterior domain and 0< 3<1,
0<a<uy - B;y is givenin Lemma 4.3, f € LiHﬁ(Q), g€ WOI’Q(Q), with supp g =



264 S. KRACMAR, S. NECASOVA and P. PENEL
K CcCQ and fﬂgdm = 0. Then there exists a weak solution {u,p} of the problem

(1.1)—(1.3) with the homogenous boundary condition on 0 such that u € V, (€2),
pel’, (), Vpe LiHﬂ(Q) and

[l

2015 T IVullyas + [IPlloas 1 + IVPlonirs < C(||f||2,a+1,ﬂ + H9||12>

First of all let us recall the lemma which will be used for the extension of our
results to the case with nonzero divergence:

LEMMA 6.8 (M. E. Bogovski, G. P. Galdi, H. Sohr). LetQ C R",n>2,bea
bounded Lipschitz domain, and 1 < ¢ < oo, n € N. Then for each g € Wé“q(Q) with

Jogdx =0, there exists G € (ng““((l)) satisfying
diV G =g, || G”(I/VS'H.()(Q))W, S CHg”VV[})‘q(Q)

with some constant C' = C(q, k, Q) > 0.
For the proof and further references see e.g. [31, Lemma 2.3.1].

PROOF OF COROLLARY 6.7. Using Lemma 6.8 we find G e W2*(),
supp G C %, where £ is a bounded Lipschitz domain being contained in
e-neighbourhood 7. of compact set K for an arbitrary ¢ >0, divG =g,
[Gllyo < Cllgll;5- We choose & such that . C Q. Let us assume the following
problem

—VvAU+ kO U—-(wxa) - VU+wx U+Vp=F in{
divU=0 inQ

with the homogenous Dirichlet boundary condition for U, where U = u — G,
F=f+vAG—-—k0,G+ (wxz) - VG —wx G. The assertion of Corollary 6.7
follows from Theorem 6.5. (]

Now we justify our third main theorem.

THEOREM 6.9. Let QC R® be an esterior domain and 0< (<1,
0<a<uy-B;y is given in Lemma 4.3, f € L?HW(Q), g€ WOLQ(Q), with supp g =
K ccQ and ngdm = 0. Then there exists a weak solution {u,p} of the problem
(1.1)~(1.4) such that w € V,5(Q), p€ L2 5,(R), Vp € L., 5(Q) and
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HuHZ-a'fl,ﬁ + ”VUHQ,Q,B + ||p||2,cz,ﬂ71 + ||Vp||2,a+l.ﬂ
< C(Ifllyasrs + lgllo + &* +w + B + k).

PROOF. Let p > 0 be such that R* \ B,j» C Q. Let ® = ®(z) € C({0, +00))
be a non-increasing cut-off function such that ®(z) =1 for z < 1/2 and ®(z) =0
for z>1. Let [®'| <3. Let ®,= ®,(x) = ®(|z|/p). We have |V®,| <3/p and
|01®,] <3/p for € R*, p/2<|z|<p. Let us define u=u—[(wx ) — ke -
®,(x). Then function (u, p) satisfies to (1.1)—(1.3) with the homogenous Dirichlet
boundary condition, where f € LZer(Q) is replaced by some another function
fe LiHﬁ(Q), and g by another function ge C°(R2) with suppg= KUA,,

A, = B,\ B, CC Q and
/ gdx = 0.
Q

So, using now Corollary 6.7 we get the assertion of Theorem 6.9. O

Appendix A.

Relation (2.14) follows from an estimate of the derivative of Fj:

%Fl(s,r) = % {F.5(s,m) — (1 — k") kée(B — a)s}

1+ 6r 1
r (1+es)?

1
= —val6%e — 2uafde — — w322
r

L+ 6r
— kade + kaé1 (14 2es) + kBe(1 + 6r) !
—(1- n*l)kéz(ﬂ — ) '
> 5s{r*1 [k(a/z + B/6) — va® — 2vaB — 2ve /6]
+ [~ + k(B - a)/n] } 2 0.
The last inequality follows from the fact that we have ka/e >va®+2vap,
kB/8 > 2v B8, k(B —a)/k > 20 if e < (1/(2x))(k/v)((B — a)/3?). Hence, if

the last inequality (which is included in the conditions of Lemma 2.5) is satisfied
then (0/0s)Fi(s,r) > 0. So, we get immediately:

Fi(s,r) > Fi(0,r) = —kad — va’8*(1 + 6r) "> —adk(1 + vk~ ad).
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Appendix B.

Let us show that all conditions on «, 3, 9, €, k used in the proof of Lemma 4.3
are compatible if 0 < <1, 0<a<y [ Let us collect these assumptions:
0<6<2e,1<Kk<2/6+6/(2e)—1,0<a< B, e<(1/(26%) - (k/v)-((B—a)/
57, 8 < (k/v) - (k= )/ (rB), a < (1/(2")) - (k/v) - (B8 /(a + ).

From o< (1/(2&Y)-(k/v)- (B8 /(a+0))%, and &< (1/(2x2))- (k/v)-
(B—a)/f) we get a < (1/(4x%)- (3 (B—a)/(a+ B So we get (x> 1,
B<1): /B < (1/(4%))(1 — a/B)/(1 4 a/B)?. By substitution y = o/3 we get the
inequality

4y + 8 +4y+ k0 (y—1) <0. (6.51)

Taking into account the condition 0 < « < 3 we seek for solutions from [0, 1).
It is clear that the equation 4y° 4+ 8y> +y+x %(y— 1) =0 has a unique real
solution y, € (0,1) for k > 1. It is also clear that arbitrary y € [0,y,) solves (6.51).
The value y, as a function of  is decreasing. For k — 1 we get the inequality
492 + 8y + 5y —1 < 0. This respective equation has a unique solution
y1 = (V13/(6v/6) + 53/216)" + (1/30)(v/13/(6v/6) + 53/216) /*. Approximate-
ly, with an error less than 10~® we have y; = 0.1582981, (y; > 1/7). If 0 < a < y1 8
then there is k > 1 sufficiently close to number 1, such that 0 < a < y,,0, so the
relation o < (1/(4k°)) - (8)*(8 — @)/(a + B)* is satisfied. Then we can define
e=1/(2k%) - (k/v)-((B—a)/(8%). The relation &< (1/(2x))- (k/v)-(1/8) is
satisfied. Then we take sufficiently small § >0 such that 0 < é < 2¢ and
1<k <2e/6+6/(2¢) — 1. Hence, all conditions which we assume in the proof
of Lemma 4.3 are satisfied.
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ON POINTWISE DECAY OF LINEARIZED STATIONARY
INCOMPRESSIBLE VISCOUS FLOW AROUND ROTATING AND
TRANSLATING BODIES*

PAUL DEURINGT, STANISLAV KRACMAR?!, AND SARKA NECASOVAS

Abstract. We consider a system arising by linearization of a model for stationary viscous
incompressible flow past a rotating and translating rigid body. Using a fundamental solution proposed
by Guenther and Thomann [J. Math. Fluid Mech., 8 (2006), pp. 77-98], we derive a representation
formula for the velocity field. This formula is then used to obtain pointwise decay estimates and to
identify a leading term with respect to this decay. In addition, we prove a representation theorem
for weak solutions of the stationary Navier—Stokes system with Oseen and rotational terms.

Key words. viscous incompressible flow, rotating body, fundamental solution, decay, Navier—
Stokes system
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1. Introduction. We consider the system of equations

(1.1) —Au(z) — (U4wxz) Vu(z) +w xu(z) + Vr(z) = f(z), divu(z) =0
for z € R3\D.

This system arises by linearization and normalization of a mathematical model de-
scribing the stationary flow of a viscous incompressible fluid around a rigid body
moving at a constant velocity and rotating at a constant angular velocity, under the
assumption that the velocity of the body and its angular velocity are parallel to each
other. The open set ® C R? describes the rigid body, the vector U € R3\{0} rep-
resents the constant translational velocity of this body, and the vector w € R3\{0}
represents its constant angular velocity. The given function f : R*\® + R? stands for
an exterior force, and the unknowns u : R3\® + R3 and 7 : R®\® + R correspond
respectively to the normalized velocity and pressure field of the fluid. More informa-
tion on the physical background of (1.1) may be found in [22, Chapter 1]. Since (1.1)
is related to the case that translational and angular velocities of the rigid body in
question are parallel, we assume that the vectors U and w point in the same or in the
opposite direction. If the two types of velocities are not parallel, terms depending on
time have to be included in a suitable mathematical model, and the corresponding
problem has to be studied by different methods. We refer to [12] for more details.
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We are interested only in the case U # 0. Thus we may suppose without loss of
generality that there is some 7 > 0 with U = —7(1,0,0), and hence w = ¢(1,0,0) for
some ¢ € R\{0}. In this way we end up with the following variant of (1.1):

(1.2) L(u)+Vr=f, divu=0 in R*\D,
where the differential operator L is defined by

(1.3) L(u)(2) == —Au(2) + 701u(z) — (w X 2) - Vu(z) + w x u(2)
for ue W2 (U)?, z € U, U C R® open.

loc

The aim of the work at hand is twofold. First we want to represent suitably regular
functions u : R}\® +— R3 in terms of L(u) 4+ V7, divu, u|0D, Vu|0D, and 7|0D.
Note that we do not suppose divu to vanish. The second aim of this article consists
in using our representation theorem in order to link the decay of |u(z)| and |Vu(z)]
for |z| — oo with that of |(L(u) 4+ V7)(x)| and |divu(x)|. In particular, for a solution
(u, ) of (1.2), we obtain a link between the decay of |u(z)| and |Vu(z)| on the one
hand and the asymptotic behavior of | f(z)| for || — co on the other. In addition we
derive an asymptotic profile of u(x) for |z| — oo, and we extend our representation
formula to weak solutions of the Navier—Stokes system with Oseen and rotational
terms.

The starting point of our theory is a fundamental solution constructed by Guen-
ther and Thomann [27] for the time-dependent variant of (1.1). At the end of their
article, Guenther and Thomann indicate that by integrating their solution with re-
spect to time, they obtain a fundamental solution to (1.1). In [7], we took up this
hint in order to derive a representation formula of the type mentioned above (related
to (1.1) instead of (1.2)); see [7, Theorem 4.3]. However, we assumed u to be C?
and 7 to be C!, we required a rather strong decay of u(z) and 7(x), and we did not
prove some crucial auxiliary results (see [7, inequality (3.6), Lemma 4.1, Theorem
4.1]; compare with the comments in section 2 before Lemma 2.16).

In the present article we consider (1.2) instead of (1.1) to simplify our presen-
tation. This does not mean a loss of generality. We will fill the gaps left in [7] (see
Lemma 2.16 and Theorems 2.17 and 2.18), and we will extend our representation for-
mula to functions u and 7 with regularity and rate of decay corresponding to those of a
weak solution to (1.2). More precisely, we will assume that u belongs to Lé(R3\D)?,
and Vu and 7 are L? in R®\ D, and both u and 7 are locally LP-regular for some
p > 1 (Theorem 4.6). As a consequence of our representation formula, we will specify
conditions on L(u) + V7 and divu such that

(1.4) ju(@)| = O[ (2l (1+7 (el = 21))) ]
V()] :OK|$|(1—|—T(|$| —xl)))fm} for || — oo

(Theorem 5.3). In the case that L(u) + V7 and divu have compact support, we
will identify an asymptotic profile of u(z) for |z| — oo (Theorem 5.4). Finally,
in Theorem 5.5, we will present a representation formula for weak solutions to the
nonlinear problem

(1.5) —Au(z)+70u(z) — (wx 2z) Vu(z) + w x u(z) + 7(u(z) - Viu(z) = f(2),
divu(z) =0 for z € R®\D
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(stationary Navier—Stokes system with Oseen and rotational terms). The key element
of our theory is the fundamental solution of (1.1) mentioned above (which we adapt
to (1.2), of course). Since this solution is only very briefly discussed in [27], we will
present detailed proofs of its key properties, except for some features already set out
in [7].

Our results are the best possible in two respects. First, for the velocity part u of
a solution (u, ) of the Oseen system

(1.6) —Au+70u+Vr=f, divu=0 in R*\D,

the decay rates stated in (1.4) cannot be improved in general. This follows from the
asymptotic expansions in [20, (VIL.6.18), (VIL.6.20)], and from the behavior of the
Oseen fundamental solution as exhibited in [35, (1.15)]. Since it cannot be expected
that a solution of system (1.2) decays faster than an Oseen flow, the decay rates in
(1.4) should be optimal. Of course, these relations hold only if the right-hand side
fin (1.2) and (1.6), respectively, tends to zero sufficiently fast for |x| — co. In this
respect, in view of applications to the nonlinear problem (1.5), it is important to find
decay conditions on f that are as weak as possible but still allow us to maintain (1.4).
For solutions of the Oseen system, such conditions were derived in [35, section 3]. We
obtain inequality (1.4) for solutions of the rotational problem (1.2) under these same
conditions. This is the second optimal feature of our theory.

The work at hand was inspired by Galdi and Silvestre [24], [25], who proved
existence, uniqueness, and decay results for solutions of the linear problem (1.2), and
also for solutions of the nonlinear system (1.5), under Dirichlet boundary conditions.
Concerning decay results pertaining to (1.2), the theory in [24], [25] states that if
(u,7) is a solution to (1.2) with

(1.7) sup{|u(z)||z| : » € R*\Bg} < oo for some S > 0 with® C Bg

(“physical reasonable solution”), if ||7|lz < co, [, u - n®) d® =0, if u and 7 are
locally L2-regular, and if

(1.8) sup{|f(x)|(|x|(1+7'(|x| —xl)))5/2 : xeR3\Bs} < o0,

then the decay relations in (1.4) hold (see [25, Theorem 3]). Theorem 5.3 below
improves this result in several respects: Assumption (1.8), which is not the best
possible, is replaced by optimal conditions on f, as explained above. Instead of
condition (1.7), we require that v € LS(R*\D)? and Vu € L?*(R3\D)?. In other
words, we consider weak solutions instead of physical reasonable ones. Moreover we
do not assume the zero flux condition f oo U n®) dD = 0, and we admit the case
div # 0, although for the estimate of |Vu(x)| indicated in (1.4), we have to require
that the support of divu is compact (Theorem 5.3). Instead of local L2-regularity, we
suppose only local LP-regularity for an arbitrary p > 1.

The relevance of the work at hand, however, goes beyond some technical improve-
ments of the results in [24] and [25]. To explain this, let us return to the Oseen system
(1.6) and its nonlinear counterpart

(1.9) ~Au+7ohu+71(u-Vu+Vr=f, divu=0 in R}\D.

Since Finn’s pioneering work [18], [19] at the beginning of the 1960s, a great number
of papers have dealt with the asymptotic properties of solutions to (1.6) or (1.9);
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see [2], [9], [44], [20, section VIL.6], [21, section IX.8], [35], [5], [6], [3], for example.
As a consequence of this research work, a rather complete theory is now available
on the asymptotics of Oseen flows. But all the papers just mentioned are based on
estimates of the Oseen fundamental solution introduced in [43]. On the other hand,
concerning (1.2), although a fundamental solution has been known due to Guenther
and Thomann [27], how to estimate this solution was an open problem. For this
reason, the asymptotic behavior of solutions to (1.2) or its nonlinear version (1.5)
had to be studied without making use of a fundamental solution. Therefore it is
not astonishing that our knowledge on the asymptotics of these “rotational flows” is
limited compared to the detailed theory on Oseen flows.

The work at hand should help to change this situation. In fact, our theory should
make it possible to deal with rotational flows in the same way as with Oseen flows, as
concerns the study of asymptotics. In fact, in Lemmas 2.12 and 2.16 and Theorems
2.17 and 2.19 below, we estimate the Guenther-Thomann fundamental solution in
such a way that asymptotic properties of rotational flows become accessible via evalu-
ation of this fundamental solution. This becomes apparent in the proofs of Theorems
5.3 and 5.4, where we derive decay rates and an asymptotic profile of solutions to
the linear problem (1.2). Moreover, our representation formula for solutions to the
nonlinear problem (1.5), combined with our estimates of the Guenther-Thomann fun-
damental solution, might allow one to adapt the theory of the decay of nonlinear Oseen
flows (solutions to (1.9)), as presented in [21, section IX.8], for example, to nonlinear
rotational flows (solutions to (1.5)). But this is a subject we do not take up here.

There is another aspect of our theory we deem interesting. Due to Lemma 2.16
and Theorem 2.17 (decomposition of the Guenther-Thomann fundamental solution
into the usual Stokes fundamental solution and a less singular part), we may possibly
provide an access to a potential-theoretic approach to (1.2). The starting point of
such a theory would be to consider a boundary integral equation consisting of the
same terms as in the well-known Stokes case, plus a compact perturbation. We refer
to [8] for a theory on boundary integral equations related to the Stokes system, and to
[5] for a way to adapt some elements of this theory to the Oseen system. Arguments
similar to those in [5] may be used in the context of (1.2).

As for other previous articles besides [7], [22], [24], [25], [27] pertaining to (1.2),
(1.5) or to the time-dependent counterparts of these equations, we mention [10], [11],
112, [13], [14], [15], [16], [17], [23], [26], [28], [20], [30], [31], [32], [33], [34], [40], [41],
[42]. Additional references may be found in [22].

It is perhaps interesting to briefly indicate some of the various approaches used
in the preceding references in order to tackle (1.2) or (1.5) or the corresponding time-
dependent equations. In [24], [25], a main idea consists in reducing a boundary value
problem for (1.2) to the Oseen system in the whole space R®. That latter system was
then handled by using the well-known Oseen fundamental solution mentioned above
and studied in [35], for example. As remarked before, the work at hand makes use of
the Guenther—Thomann fundamental solution to (1.2). Other papers deal with (1.2)
or (1.5) in a weighted Sobolev space setting. One may distinguish two variants of this
approach. The first one uses variational calculus in L2-spaces. This method has been
applied in [9] by Farwig and in [36, 37] by Kra¢mar and Penel in order to solve the
scalar model equations

—vAu+kdsu=f in
and

—vAu+kOsu —a-Vu=finQ,
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respectively, under the boundary conditions uw = 0 on 92 and u(z) — 0 as |z| — oo.
Here () is an exterior domain, and a is a function that may be nonconstant and
nonsolenoidal. By Kra¢mar, Necasovd, and Penel [34], this theory was extended to
(1.2) in an L2-framework with anisotropic weights, yielding a positive answer to the
existence of wake. The second approach involves more general weights in L%-spaces,
weighted multiplier and Littlewood—Paley theory, as well as the theory of one-sided
Muckenhoupt weights corresponding to one-sided maximal functions. This method
was first introduced by Farwig, Hishida, and Miiller [14] (zero velocity at infinity) and
Farwig [10], [11] (nonzero velocity at infinity) for the case that no weight is present,
and then extended to the weighted case by Farwig, Krbec, and Necasova [15], [16]
and Necasova and Schumacher [42].

Pointwise estimates, even for solutions of the nonlinear Navier—Stokes equations,
can be found in [23]. Indeed, according to this latter reference, there exists a stationary
strong solution of the nonlinear problem with the velocity part u of this solution
satisfying the estimate |u(z)| < re7- This result must be considered with regard to
the fact that the corresponding fundamental solution of (1.2) cannot be dominated
by |z — y|™!; see [14]. Moreover, this pointwise estimate suggests discussing (1.2) in
weak Li-spaces (L?/>>° and L>>) as done in [13], [30]. Stability estimates in the
L?-setting are proved in [25], and in the L**-setting in [31].

2. Notation, definitions, and auxiliary results. If A C R? we write A¢ for
the complement R3*\ A of A. The symbol | | denotes the Euclidean norm of R3 and
also the length of a multi-index from N§, that is, || := a1 + as + a3 for a € N3. The
open ball centered at x € R and with radius r > 0 is denoted by B,.(z). If x = 0, we
will write B, instead of B,(0). Put e; := (1,0,0). Let « x y denote the usual vector
product of z,y € R3. Set p’ := (1 —1/p)~* for p € (1, 00).

We fix parameters 7 € (0,00), ¢ € R\{0}, and we set w := ge; and

sp(x) =14+ 7(|z] —21) for x € R3.

Define the matrix Q € R3*3 by

0 —ws wo 0 0 O
Q.= w3 0 —w =o| O 0 -1 |,
—w2 Wi 0 0 1 0

so that w x £ = Q -z for x € R3. By the symbol €, we denote constants depending
only on 7 or w. We write €(v1,...,7,) for constants that additionally depend on
parameters i, ...,7v, € R for some n € N.

Let © be an open bounded set in R? with C?-boundary 0®. This set will be kept
fixed throughout. We denote its outward unit normal by n(®). For T € (0, 00), put
Dr := Br\D (“truncated exterior domain”).

For p € [1,00), k € N, and for open sets A C R?, we write W#?(A) for the usual
Sobolev space of order k and exponent p. Its standard norm will be denoted by || ||x,p-
If B C R? is open, define VV/ZCP(B) as the set of all functions g : B — R such that
g|U € WkP(U) for any open bounded set U C R® with U C B. Also we will need the
fractional order Sobolev space W2~1/P?(9D) equipped with its intrinsic norm, which
we denote by || [l2—1/p,, (p € (1,00) ); see [39] for the corresponding definitions. If §
is a normed space whose norm is denoted by || ||, and if n € N, we equip the product

space " with a norm || Hgﬂ defined by ||v|\§§") = (Z?:l ||vj|\%)1/2 for v € H". But
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for simplicity we will write || || instead of || ||§5”) Concerning the term s, (z), we will
need the following estimates.
LEMMA 2.1 (see [9, Lemma 4.3]). Let 8 € (1,00). Then

/ s.(2) 77 do, < €(B)r for r € (0,00).
4B,

LEMMA 2.2 (see [6, Lemma 4.8]). For z,y € R®, we have
sr(z—y)7h < €L+ Jyl)se(x)7"
LEMMA 2.3 (see [4, Lemma 2]). Let S € (0,00), x € Bg, t € (0,00). Then
|z —Tter* +t > &(S)(|z)* +¢t).

LEMMA 2.4. Let S € (0,00), x € Bg. Then |z| > €(S) s, (z).
Proof. |x| > S/2+ |z|/2 > 5/2 + (|Jz| — 21)/4 > min{S/2, 1/(47)} s+ (x). O
Let K denote the usual fundamental solution to the heat equation, that is,

K(z,t) := (4mt)~3/? eI/ for 3 e R3, te (0, 00).

We recall the definition of the Kummer function 1 F (1, ¢, v), which is given by

1F1(1,c,u) := Z(F(c)/F(n—!—c))u” for u e R, ¢ € (0,00),

n=0

where the letter I' denotes the usual gamma function. We will need the following
estimates of 1 F1(1,5/2,u) and K.
THEOREM 2.5 (see [38]). Let S € (0,00). Then there is C(S) > 0 such that for
ke {0, 1, 2},
|dk/duk(6_" 1F1(1,5/2,u))‘ < C(S)u‘g/z_k for u €[S, 00),
|d¥/du® 1 F1(1,5/2,u)| < C(S) for ue[-S,S].

LEMMA 2.6 (see [45]). For a € N}, | € Ny with |a| +21 < 2, there is C > 0 such
that

|8§‘8€K(3},t)| < O (|z]? + )32 1270 for 1 e R3¢ € (0,00).

Of course, analogous estimates hold for 920! K (x,t) with |a| + 21 > 2 (with a
constant depending on |a| 4+ 21), but the inequality stated in Lemma 2.6 is sufficient
for our purposes. A similar remark may be made with respect to the inequalities in
Theorem 2.5. Next we put

Hjk(z) = zjar|2|"? for x € R*\{0},
Aji(x,t) := K(x,1) (5jk — k(@) — 1F1(1,5/2, |2*/(4t) ) (61/3 — Hjx(x) ))
for z € R3\{0}, t € (0,00), j,k € {1, 2, 3}. Further put

—tQ —tQ
(ij(ya z’t))1§j7k§3 = (Ars(y —Tte; —e b Z, t))lgr,sgii et
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fory, 2 € R3, t € (0,00) with y —7te; —e -2 £ 0. The function (T'jx)1<j k<3 is the
velocity part of the fundamental solution introduced by Guenther and Thomann for
the time-dependent variant of (1.1), here adapted to the time-dependent variant of
(1.2). As explained in [7], the functions I'j; may be considered as smooth functions
in R3 x R? x (0,00).

LEMMA 2.7 (see [7, Corollary 3.1]). The functions Aji and I';x may be extended
continuously to R3 x (0,00) and R3 x R3 x (0,00), respectively, and these extensions
are C-functions (1 < j, k <3).

In particular we will always consider Aj; and I'j;, as functions defined on R? x
R? x (0,00). We further set

Eyj(z) = (4m)tajlz[™® (1< <3, e R3\{0}).

Among the properties of I'j;, proved in [27], we will use the following ones.
THEOREM 2.8 (see [27, Theorem 1.3, Proposition 4.1]). Letj, k € {1, 2, 3}, y,z €
R3. Then

(2.1) Olji(y, 2,t) — AT j(y, 2,t) — 702105k (y, 2, 1) + (w x 2) - V.Tjr(y, 2, 1)
_[w X (Fjs(y’z’t))1§s§3]k =0 (t IS (O,oo)),

(2.2) Tj(y,z,t) = —OkEsj(y —2) for t 10 if y# 2.

Concerning the matrix €2, we observe
LEMMA 2.9. Let x € R?, t € R. Then

let x| = |z|, (' -z) =z, e -e; =e.
Proof. For the first equation, we refer to [7, Lemma 2.3]. The second and third
immediately follow from the relation

Due to Lemma 2.9, we get the following.
LeEmMA 2.10.

(2.3) (Djrly, z,t) )197%3 =e ' (Ary(e" y —Tter — 2, t))lgr,sg3

fory,z € R3 t € (0,00).

The ensuing lemma, proved in [7], is crucial for estimating [;° [Tjk(y, z,t)| dt
when y and z are close to each other.

LEMMA 2.11 (see [7, Lemma 2.3]). Let R € (0,00). Then there are constants
C1,Cs € (0,00), depending on R, T, and w, such that for y,z € Bg withy # z, t €
(0, Cs] with t < Ch |y — z|, we have

ly —Tte; — et z| > |y — z|/12.

Note that in [7, Lemma 2.3], constants C7,C> with the above properties were
given explicitly in terms of R, 7, and w. The ensuing Lemmas 2.12 to 2.14 were
proved in [7], except inequalities (2.4) and (2.6), which are obvious consequences of
Lemma 2.12.
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LEMMA 2.12 (see [7, Lemma 3.2]). For j,k € {1,2,3}, z,y,2 € R3 t €
(0,00), a € N3 with |a| < 1, the inequalities

|02 Ak (2, 1)] < € (|| 4 1) ~3/271el/2)
|817ij(ya 2, )]+ 105k (y, 2, t)| < €(|ly — Tter — et Z|2 4 t)_3/2_|a‘/2

hold.
LEMMA 2.13 (see [7, Theorem 3.1]). Let k € {0,1}, R € (0,00), y,z € Bgr with
y # z. Then
/ (ly—7ter —e 22+ t)73/27k/2 dt < C(R)|y — 2|71
0

Due to Lemma 2.12, this means for y, z as above and for j, k € {1, 2, 3}, a € Ng with
la| <1 that

/OOO( 05T iy, 2 )] + 105 T iy, 2, 6)]) dt < €(R)|y — 2|7 71°0.
Let x € R3\{0}, and take j, k,a as in the preceding inequality. Then
(2.4) /OOO 100 A (1)) dt < €11,
LEMMA 2.14 (see [7, Lemma 3.3]). Let R € (0,00), y € Bpg, € € (0,00) with

B.(y) C Br, z € Bg\B(y), = € B, t € (0,00), j,k € {1,2,3}, a € N3 with
la| < 1. Then

(25) |95 k(y, 2,0) + 02Tk (y, 2, )] < €(R, €) (x(0.11() + X(1,00) ()T2/?),
(2.6) 05 Az, 1) < €(€) (x(0,1) (1) + X(1,00) (B /).
In view of Lemma 2.13, we may define
(2.7) 3ik(y,2) ::/ Ljk(y,2,t) dt, Y,z / Aji(x,t)
0
for z € R*\{0}, y,z € R® with y # 2, j,k € {1, 2, 3}. The function (3,1)1<j k<3 is

the fundamental solution of (1.2) proposed by Guenther and Thomann in [27].
LEMMA 2.15. Let j,k € {1, 2, 3}. Then 3, € C*'((R® x R¥)\{(z,z) : =z €

R}), 9, € CHR*\{0}),

(2.8) Oyn3jk(y, 2 / OynLji(y, 2,t) dt
020351y, 2 / 0z, (y, 2, ) dt,
0u (& / Dan i (2, 1) dt

fory,z € R® with y # 2z, v € R3\{0}, n € {1, 2, 3}.
IfR€ (0,00), y,2 € Br withy # z, a € N3 with |a| < 1, we have

(2.9) 1053k (y: 2)| + 10531 (y. 2)| < €(R) |y — =171l
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Proof. Let U, V C R? be open and bounded, with U NV # (. Then € :=
dist(U,V) > 0, and there is R > 0 with U UV C Bg. Therefore inequality (2.5) holds
fory e U, z €V, t € (0,00). Since [, (x(0,1)(t )+X(1,00)(£)t73/2 ) dt < 00, and in view
of Lemma 2.7, the continuous dlfferentlablhty of 3, as well as the first two equations
in (2.8) follow by Lebesgue’s theorem on dominated convergence. Estimate (2.9) is a
consequence of (2.8) and Lemma 2.13. Analogous arguments hold for 9) .. O

Next, in Lemma 2.16 and Theorems 2.17 and 2.18, we prove some technical points
that were only stated but not shown in [7]. They constituted a major obstacle in
the proof of a representation formula for smooth functions u : D° — R? in terms
of L(u) + Vm, divu, and u|0® (Theorem 4.3). This obstacle consisted in finding a
leading term in a decomposition of 02,3 ;1 (y, z) such that the remainder term is weakly
singular with respect to surface integrals in R3. The interest of such a decomposition
will become apparent in the proof of Theorem 2.18. The leading term in question is in
fact the function 9, (y — z), which turns out to coincide with the usual fundamental
solution of the Stokes system.

LEMMA 2.16. Let j, k € {1, 2, 3}, = € R3\{0}. Then

Vi (@) = B |z~ (5 + x5k |2]7%).

Proof. Abbreviate §F(u) := 1F1(1,5/2,u) for u € R. Then
(2.10) Y ()
= ( ik _ﬁjk / K ZI: t

+(—=0jk/3+ Hyu (@) ) (4m) 3/ /OO 132l U0 F (22 /(at) ) dt

0

= (4]a]) " 72 ((5jk — 9jr(x)) / s732e7Ys s

0

P o (x 00873/2671/5 s) ds
(= 00/3 + ))/0 §(1/s) ds)
= ()t (5= o) [ e

0

+(=8j%/3 + Hjk(x)) /OOO t712 et F (1) dt).

But fooo t=1/2e=t dt = 7'/2 by a result about the gamma function. Therefore, using
the abbreviation

— (1/4)7—3/2 1 d

(1/4) /0 t=%e " F(t) dt

we conclude from (2.10) that

(2.11) Yj(x) = @Arlal) ™" (60 — Hje(@) ) + Alal ™" (=65/3 + Hjn(2) ).

But [t 1/2e7tF(t) dt = 37'/2/2, as follows by some standard properties of the
gamma function and by the equation 7, ((2n —1)(2n +1) )_1 = 1/2. Therefore
A =3(87)71, so the lemma may be deduced from (2.11). 0

The ensuing theorem will imply that V(3 —2) j 1) 1s indeed weakly singular with
respect to surface integrals in R3.
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THEOREM 2.17. Let R € (0,00), y,2z € Br with y # z, j,k,n € {1, 2, 3}. Then
(2.12) / 102,k (y, 2,t) — 0znNji(y — 2,t)| dt < E(R) |y — z|*3/2.
0
Proof. Abbreviate € := min{C1 |y — z|, Ca}, with Cy, Cy from Lemma 2.11. Fur-
ther abbreviate
Uy, z,t) = ey —1tey —z fort € (0,00), F(u):= 1Fi1(1,5/2,u) foruecR.

Recalling the choice of € and referring to Lemmas 2.9 and 2.11, we find for ¢ €
(0,¢), ¥ €]0,1] that

(2.13) [y, z,9t)| = [y — T0te; —e P12 2| > Cly — 2| > Ce.

(Note that in the corresponding inequality [7, (3.7)], the term y +tU — e * . 2 was
mistakenly replaced by the letter x.) Starting from (2.3), we split the left-hand side
of (2.12) in the following way:

(2.14) / 1021 1 (y, 2,t) — OznNji(y — 2,t)| dt
0
9 € o0 o0
gz/ ‘Itl,(t)dt+/ |8an‘jk(y,z,t)|dt+/ 1020 A0y — 2, 8)] dt,
=170 € €

with

)

3
ml(t) = Z((e_tﬂ)jl - 5jl)8zn(Alk(¢(yazat)7 t))

=1

Na(t) = |02 (K (00, 2,8), t) = K(y = 2.)) (3 — 950 (005, 2.1)))
Na(t) = |02 (K (05,2, 6), ) (100, D)2/ (41))

+ Ky == 05 (ly = =2/(40) ) (60/3 = 95 (w(0.2.0)) ) |,
Mu(t) 1= |02 (K (y— 1)) (950 ((y.2:8)) = Bly = 2) )
Ns(t) i= [0z (K (y = 2,0 (Iy = 22/ (40) ) (96 (05, 2.1)) = Hnly - 2))|.

The terms Mg (t) to Mo (£) are defined in the same way as Mo (t) to N5 (¢), respectively,
but with the derivative dz, acting on the second factor instead of the first. For
example, in the definition of the term 91s(t), the derivative is applied to the factor
Sk — 9k (¥ (y, 2, 1) ), instead of K (1(y,z,t), t) — K(y — z,t) as in the definition of
MNa(t).

In order to estimate D% (t), we observe that the eigenvalues of the matrix 2 are
0, i|w|, and —i|w|. Therefore there is an invertible matrix A € C3*3 such that

)

0 0 0
Q=A-[ 0 i|wl 0| -4t
0 0 —ilw|
and hence
1 0 0
et P=A.[ 0 eitll 0 | -4t

)

0 0 eit\w\
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so for r; s € {1, 2, 3},

(€™ 9)re = 6] < €(JL = cos(fw]6)] + [sin(l[)]) < €.
Therefore, with Lemma 2.12 and (2.13),

Mi(t) <ty %) +1) " <Clply, 20 <€,
and hence fo My (t) dt < €e~ L. In view of estimating Mo (¢) to Ng(t), we observe that
(2.15)  [0°H0(2)| < €lz|1 for @ e R\{0}, B € Nj with [8] <2;
216) 109 (10,2 90) | = | 32 2000, 20000ty — 7

< ClY(y, z,9t)|[t(1+ |y|W)L:§1 E(R)|Y(y, z,9t)|t for t € (0,¢), ¥ €0,1].

Similarly,
(2.17) 100(¥(y,2,9t) )| < C(R)t

for ¢, ¥ as before and for s € {1, 2, 3}. In order to obtain an estimate of Ny (t), we
apply (2.17), (2.15), and Lemma 2.6 to get

) < Q:‘/ Z@zsazn U(y, z,9t), t))aﬂ (111(y,z,19t)5) dﬁ‘
get(R)/ [0y, 2902 +1) "2t d9 for ¢ € (0,0).
0

By referring to (2.13), we may conclude that My (t) < €(R) (e +t)73/2 for t € (0,¢),
so [y Ma(t)dt < €(R)e ', Similar arguments yield that [5 Mg(t)dt < €(R)e /2.
Turning to N3 (t), we find that

(2.18) M3(¢)

1
< et 3/ ‘/ 00 0z (e W= OO 5 (uy, 2, 912/ (41) ) ) @)
0

1
= ¢t }/0 ([efug(u)m:\w(y,zﬂt)|2/(4t)@/J(y,z,ﬁt)n(2t)’1
x 09 ([9(y, 2, 9)[*) (48)
+ 7" S (W] uz oy, 20012/ (40) 319(1/)(%2,1975)71)(%)71) dﬁ‘
1
< €(3)75_3/2/0 (H TS sty 02 0y [P @ 2 IO

+ ] e F(u )

‘\u [¥(y,2,9)]2/(41)
1
—3/2 —5/2
< Q:(R)t / A (X(OJ](U) (u+1)+X(17oo)(u)u / )|u:|w(y7z719t)\2/(4t) dd

1 1
< €(1*?)75*3/2/ U fum (0012 (4n) 49 < €(1*?)75’1/2/ [¥(y, 2,9t)| 7% dv.
0 0
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Note that we applied (2.15) in the first inequality. In the second, we used (2.16) and
(2.17), whereas in the third, we applied Theorem 2.5. Concerning the next-to-last
inequality, we chose the upper bound v ! in order to obtain suitable negative powers
of t and |¢(y, z,9t)|. Making use of (2.13), we may conclude that

/ N3 (t) dt < C(R)e 2 / t712dt < €(R)e3/2.
0 0

By exactly the same references and techniques, one may show that
/ Ny (t) dt < C(R)e /2,
0
Next we observe that by (2.15), (2.17), and (2.13),
(219) [0z (95 (05,21) — Bnly — 2)
1 3
_ ‘/ S 02,05 (956 (0. 2,91)) ) 09 ($(y, 2 01), ) do)|
0 =1
1
< ¢(R) / b (y, 2, 01)[ 2t 49 < €(R) 2.
0

Now we get with Lemma 2.6 that
Ng(t) < C(R)(Jy — 2| +1) 7322t < C(R)e 2t Y2 for t € (0,¢),
so that foe Mg (t) dt < €(R)e 3/2. A similar reasoning yields for ¢ € (0, ¢) that
Ny(t) < C(R) (2 + 1) 2e 1t < E(R) (2 + )32 /2,
and hence [ My (t) dt < €(R)e3/2. We find with Theorem 2.5 and (2.19) that

No(t) < C(R)E/] e F(u) |\u:\yfz\2/(4t) et

< Q:(R) 6_2t_1/2 (X(O,l] (u) + X(1,00) (u) U_B/Q )Iu:|y7z|2/(4t) < Q:(R)e_Q t_l/z

fort € (0,¢), and hence f; M(t) dt < €(R)e~3/2. In the same way we get [ N5 (t) dt <
€(R)e /2. Tt is an immediate consequence of Lemma 2.12 that

/ |3anjk(y,z,t)|dt—|—/ 020N (y — z,t)| dt g/ t72dt < ¢e L.
Thus, in view of (2.14), we have shown that the left-hand side of (2.12) is bounded by
¢(R)e /2. But since |y — z| < 2R, and by the choice of €, we have € > €(R) |y — z|,
so inequality (2.12) follows. a

THEOREM 2.18. Let j,k € {1,2,3}, y € R®, ¢ > 0, u € (0,1), and w €
C*(Beo(y) ). Then

3
(2.20) /BB " Z 02m3ik(y, 2) (y — 2)m/ew(z) do, — 28, w(y)/3 (e 10).
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Proof. We choose R > 0 with B, (y) C Bg. For € € (0, €], we observe that the
difference of the left- and right-hand sides of (2.20) is bounded by Zi:l N, (¢), with

9N (6) = /SB()Zmzmsjky, )l (z) — w(y)| dos,

m=1

|Z / 102355 (1, 2) — D2 D4y — 2)] do,
OB, (u

N3 (e) := ‘w( /SB 2 Z 021 (y — 2) (y — 2)m/€ do. — 28w (y) /3|

Put
[w] == sup{|w(z) —w(2)||z = 2'| 7" : 2,2" € B, (y), 2 # 2}
Let € € (0, ¢o]. Then with (2.9) we find

M) < Rl | el o, S € o

Moreover, referring to (2.8) and to Theorem 2.17, we get
Ny (€) < C(R) lw(y)| ly — 21 7%/% do. < €(R) |w(y)|"/>.
9B (y)

Using Lemma 2.16 and noting that faBl Nrns doy = 4mé,s/3 for r,s € {1, 2, 3}, we
find

/a Z Ozm i (y — 2) (y — 2)m /€ do,

Be(y) ;=1
(8m)~ Z (kT = O M Th. = Ok 1 i+ 31051107, ) oy
0B m=1
=20,1/3,
so that M3(e) = 0. Letting € tend to zero, we obtain the theorem. O

To end this chapter, we estimate 3, (v, ) in the case that [2| < S, |y| > (1+6)5,
with 4,5 > 0 considered as given quantities. This estimate will play a crucial role in
the following.

THEOREM 2.19. Let S,0 € (0,00), v € (1,00). Then

(221) / (ly—rter — e 22+ 4)™ dt < €(S,6,v) (|yls-(v))
0

fory e B(°1+5)S, z € Bg. In particular,

(2.22) 1053y, 2)] + 1023 (y, )] < €(S.8) Iyl s-(y)) 2
for y,z as above, j, k € {1, 2, 3}, a € N3 with |a|] < 1. Moreover
(2.23) 1093 (y, 2)| + 1023y )| < €(S,0) (|2l 57(2) )~ 2

for z € B(cl+5)5, y € Bg, and for j, k,a as in (2.22).
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Proof. Take y € Bf 5, 2 € Bg. We abbreviate 3/ := (y2,¥s). In what follows,

we will make frequent use of the equation |e™* . z| = |2|; see Lemma 2.9. We
will distinguish several cases. To begin with, we suppose that |y| < 8S. Then, for
t € (0,00), we get

(2.24) ly —7tey —e 2P 4t > €(S)(Jy — et 22 - 1),

where we used Lemma 2.3 with 9.5 instead of S. But since |y| > (14 0)S, |2| < S,
we have |y — et 2| > |y| — |2| > 45, so that from (2.24),

ly —rte; —e 22 4+t > €(S,6)(1+1t) for t € (0,00),

and hence
(2.25) / (|y—7't61—e‘m-z|2+t)_”dt§€(5,5,y)/ (1+1)" dt
0 0

S Q(S, 5, V) S Q:(S, 57 I/) |y|—21/+1 S Q:(S, 5, V) ( |y|$7.(y) )—l/+l/2’

with the third inequality following from the assumption |y| < 85, and the last one
from Lemma 2.4. In the rest of this proof, we suppose that |y| > 8.5. We note that

(2.26) / (|y—Ttel—eftQ~Z|2—|—t)7”dtzrfl/ (’y(y,z,r)2+r/r)_ydr,
0 0

where we used the abbreviation y(y, z,7) := |y — re; — e~ "/72. 2| for r € (0,00). In
view of the assumption |y| > 85, another easy case arises if y; < 0. In fact, we then
have

Yy, 2,7) 2 |y —rea = |2| = (g1 +13)"2 =5 > |yl/2+7/2 =5 > |yl /4 +1/2
for 7 € (0,00), so that v(y, z,7)? > €(|y| + r)?, and hence

(2.27) |Gz o) ar<ew) [Tl

—_2u —v+1/2
<)yl 2 < e(Sv) (lyls-() ",
where the last inequality is a consequence of Lemma 2.4. A similar argument holds if

0 <1 < |y|/2. In fact, since [y| = (y§ + |y'[*)"/?, we then have |y'| = (|y[* —y7)'/* >
(3|y|2/4)'/? > |y|/2, so we get for r € (0,00) that

Yy, 2,t) > ly —reil/2+ [y —reil/2 = 2| > |y —real/2+ [¢[/2 - S
>ly—rel/24yl/4—S > |y —r|/2+|yl/8,

where the last inequality follows from the assumption |y| > 8S5. We thus get

oo

(2.28) /OOO(’y(y,z,r)2 + T/T)iy dr < &(v) /0 (Jy| + [y1 — r|) 2" dr

> —2v —2v —v+1/2

< ¢(v) / (lyl + 7 —y) 72" dr <€) [y[~>"* < €(S,v) (lyls-(y)) :
Y1

The last of the preceding inequalities follows from Lemma 2.4. From now on we

suppose that y; > |y|/2. We thus work under the assumption that y; > |y|/2 > 4.

Then we note

(2.20) / (Yo zar) + /) ™" dr < 2y + 2,
0
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with
y1+28 _,
Ay ::/ ('y(y,z,r)2+r/7') dr,
y1—285

and with 25 defined in the same way as 2(;, but with the domain of integration

(y1 — 2S5, y1 + 295) replaced by (0,00)\(y1 — 25, y1 + 25). We observe that for
r € (y1 — 28, y1 +25),

>y — 285> y|/2-25 > |yl/4,
because y1 > |y|/2, |y| > 8S. Therefore

y1+2S y1+2S5

(r/r)~" dr < €(w)[y|™" / dr < €(8,v)Jy] ™.

y1—285

(2.30) A < /

1—28
On the other hand, for r € (0,00)\(y1 — 25, y1 + 25), we have
Wy, zr) 2y —rel = 2| 2 [yr =7 =S > |yr = r|/2 4 |y1 = r[/2 =5 = |y = 7]/2,

and hence

(2.31) Ao S/ ((|y1 —T|/2)2+T‘/T)7Vd’l“

(0,00\(y1—-2S,y1+25)

< €(V)/ (lyr =7+ /%) 72 dr
0

<e() (/Oyl/z(yl/2)2udr + /yjz

< ew) (s + / Iy =l +31/%)727 dr ) <€) (2 + 577 4)

< €(S,v) [y,

(lys =7l + (1/2)1/) ™ ar)

with the last inequality following from the assumption y; > |y|/2 > 4S. Combining
(2.29)-(2.31) yields

/ (’y(y,z,r)2 + T‘/T)iy dr < €(S,v) |y|_”+1/2.
0

Therefore, if 7(|y| — 1) < max{1, 275}, we have

(2.32) /000 (v(y,2z,7)* + T/T)_U dr < €(S,v) (lyls-(y) )_VH/Q.
Thus we are reduced to the case

7(lyl —y1) = max{1, 275}, y1 > |y|/2 > 4S.
Using the relations 7 (ly| —y1) > 1, y1 > 0, we observe that
(2:33)  |yls-(y) < lyl27 (lyl —y1) = 271yl 1P/ (lyl + 1) <27y
We further observe that for r € (0,00)\(y1 — 25, y1 +25),

Yy 2,r) 2 ly—re| = [zl 2 [y —real 2+ |y —7]/2 =5 > |y —rea|/2
> |y —rl/4+1y'1/4,
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so that

(2.34) %, < ) / (1 — 7l + /)72 < &) Jy/| 2+

<ew) (lyls-v) ",

with the last inequality following from (2.33). Using (2.33) again, and recalling that
7(lyl —y1) > 2785, |y| > 4S5, we find for r € (0,00) that

Yy, z,r) >y —rer| = |z = |y = S > y1/2+ ((27) " yls-(y))
> [y'/2+ (Jy|S)V2/2 =S > |y|/2+ (4SH) /2 /2 - S = |y/|/2.
It follows that

1/2

/2- 8

y1+28
(2.35) A, < C(w)|y'| 2 / dr < (S, 0)|y'| >
y1—28

< e(S,v) (lyls+ ()" < €S,) (lyls- ()2,

where inequality (2.33) was used once more. By (2.29), (2.34), and (2.35), we see that
inequality (2.32) holds also in the case 7 (|y| — y1) > max{1, 275}, y1 > |y|/2 > 48S.
Inequality (2.21) follows with (2.25)—(2.28) and (2.32). As concerns estimate (2.22), it
is an immediate consequence of (2.8), Lemma 2.12, and (2.21) with v = —3/2 — || /2.
This leaves us to deal with (2.23). In this respect, we remark that the only property of
Q we used in the preceding proof is the relation |e~*! - 2| = |z| for z € R?, t € (0, 00)
(Lemma 2.9). Since this relation holds, of course, for any ¢ € R, and because by
Lemma 2.9,

T

ly—trer—e T 2| =] —z—tre; — e (—y)| (y,2z €R3, tER),

we see that we have proved (2.21) also for z € Bf, ;s and y € Bs, but with y

replaced by z on the right-hand side. Now inequality (2.23) follows with (2.8) and
Lemma 2.12. |

3. Some volume potentials. The representation formula we have in mind con-
tains volume and surface potentials (Theorem 4.6). In the present section, we study
the volume potentials which will arise. There are two types of such potentials, in-
volving the kernels 3, and [y, respectively. We begin by considering the potential
related to 3.

LEMMA 3.1. Letp € (1,0), q € (1,2), f € L} (R3)® with f|B§ € LY(BE)? for
some S € (0,00). Then, for j, k€ {1, 2, 3}, a € N3 with || <1, we have

(3.1) /R3 10y 3k (W, 2)| | fu(2)| dy < o0 for a.e. y € R3.
We define R(f) : R? — R3 by
3
BN = [ 3l ) dz
=

for y € R? such that (3.1) holds; otherwise we set R;(f)(y) := 0 (1 < j < 3). Then
R(f) € W, (R%)? and

3
(3.2) % () = | > 0u3ji(y, 2) fu(z) dz

R 1
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for 3,1 € {1, 2, 3} and for a.e. y € R3. Moreover, for R € (0,00) we have

(3-3) IR(f[Br) | Brllp < €(R,p) [ f|Brllp-

Proof. Take j, k,« asin (3.1). Let R € (0,00). Then we find with (2.9) that

/B 19530, dz < (R /B
< ¢(R)

y— 21l dz < e(R) / ly— 2"l s

R B2 r(y)

for y € Bgr, and analogously fBR 10y 3% (y,2)| dy < &(R) for z € Bg. It follows by
Hoélder’s inequality that

(3:4) (/B (/B |553jk(yaz)||fk(2)|dZ)pdy)l/p
<(L ([ ogsnmana)™ ([ 10532l dz)ar)

1/
<eko)([ [ ogsatnallfGIr ddy) " < R o) 1Bl

This means in particular that the integral an 10 3 (y, 2)| | fr(2)| dz is finite for a.e.
y € B, n € N, and that inequality (3.3) is proved.

Once again take j, k, o as in (3.1), and let n € N with n > S. Then, using (2.23)
with S replaced by n/2 and with § = 1/2, we find for y € B,, /5 that

—1-|a|/2

65 [ ogsaallneld<em [ () )

gc(n)(/B n

where the last inequality holds due to Theorem 2.1 and the assumption ¢ < 2 (hence
q' > 2). We thus have shown that the relation in (3.1) holds for a.e. y € B,, /5. Since
this is true for any n € N with n > S, (3.1) is proved. We deduce from (3.4) and (3.5)
that

—q 1/4’ . .
(Islsr(2) ™" dz) " 1f1Bgll < €, @)1 £1B5 o

c
n

3
60 [ [ o3 )| dsdy < elnpa) (15180, + 171551
n/2 k=1

for n € N with n > S. This means that R;(f) € Li,0c(R?) and that the function
associating a.e. y € R® with the integral [pq Ezzl 03k (y, 2) fr(z) dz also belongs
to L110c(R?) for 1 <1 < 3. Now take ® € C§°(R?)3. Then, by (3.6) and because the
support of ® is compact,

0
R3 vt el

3
1) [ aewn e dr=Stm [ [ 000302 i) d=

But for any € > 0, we may perform a partial integration in the inner integral on the
right-hand side of (3.7) (first statement in Lemma 2.15). Due to (2.9), the term with
a surface integral on 0B.(z) arising in this way tends to zero for € | 0. (Note that for
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€ (0,1], say, and for y € 0B.(z), the integral With respect to z extends over By
only if n € N is chosen so large that supp(®) C B,,.) After letting € tend to zero, we
obtain an equation which implies that %R;(f) € VV1 "'(R3) and (3.2) holds. O

loc

LEMMA 3.2. Takep, q, f as in Lemma 3.1, and suppose in addition that p > 3/2.

Then the relation in (3.1) holds for any y € R® (without the restriction “a.c.”),
and the function R(f) is continuous.

The general approach for proving this lemma seems to be well known, but we
cannot give a reference (although similar results were shown in [20, section I1.9]). So,
for the convenience of the reader, we provide a proof.

Proof. We show that 9R(f) is continuous. The relation in (3.1) for any y € R?
may be established by a similar but simpler argument.

Let j € {1, 2, 3}, R € (S,00). It suffices to prove that R,;(f) | Br is continuous.
But for z € B, y € Bg, we get by (2.23) that

3
I3 358, 2) ful2)] < €(B) (J212(2) T 121
k=1

Since by a computation as in (3.5) the function

R® 5z xs, (2) (|2]5:(2)) 7 £ (2)] € [0, 00)

is integrable, we may conclude in view of the first statement of Lemma 2.15 that the

integral [,. 22:1 3k (Y, 2) fr(2) dz as a function of y € Bg is continuous. Thus we
2R

still have to show that the function

/BMI;SJ/@ y,2) fe(2) dz  (y € Bg)
is continuous as well. So take y, y' € Br with y # y’. Then
(3-8) (y) = 1(y)] < 9 + N,
with

e [ S By ) o)

wely,y'y/ BrOA k=1
M, ::/ / Z 021351 (2, 2) a9 gy (y — ¥')1 dO| | fi(2)] dz,
Br\A'JO k=1
with A := By, _,/(y). We get with (2.9) that
n <er) Y / & — 21 f(2)] dz
Br

ze{y y'}

o 1/p'
) S ([ e as) T sl
B

we{uu} sly=v'1(

Since p > 3/2, hence p’ < 3, we may conclude that 9; < €(R) |y—v/'|~"t3/%" || f| Bz,
with —1 4+ 3/p" > 0. In order to estimate DMz, we note that

' +9w—y)—2>ly—zl=ly=y|>ly—=2/2> |y =¥
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for z € R3\ A, 9 € [0,1]. Therefore with (2.9), if 2p’ > 3,

’ 1/:‘7,
W< ey —v|([ sl az) " 1B,

Br\A
< CR)|y — |7 || £|Brll,-

In the case 2p’ < 3, the factor |y —y/|~2*3/?" on the right-hand side of the preceding
inequality may be replaced by |y — 3|, and in the case 2p’ = 3 by |y — ¢/| In(|y —
y'|/(2R)). In view of (3.8), we have thus shown that I(y) is a continuous function of
y € Bgr. This completes the proof of Lemma 3.2. d

The crucial idea of the proof of the next theorem consists in reducing an estimate
of R(f) to an estimate of a convolution integral involving an upper bound of an Oseen
fundamental solution. This latter integral may be handled by a reference to [35].

THEOREM 3.3. Let S, S1, v € (0,00) with S1 < S, p € (1,00), A € [2,0), B €
R, f:R3+— R3 measurable with

fIBs, € LP(Bs,)?, |f(2)] <~lz|"*s.(2)"F for z € BE, A+min{l,B}>3.
Let i,j € {1, 2,3}, y € BS. Then
(39) %)W) < €S, 81,4, B)(1£|Bs, Il +7) (lyls- (%)) la,s),

(3.10) 10y, R;(f)(y)| < €(S, 51, A, B)(||f|Bs, [+ +7)
( |y| Sr(y) )_3/2 ST(y)maX(0,7/2fAfB) ZA,B(y)7

where

Lan(y) = 1 if A+ min{l, B} > 3,
ABWY) = max(1,Inly|) ¥ A+ min{l, B} =3.

Proof. By (2.22) with S, ¢ replaced by S1, S/S1 — 1, respectively, we find for
ke {1, 2,3}, a €N} with |a] <1 that

10 [ 1053w A1) d < €850 (olsel) 217 Bs

Recalling Lemmas 2.15, 2.12, and 2.9, we see that
i [ 10530021 dz
Bg,
<oy [ [ (e rter - et e AR ()P d e
0 5
- / / (ly = rter —af* + 1) 732712 g A5 (e )™ da dt
0 %
=Cy / / (ly — Tter —x|® + t)_?’/Q_lo“/Q dt|x|_A s, (x)" B du,
e Jo
S1

where the last equation holds due to the first and second equations in Lemma 2.9.
Now we apply (2.21) with y replaced by y — = and with z = 0. Moreover we use
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Lemma 2.13. It follows that

(3.12) Ay < 6(8)7(/3 » )|y_$|—1—|a\ o[~ s, (2) P da
$,NBs/2(y

—1—|a|/2 _ _
—|—/ (|y—x|57(y—a:)) e/ || AST(x) Bda:).
BEI\BS/Q(Q)

Next we observe that for # € Bg/2(y), we have |z| > [y| — |y — 2| > |y| — 5/2 > |y|/2,
sr(2) 7N S €A+ y —al)s(y) 7" < €S) s, (y) 7
(see Lemma 2.2), and similarly s, (y) ™" < €(S)s-(z)~*. For € Bg/2(y)¢, we find
ly—=|=ly—=l/2+ |y —z[/2= 5/4+ |y —2|/2 = min{S/4, 1/2} (1 + |y — z|).

Thus, independently of the sign of B, we may conclude from (3.12) that

(3.13) A, < €(S,51,4,B)y (|y|—AST(y)—B / ly — 2|11 g
Bs/a2(y)

+f (1 ly—al)sey—o) 72 (1t fal) A sp(2) 77 do)
Bg \Bs/2(y)
< €851, 4. B)y Iyl s (y)~"
—z])s.(y— =z ~1-lel/2 x)) s (x) B dx).
+ [ (Ot =als =)0 ) @) o)

In the case @ = 0, we refer to the proof of [35, Theorem 3.1] and our assumptions on
A and B to deduce from (3.13) that

_ _ ~1
(3.14) Ao < (S, Sl,A7B)A/(|y| L)+ (lyls- () ZA7B(3J))'
But by Lemma 2.4 and because A —3/2 >0, A+ B > A+ min{1, B} > 3, we have

(3.15) lyl ™4 s (y) ™8 < €S, A) |y 732 s (y) AT
< €S, A)ly| 732 s, (y) ¥,

so we may conclude from (3.14) that

Ao < €S, 51, 4, B)y (195 (%) La,p().

Inequality (3.9) follows from (3.11) and the preceding estimate. If || = 1, then (3.13)
and the proof of [35, Theorem 3.2] yield

2lvoz < Q:(S,Sl,A,B)"}/
_ _ —3/2 max A
(Iyl A ()8 4 (ylse(y)) > sy (y)mex(©7/2-4 B)lA,B(y))'
Hence with (3.15),
—3/2 max —A—
N < €(S, 51, 4, By (Iylse(y)) > sr (y)m O T2=A=B) 1y p(y).

This estimate together with (3.11) implies (3.10). O
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Now we turn to volume integrals involving the kernel Ej;.
LEMMA 3.4. Let p € (1,00), q € (1,3), g € L} (R®) with g|Bg € LY(B§) for
some S € (0,00). Then, for j € {1, 2, 3},

(3.16) /3 |Eyj(y — 2)||9(2)| dy < 00 for a.e. y € R®.
R
Thus we may define S(g) : R3 — R? by

S;(9)(y) == /R3 Euj(y — 2)g(2) dz

for y € R such that (3.16) holds, otherwise &;(g)(y) := 0 (1 < j < 3). Then
S(g) € WEH(R3)3. For R € (0,00) we have

loc

(3.17) 16(9|Br) | Brllp < €(R,p)||lg|Brl|p-

If p > 3, the relation in (3.16) holds for any y € R3 (without the restriction “a.e.”),
and &(g) is continuous.

Proof. Lemma 3.4 may be shown by arguments analogous to those we used to
prove Lemmas 3.1 and 3.2, except as concerns the claim &(g) € Wzlocl (R3)3. To
establish this latter point, a different reasoning based on the Calderén—Zygmund
inequality is needed because the derivative 9;Fy; is a singular kernel in R3. We refer
to [20, section IV.2] for details. a

THEOREM 3.5. Let S, S1,7 € (0,00) with S1 < S, p € (1,00), C € (5/2,00),
D € R, g:R?+— R measurable with

g|Bs, € LP(Bg,), lg9(2)] < 7|z|_csf(z)_D for z € B, C+min{l,D} > 3.
Let j € {1, 2,3}, y € BS. Then
(3.18) 6;(9)(y)| < €(S, 51, C, D) (llg|Bs, [l +7) [yl .
If supp(g) C Bs,, we further have
(3.19) 10.6;(9) ()] < €S, S1) lgllalyl™ (1< n<3).

Proof. Inequality (3.18) may be proved in the same way as Theorem 3.3, except
that the reference to [35, Theorems 3.1 and 3.2] is replaced by [35, Theorem 3.4], and
that the argument becomes simpler due to the much simpler structure of the kernel
E4j compared to 3;;. As concerns (3.19), observe that |y — z| > (1 — S1/5)|y| for
z € Bg,, so if supp(g) C Bg,, it is obvious that

&,(g)BS € C1(BS), /B 100E; (v — 2)|lg(2)] dz < oo,
S1

916;(9)(y) = ; OBy (y—2)g(z)dz (1 <1<3).
S1

Inequality (3.19) now follows. O

In the rest of this paper, we will use the following notational convention. If
A C R? is a measurable set and f : A R? is a measurable function, if f denotes
the zero extension of f to ]R?L, and if f satisfies the assumptions of Lemma 3.1, we
will write RR(f) instead of R(f). A similar convention is to hold with respect to &(g)
if g : A — R is a measurable function such that its zero extension to R? verifies the
assumptions of Lemma 3.4.
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4. A representation formula. In this section, we will present (Theorem 4.6)
and prove the representation formula announced in section 1. We begin by two simple
observations related to surface integrals on 09 r and 909, respectively.

LEMMA 4.1. Let R € (0,00) with ® C Br, f € LY(0DRr), j,k € {1,2,3}, a €
N3 with |a| < 1. Define

Fly) = /8 Ol ) dony H)i= [ Eily=2)f() do.

fory € ®Og. Then F and H are continuous. Moreover, let x € D, and put 6, :=
dist(0D g, ). Then

(4.1) |F ()] 4 [H ()] < &b, R)[|.f[]1-

Proof. Let U C R3 be open, with U C ®x. Then 0y := dist(U,0Dr) > 0, so we
get with (2.9) that

003,(y, 2) f(2)] < €(R)6, 1N f(2)] for z € 0D

In view of the first statement of Lemma 2.15, we may conclude that F' is continuous.
From (2.9), we get that |F(z)| < €(d,, R)| f|1. Obviously Ey; € C*(R3*\{0}) and
|Ey;(z)| < |z|72 for x € R3\{0}, so the function H may be handled in the same way
(and even belongs to C*°(Dg)). O

LEMMA 4.2. Let S € (0,00) with ® C Bg. Let f € LY(09), g € L'(D), j, k €
{1, 2, 3}, and define

FO(y) = /a 32 () dony FO() = /@ 3500 2)9(2) dz,
FO) = [ Byl ) do. FO) = /@ O Eay(y — 2)g(z) dz

fory € ®°. Then F) € CY(®°) for 1 <i < 4. Put § := dist(D,dBg). Then

(4.2) 102 FO ()] < €(6,9) [yl s- )11 £,
(43) |80tF(])(y)| < Q((S, S)(|y|8‘r(y))flf\a|/2

fory € BS, a € N3 with |a| <1, i € {1, 3}, j € {2, 4}.

Proof. Let U C R3 be open and bounded, with U € ®°. Let R € (0,00) with
DUU C Bg. Then an argument as in the proof of Lemma 4.1, based on (2.9) and
Lemma 2.15, yields that F()|U € C*(U), and

lgllx

(4.4) OFM(y) = / 03y, z) f(z) do. for ye U, 1 <1<3.
D

It follows that F(1) E_Cl(ﬁc), and that (4.4) holds for y € ®°. Put S := S — §/2.
Then S; € (0,5) and © C Bg,, so inequality (2.22), with S, § replaced by S1, S/S1—1,
yields

—1-la]/2

10531y, 2) £ (2)] < €(S,51) (lyl s+ () £ (2)]
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for 2 € 09, y € BS, a € N} with |a] < 1. Now we get with (4.4) that

0°F D ()] < €(5,9) (Jyls-(y))

1£1lx
for y, o as before. The function F(?) may be dealt with in a similar way. As for F(3)
and F) we note that for y € B¢ and z € D, we have |y — z| > (1 — S1/5)|y|. This
observation and Lemma 2.4 yield the estimates of F(®) and FY) stated in (4.2) and
(4.3), respectively. O

In [7, Theorem 4.2], we showed how a smooth function u on a truncated exterior
domain D g may be represented in terms of L(u) + Vr, divu, u|0Dg, 7|00, and
Vu|0® with 7 : Dr — R also smooth. For the convenience of the reader, we state
this result in the ensuing Theorem 4.3 and very briefly indicate its proof, which makes
use of Theorem 2.17.

THEOREM 4.3. Let R € (0,00) with ® C R3, and let n) : 9Br U 0D +— R3
denote the outward unit normal to ®r. Suppose that u € C?*(Dg)3, ™ € CY(Dpg),
and put F:= L(u) +Vr. Let y € D and j € {1, 2, 3}. Then

(4.5) u(y) = % (F)w) + &;(divu) ) + | 2 (u, ) (y, 2) do,

w

= 0230y 2)un(2) ) (2) = By — 2)un(z)n (2)]

fory € Dg, z € 0DR.
Indication of a proof. Let € € (0,00) with B.(y) C ®g, and consider the integral

3
Ajc= /@R\BE( ) ;f’)jk(y,z) (L(u) + Vr)r(z) dz.

By performing some integrations by parts, using (2.1), integrating with respect to t,
and then exploiting (2.2), we obtain

Aﬁ=/ Euyly — 2)divu(z) dz — S;.(y),
QR\Be (y)

where S; . (y) denotes a surface integral defined in the same way as the surface integral
on the right-hand side of (4.5), but with Br U900 U9dB.(y) as domain of integration
instead of 9BrUJD, and with n) replaced by the outward unit normal to D g\ B ().
Equation (4.5) then follows by a passage to the limit € | 0, with the calculation of
lim, |0 Sj,c(y) based on Theorem 2.18. This reasoning requires some applications of
Fubini’s and Lebesgue’s theorems, all of which is made possible by Lemma 2.14. ad

Our next aim consists in extending (4.5) to functions u and 7, which are less
regular than C2? and C', respectively. We begin by specifying the type of functions
we will consider. From now on we need that D is of class C2. (Theorem 4.3 also
holds if ® is only Lipschitz bounded.)
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THEOREM 4.4. Let p € (1,00). Define M, as the space of all pairs of functions
(u, ) such that u € W2P(D°)3, 7 € WLP(D),

(4.7) ul®r e WHP(D1)3, 7D € LP(Dr), u|dD e W PP(9D)3,
divu|Dr € WLP(@T), L(u) 4+ Vr|Dr € LP(QT)B

for some T € (0,00) with ® C Br. Then u|Dr € W?P(D7)3, 7|D7 € WhHP(Dr) for
any T € (0,00) with ® C Br.

Proof. The theorem follows from the regularity theory for the Stokes system. To
be more specific, we first note that our assumptions imply that the relations in (4.7)
hold for all T' € (0,00) with ® C Br. Take such a number 7. Let S € (T, 00), and
choose ¢ € C§°(R3) with (|Br =1, ¢|BE = 0. Then

(48) Cu|Ds e W2P(Ds)? NWIP(Ds)?, (m|Ds € WP (Ds) N LP(Ds),

loc oc

div (Cu) | Ds € WHP(Dg),
Cu| 0D = ul0D € W /PP(D)?, and hence (u|dDg € W2 H/PP(Dg)3.

Moreover, since u|Dg € WHP(Dg)3, L(u) + Vr|Ds € LP(Ds)3, we have —Au +
Vr|Ds € LP(Ds)3. Once more observing that u|Ds € WHP(Dg)?, 7|Ds € LP(Dg),
we may conclude that

(4.9) “A(Cu) + V(Cr) | Ds € LP(Dg)?.

Obviously the function u is a weak solution of the Stokes system in ® g with right-
hand side —A(Cu) + V(¢7) | Dg, where “weak solution” is meant in the sense of [20,
(IV.1.3)]. In view of (4.8) and (4.9), it follows from [20, Lemma IV.6.1, Exercise
IV.6.2] that (u|Ds € W2P(Ds)?, (7 |Ds € WHP(Dg). This implies that u|Dr €
WZP(@T)?) and 7T|©T € WLP(@T)' 0

Now we are in a position to generalize Theorem 4.3 to pairs of functions (u,7) €
M.

THEOREM 4.5. Let p € (1,00), (u,m) € My, j € {1, 2, 3}. Put F := L(u) + V.
Take R and n™® as in Theorem 4.3. Then, for a.e. y € Dp,

(4.10) u;(y) = R;(F|Dr)(y) + S, (divulDr)(y) + /833 ﬂ;R) (u, m)(y, 2) do,,

with ng-R) (u, m)(y,z) defined as in (4.6).

If p > 3/2, (4.10) holds for any y € D (without the restriction “a.e.”).

Proof. By Theorem 4.4, we have u|Dp € W*P(Dg)? and 7n|Dp € WP (Dp).
Therefore (see [1, (3.18)]) there are sequences (u,) in C°°(R3)? and (m,,) in C>°(R?)
with

(4.11) H(U_un)|©RH2,p+ H(W_Wn)l@R”Lp — 0.

By a standard trace theorem, it follows that ug|0D g, Our|0D g, and 7|0k belong
to L1(0DR), and

(4.12) (v = un)[0DR[l1 + [[(Ow — Oun)|0D g1 + (7 — mn)[0DR[1 — 0
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forn » oo (1 <k,l<3). Let y € Dr. We may conclude from (4.1) and (4.12) that

(4.13) / U (u, mn) (1, 2) doz — | A (w,m)(y, 2) do. (n — o0),
BDR 8E)R

where the definition of 9[§R) (tn, m)(y, z) should be obvious by (4.6). For n € N, we
set Fy, := L(uy) + Vm,. By (4.11), we have

1(Fn = E)Drllp =0, [ldiv(u—un)[Drllp =0 (n— o0).
These relations combined with (3.3) and (3.17) imply
193 ((Fn = F)|Dr) | Drllp + 16, (div (un —w)|Dr) |Drl, =0 (n— o).

Passing from LP-convergence to pointwise convergence of subsequences, and recalling
(4.11), we see there is a strictly increasing function o : N — N such that

(4.14) R (Fom)Dr)(y) — R (FIDr)(Y),
&;(divuy(m)[Dr)(y) = &, (divulDr)(Y), Usm)(y) = u(y) (n— o0)

for a.e. y € Dp. On the other hand, by Theorem 4.3, (4.10) holds with u, 7 replaced
by wp, 7, respectively, for n € N. Therefore we may conclude from (4.13) and (4.14)
that (4.10) holds for a.e. y € Dp.

Now suppose that p > 3/2. Since (u, ) € M, and because of a Sobolev inequality
(in the case p < 3), we may conclude that divu|®r € L1(Dg) for some g € (3,00).
Recalling the relation F|Dr € LP(Dr)3, we thus see by Lemmas 3.2 and 3.4 with
S = R that R(F|Dg) and &(divu|Dg) are continuous. Moreover, since p > 3/2
and u|Dr € W2P(Dg)3, a Sobolev lemma implies that v may be considered as a
continuous function on ®g. According to Lemma 4.1, the function associating the

integral fagRﬁlgR) (y,z) do, with each y € Dp is also continuous. Thus we may
conclude that (4.10) is valid for any y € D g, without the restriction “a.e.” O
_ Next we perform the transition from a representation formula on D to one on
D°. For this step, we only need the decay properties given implicitly by the relations
in (4.15).

THEOREM 4.6. Let p € (1,00), (u,m) € M. Put F := L(u) + V7, and suppose
there are numbers p1,p2 € (1,2), S € (0,00) such that ® C Bg,
(4.15)  w|B§ € L%(BE)®, Vu|B§ € L*(BE)?, «|B§ € L*(BS),

F|B§ € LP*(BS)? + LP*(BS)®.

Let j € {1, 2, 3}, and put

(4.16)  B;(y) := Bj(u, m)(y)

3 3
= Z {Z (Bjk(y, 2) (=0un(2) + S m(z) +up(z) (Ter —w x 2);)
k=1 1=1

0D
+ 023y, 2)un(2)) nf ) + Buy(y — =) ua(2) i (2)| do.
fory e D°. Then

(4.17) uj(y) =R (F)(y) + 6;(divu)(y) +B;(y)
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for ae. y € D°. If p > 3/2, (4.17) holds for any y € D°, without the restriction
“a.e' »
Proof. The assumptions on v and 7 yield that

(4.18) / / (Ju(2)|® + [Vu(2)]* + |7 (2)[*) do. dr < oo.
s Jo,
Therefore there is an increasing sequence (R,,) in (S, 00) with R,, — oo and
(4.19) / (|u(z)|® + |[Vu(2)]* + |7(2)* ) do. < R,;! for n € N.
9Br,,
Otherwise there would be a constant C' € [S, 00) such that
/ (1u(2)® + |Vu(2)]* + |7(2)|*) do. > r~" for r € [C,00),
OB,

in contradiction to (4.18). (Here we used a standard convention from the theory of
Lebesgue integration, which states that the integral of every measurable nonnegative
function is defined, but may take the value 0o.) By our assumptions on F', there are
functions G € Lri(Bg)3 for i € {1, 2} such that F|Bg = G + G®). Thus, by
Lemma 3.1,

3
a2 [ 332l (vesDIAE)

k=1
X500 (12D (16 ()] +1GP (2)])) d < oo

for a.e. y € . Moreover, by Lemma 3.4 with ¢ = 2,
(4.21) / |E4j(y — 2)||divu(z)] dz < oo
R3

for a.e. y € ®°. Due to these observations and Theorem 4.5, we see there is a subset N
of ®° with measure zero such that the relations in (4.20) and (4.21) hold for y € D"\ N,
and such that (4.10) with R replaced by R, holds for n € N and ye Dr\N. In the
case p > 3/2, Lemma 3.2 yields that (4.20) is valid for any y € CD and Theorem 4.5
implies that (4.10) with R replaced by R, is true for n € Nand any y € D’ Moreover,
if p > 3/2, the assumption (u,7) € 9M,, Lemma 3.4, and a Sobolev inequality (in the
case p < 3) allow us to drop the restriction “a.e.” in (4.21).

Take y € ®° in the case p > 3/2, and y € D \N otherwise. Let n € N with
R, > |y| (hence y € Dg,). Then, by (4.10) with R replaced by R, we get

(422)  wu;(y) =R;(FDr,)(Y) + 6;(divu[Dr,)(y) + Ajn(y) + B;(y),
with
/ jk(ya z) (8luk(z) —Opm(z) — 7'511uk(z))
9BRy, =1 z 1

— 0213,k (Y, z)uk(z)) 2i/Ry — Euj(y — 2)ui(2) zk/Rn} do,.
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Note that in (4.22) we used the relation Zlg:l(w x z)1z1/Rn = 0 for z € OBg. The
term B,(y) was defined in (4.16). Let n € N with R,,/4 > |y|. Observe that

3
(4.23) ()] <€D B,k (y),
with

5/6
Buel)i= ([ B3l do.) " [ul0B, o
Rp

1/2
%m@w=(é3|@uyaﬁwg (1740Br, 1 + I710Bx, 2),
Rp
5/6
Vs ely 023,10, 2)/%/% do-) " ulo B, o,
OB
Rn

5/6
Var(y) = (/aB ly — 2| 712/° doz) |u|0Br, |6
Rp

for k € {1, 2, 3}. Since |y| < R, /4, we may use inequality (2.23) with S = 2y| in
order to estimate |93,1(y, )| for z € OB, , o € N§ with || < 1. We get by (4.19)
and (2.23) that

(4.24) D1 k(y) < €(|yl) (/ (|z|57(2))—6/5 doz)f)/ﬁ R;l/ﬁ

OBR,,
- 5/6
<elo) ([ o) R < ey Ry
Rnp

where the last inequality follows from Lemma 2.1. The same references yield
(4.25) [ Wak(y)| <€y R, [Bsw(y)| < Cy) R, (1<k<3).

Moreover, since |y — z| > |z|/2 for OBg,, we find with (4.19) that |Vax(y)| <

Qﬁ(|y|)R;1/2. From (4.23)-(4.25) and the preceding inequality we may conclude that
A, j(y) — 0 for n — co. Turning to R, (F|Dr,)(y), we observe that by (4.20), our
choice of y, and Lebesgue’s theorem on dominated convergence, we have R;(F|Dr, )(y)
— R;(F)(y) for n — oo. Moreover, by (4.21) and again by the choice of y and
Lebesgue’s theorem, &;(divu|®g, )(y) = 6;(divu)(y) for n — oco. Recalling (4.22),
we thus have proved (4.17). O

5. Applications. In our first application of our representation formula (4.17),
we state conditions on L(u) + Vr and divu such that « decays as described in (1.4).
Since in the proof of this result we want to avoid estimates of the second derivatives
of 3;x, we have to transform the integral [,,o 02131 (y, z)uk(z)nl@)(z) do, appearing
in the definition of ®B;(y) (see (4.16)) into a term where no differential operator acts
on Sjk. This is done in the following lemma.

LEMMA 5.1. Letp € (1,00), (u,m) € M,, j € {1, 2, 3}. Define

(5.1)  Uy) = /8 Z 0213k (y, 2)u(2)nf ™ (2) do-

D k=1
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fory € ®°. Let €, : W*~1/PP(dD) s W2P(D) denote a continuous extension
operator (see [39]). Then, fory € D°,

5:2) W = | Z OBy — 2) () (2) + 350 (y, 2)

k=1

X ((Tel —wx 2) - V& (u)(2) + [w % (€(u)(2) ),y s ] A@p(uk)(z))} dz

/8 Z 3y, 2 ( —Te1 +w X z2)juk(z) + 8l€p(uk)(z)) nl(g)(z) do, .

k,l=1

Proof. Let y € D° Starting with (2.8), we may refer to Lemma 2.14 in order to
apply Fubini’s theorem and Lebesgue’s theorem on dominated convergence, to obtain

Wi(y) = 5100 T_mo/ Z 02k (y, 2, t) ug (= ) )(z) do, dt.

99 p1—1

Next we apply the divergence theorem and then use (2.1). It follows that

U (y) _5J,ohirrna<>o/ /DZ A Lin(y, 2, 1) €p(ur)(2)

k=1
(5.3) —I—VZF(y,z,t) V€ (u)(2) ) d dt

- 6,|,01171“naoo |:/ A
— [wx (rjs(y,z,t))lgsgg}k) €, (up)(z) — ij(y,z,t)Apr(uk)(z)> dz dt

//a Zfﬂk Y, 2,1) 1€ (ur) (2) z(D)(Z)dozdt].

D k=1

( (DT (0. 2,0) + (—rer 4w x 2) - VL. 2.0
k=1

As explained in the proof of [7, Theorem 4.2], the relation in (2.2) and Lemma 2.14
yield

T 3
(5.4) im / /@ Z@tfjk(y,z,t)(‘fp(uk)(z) dz dt
/@Zamm — 2) &, (ux)(2) dz.
k=1

For the other terms on the right-hand side of (5.3), the passage to the limit ¢ | 0
and T — oo presents no difficulty because due to Lemma 2.14 we may directly apply

Fubini’s and Lebesgue’s theorems. We further use the formula (a X b)-¢ = —(ax ¢)-b
for vectors a,b,c in R3. In this way, letting § tend to zero and T to infinity, and
taking account of (5.4), we may deduce (5.2) from (5.3). O

Now we may prove a decay estimate for B;(u, ).
LEMMA 5.2. Let p € (1,00), (u,m) € My, j € {1, 2, 3}. Define B; = B;(u,m)
as in (4.16). Then B; € C1(D°).
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Let S € (0,00) with ® C Bg. Put § := dist(D,0Bs). Let a € N3 with |a| < 1,
y € BS. Then

(55)  0°B;(y)|
~ —1—|x|/2
< €(8,8) (IVu| 09 + [7|0D]1 + C®, p) [uldDlla-1/pp ) (Il s+ ()2,

where 5(@,]9) is a constant depending only on ® and p.

Proof. We use the decomposition B;(y) = (B;(y) — t;(y) ) + 4, (y), with 4; =
$;(u, ) defined in (5.1). Equation (5.2) and Lemma 4.2 yield that B, — 4(; and 4,
belong to C'(D°). Therefore we have B; eCt (D°). Moreover, by (4.2), (4.3), (4.16),
and (5.2),

(5.6) |0°(B; = 1)(y)| +10°%4 (y)]
< €(8,8) (Iyls- )~ (IVu 6]l + |0 1 + [uloD]:
3
+ 3 ey in)llzn + V€, () | 9D111)).

k=1

where the extension operator &, was introduced in Lemma 5.1. On the other hand,
by a standard trace theorem and by the choice of &,

(5.7) V&, (ur) [0D|1 < C[|VEy(ur) [ 0D, < €(p) [ €p(ur)ll2,p
S Q:(p)|‘u|a©”27l/p7pa
(5.8) 1€p(ur)ll2n < C[[€p(ur)ll2,p < €(p) [|u|0D]|2-1/p,p

for k € {1, 2, 3}. Inequality (5.5) is a consequence of (5.6)—(5.8). 0

At this point, we are in a position to derive the decay relations (1.4) for w if
L(u) + V7 and divu decay sufficiently fast.

THEOREM 5.3. Let p € (1,00), (u,m) € M. Put F := L(u)+ V. Suppose there
are numbers Sy, S, v € (0,00), A €[2,00), B € R such that S; < S, ® C Bs,,

ulBg € L(BS)®, VulBg € L(BS)°, x|Bg € TA(B), supp(diva) C Bs,,
A+min{l, B} >3, |F(2)| <v|z| As.(2)"8 for z € B, .
Put § := dist(D,0Bs). Leti,j € {1, 2,3}, y € BS. Then

(5.9) |uj(y)| < €(S,51,A,B,8) (v +||F|Bs, |1 + ||divuli + [|[Vu]dD]
~ ~1
+ | 70D |1 + C(D, p) [uldDll2-1/pp ) (lyls- () La.B(Y),

< €(S,81,4,B,0) (v + ||F|Bs, [l + [[divel: + [[Vu | 9Dy + [|7|0D]1

~ 73 2 max — —
+ C@,p) [ulDa-1/pp ) (yl52(y) )~/ 57 (y)m <O T22A=B) (),

where C(D, p) was introduced in Lemma 5.2 and function la,B(y) in Theorem 3.3. If
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the assumption supp(divu) C Bg, is replaced by the condition
divu(z)| <F|2|7s,(2)"P  for z € B,

for some 5 € (0,00), C € (5/2,00), D € R with C + min{l, D} > 3, then inequality
(5.9) remains valid if the term ||divu||y on the right-hand side of (5.9) is replaced by
¥+ ||divu|Bg, ||1. Of course, in that case the constant in (5.9) additionally depends
on C and D.

Note that if A+ min{l,B} >3, A+ B > 7/2 in Theorem 5.3, then l4 p(y) =1
in (5.9) and s, (y)max(:7/2=A4=B) |, p(y) = 1 in (5.10). The preceding conditions on
A and B are verified if, for example, A =5/2, B=1,or B=3/2and A =2+ ¢ for
some € € (0,1/2).

Proof of Theorem 5.3. By Lemma 2.1, we see that fBg |F(2)|"dz < oo for any
r € (1,00). Thus Theorem 4.6 yields that the representatlion formula (4.17) holds
for a.e. y € D°. Therefore Theorem 5.3 follows from Theorems 3.3 and 3.5 and
Lemma 5.2. o

In the next theorem, we present an asymptotic profile of u for the case that
L(u) + Vr and div u have compact support.

THEOREM 5.4. Let p € (1,00), (u,m) € M, S, S1 € (0,00) with S1 < S, and
put F := L(u) + V7. Suppose that

D Usupp(F) Usupp(divu) C Bg,,

u|BS € L8(BE)3, Vu|BS € L*(BS)°, 7B € L*(BS).
Then there are coefficients B1, B2, B3 € R and functions §1, Sz, §3 € C°(BE) such that
forj €{1,2,3}, y € BE,

3
(5.11) ui(y) = Br3;x(y,0)
k=1
@) v | _
+ (/%u n'®) do, +/le di udZ)E4g(y) +385(y)

and

(5.12)  [;(y)] < €S, 81) (1F [l + l|divully + | Vu [ 0D])1 + [|7[0D]1

+C®,p) 0D 2—1/pp ) (yl5 () 2,

where C(D,p) > 0 depends only on ® and p. (Note that |E;(y)| < €ly|~2 and
ly| 72 < €(9) ( |y|ST(y))71 fory € BS; see Lemma 2.4.)

Proof. Take j € {1, 2, 3}, y € B§. Observe that
(513) |y - 192:| Z |y| - Sl Z (1 - Sl/S)|y| >0 for z€ BS17 (S [07 1]

In view of Lemma 2.15, we may conclude that the term 3,(y, ¥z) is continuously
differentiable with respect to ¢ € [0,1], for any z € Bg, and k € {1, 2, 3}, with
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obvious derivatives. Therefore we may define

5 (y)
k,s= 1

(2
—Z/ 0sEa;(y — 92) dﬁzsdivu(z)> dz

+/ ( / axSBJk(ya )|w ﬂzdﬁzs
9 k,s= 1

X Z —Oiuk(z) + S m(z) + 0 €p(ur)(2)) nl@)(z)

/ 83353]/@(247 )\w ﬂzdﬁzSFk( )

1
— Z/ O0sE4j(y — 92) dV zs uk(z)n,(f))(z)) do,

+/}DZ<31<E4J —2) €y (ur)(2)

k=1

1
+Zl/0 075351 (Y, ) o - AV 24 ((T@l —w % 2) V&, (ug)(z)
o x (€000 s — Aep<uk>(z>)) oz,

where the extension operator &, was introduced in Lemma 5.1. We further set
B = / Fi(z) dz + / —Opun(2) + O m(z) + 01€,(ug)(2) ) nl@)(z) do,
Bs, ek 1= 1

—l—/@((Tel —wx z)- V& (ug)(2)
+w % (€(u)(2)) oy ) — At‘fp(uk)(z)) dz.

Then, referring to (4.17), (4.16), (5.1), and (5.2), we obtain (5.11). By (5.13), the
choice of €, in Lemma 5.1, and (2.22), we further find

(5.14) 3;(0)] < €(S,51) (yls-()) ™" (IF I + | V| 9D])1 + || xl0D)x

3
+ 3 (I9€, () |9 + 1€ (we)lz1))
k=1

e(..$1) Iyl = (leivull + [lulo] + 5 &l ).

k=1

Inequality (5.14), Lemma 2.4, and (5.7) imply (5.11). O

Finally we use (4.17) in order to obtain a representation formula for weak solutions
of the stationary Navier—Stokes System with Oseen and rotational terms.

THEOREM 5.5. Let u € W,h! (@ 3N LS(D)? with Vu € L*(D)°. Let m € L*(D),

pe(l,00), g€ (1,2), and let f : D +— R3 be a function with f|Dr € LP(D7)? for
T € (0,00) with ® C By, f|Bg € LY(BE)? for some S € (0,00) with ® C Bg.
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Suppose that the pair (u, ) is a weak solution of the Navier—Stokes system with
Oseen and rotational terms, and with right-hand side f, that is,

/_ (Vu-th—F(T(u-V)u—FT@lu—(wxz)-Vu—l—wxu) ~<p—|—7rdivgp) dz
5

:/ﬁcf-tpdz for ¢ € C(@D°)3,  divu = 0.
Then
(5.15) uj(y) = R (f = 7(w- Vu)(y) + B;(u,7)(y)

for 5 € {1, 2,3} and for a.e. y € D°, where B (u, ™) was defined in (4.16).

Proof. Since u € L5(D)? and Vu € L?(D)?, Holder’s inequality yields 7 (u-V)u €
L3/2(D°)3. It further follows that the term 70yu(z) — (w X 2) - Vu(z) + w x u(z),
considered as a function of z € Dr, belongs to L?(Dr)? for any T € (0,00) with
®© C Bp. Therefore, putting

F(z):= f(z) = 7 (u(2) - V)u(z) — 7ou(z) + (w x 2) - Vu(z) — w x u(2)

for z € D°, we see that F|Dp € L™{P:3/2}(D1)3 for T as above. Thus, considering
the pair (u,7) as a weak solution (in the sense of [20, (IV.1.3)]) of the Stokes system
with right-hand side F', we may refer to [20, Theorem IV.4.1] (interior regularity for
the Stokes system), to obtain that

uDp € W2RMMP32Y D3 @0 e WP D) (T as above),

oc oc

—Au+Vr=F, andhence L(u)+Vr=f—7(u-V)u.

As 7(u-V)u € L32(D)3, we now conclude that L(u) + Vr | Dp € Lmin{p3/2} (D)3
for T as above, so (u,m) € Muyinfp3/2}- The preceding observations mean that
the assumptions of Theorem 4.6 are satisfied with p, p; replaced by, respectively,
min{p, 3/2} and ¢, and with ps = 3/2. Thus (5.15) follows from Theorem 4.6. a
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Asymptotic properties of the steady fall of a body
in viscous fluids

S. Nedasova®!

Mathematical Institute of Academy of Sciencies, Zitnd 25, 11567 Prague 1, Czech Republic
Communicated by W. Wendland

SUMMARY

The paper deals with the properties of the steady fall of a body in linear fluids (Oseen and Stokes
cases) and in nonlinear fluids (Navier—Stokes fluids) in L? structure. Copyright © 2004 John Wiley &
Sons, Ltd.

KEY WORDS: steady fall of a body; motion of a rigid body; Stokes problem; Oseen probiem; Navier—
Stokes equations; Coriolis force; translational and rotational steady fall

1. INTRODUCTION

The problem of the motion of a rigid body through a liquid has attracted the attention of
several scientists for over a century. We would like to mention works of Kirchhoff [1] and
Lord Kelvin [2] regarding the motion of one or more bodies in a frictionless liquid. We wish
to mention the work of Brenner [3] concerning the steady motion of one or more bodies in
a linear viscous liquid in the Stokes approximation, further the works of Weinberger [4,5]
and Serre [6] regarding the fall of a body in an incompressible Navier—Stokes fluid under
the action of gravity. In the paper of Weinberger [4] an existence of weak solution in the
Navier-Stokes fluids was proved and it was shown that the existence of the steady fall in the
Stokes flow can be obtained as a limit of the Navier-Stokes solutions. Also the variational
properties of the steady fall in the Stokes flow were studied in Reference [5].

The work of Galdi and Vaidya studied the translational steady fall of symmetric bodies in
a Navier-Stokes liquid, see Reference [7]. We would like to mention the work of Childress
[8] here. He studied the uniform, slow motion of a sphere in a viscous fluid and he examined
the case where the undisturbed fluid rotates with the constant angular velocity @ and the axis
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of rotation is taken to coincide with the line of motion. The various modifications of classical
problem for small Reynolds number are discussed. The analytical result is a correction to
Stokes’s drag formula, valid for small values of the Reynolds number and the Taylor number
and tending to the classical Oseen correction as the last parameter tends to zero.

In the work of Saffmann [9] we find an estimate for the lift. In the work of Maslennikova
[10] the uniform rate of decrease for large time with respect to x € kj, of the solution of the
Cauchy problem for a linearized system governing the motion of a rotating viscous fluid is
obtained for the case of two space variables. She obtained a time decay of O(1/£?) for the
velocity vector v(x,7) and a time decay of Of1 1) for the pressure function P(x,7). We also
mention the work of Hishida [11] here. He was interested in an existence theorem for the
Navier—Stokes flow in the exterior of a rotating obstacle. He proved that a unique solution
exists locally in time if the initial velocity possesses the regularity 172,

In the work of Gunther er al. [12] we find formulas for computing hydrodynamic forces
on a submerged rigid body under assumption that the governing equations for the fluid flow
are the steady Navier—Stokes equations. Also of related interest is the case when the body
moves by self-propulsion—a subject recently treated by Pukhnachev [13,14], Galdi [15-19].
Self-propulsion is a common means of locomotion of macroscopic bodies in fluids—motions
performed by birds, fishes, airplanes, rockets and submarines. In microscopic realm, many
minute organism like flagellates and ciliates move by self-propulsion. The main feature of this
type of problems lies in the fact that the mechanical system is constituted by solid and liquid
so that the motion of the one influences that of the other. Among the many applications that
this study may lead to, an interesting one is sedimentation of particles in a quiescent viscous
liquid. Here, a homogeneous, symmetric part ropped into the liquid under the action of
gravity. After a certain time, the particle will eventa ach an equilibrium orientation with
respect to gravity. This orientation depends on vsical properties of the liquid and the
particle. For instance, if the liquid is viscous and 1an, and the particle is a homogeneous
body of revolution around an axis a with mmetry {like prolate or oblate spheroids
of constant density), the particle will alwavs reach an equilibrium orientation orthogonal or
parallel to the gravity, depending upon whether the particle is prolate or oblate in shape—no
matter what its initial orientation is, 1 quid 1= viscoelastic, the same particle will reach a
different orientation, depending on the balance hetween the elastic and inertial properties of the
fluid see Reference [20]. Mathematical models describing the sedimentation and consolidation
of solid-liquid suspension under the influence of gravity are of great importance for a variety
of application such as wastewater treatment. mineral processing, chemical and civil engineering
see References [21,22].

Global existence of weak solutions for viscous non-steady incompressible flows was studied
by many authors see References [23-27], etc. The problem with rotating fluid where Coriolis
force plays important role was intensively studied by Babin ef al. [28-30], etc.

We consider the fall under its own weight of a bounded connected rigid body in an infinite
Navier—Stokes fluid which is at rest at infinity. We say that the falling motion is steady if the
velocity and pressure of the fluid in a co-ordinate system which is attached to the body are
independent of time. Such a motion may be a limit of a class of unsteady falling motions. We
prescribe the shape and downward orientation of the body. We think of the body as a hollow
one inside which we are free to move masses about. We seek a position of the centre of mass
which will result in a steady falling motion with the given downward orientation. In general,
the body must undergo a rotation about the vertical axis as well as a translation in this motion.

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl Sci. 2004; 27:1969-1995
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The velocity at infinity in this moving co-ordinate frame is —[U + @ x r], where U and »
are linear and angular velocities of the body relative to a Galilean frame. Since the flow is to
be independent of time, U and « must be constant. These two vectors are to be determined
by equating the viscous force and torque on the body to the force and torque due to gravity.
The viscous force must be constant. The direction of the gravitational field g in the moving
co-ordinates will rotate about the w-axis, so that the force is not constant, unless w is in the
direction of g. We have @ = 4g, where 7 is a scalar constant and g is a vector which is fixed
in the body.

Since U and o are constant, the difference between the velocity and its limiting value
—[U 4+ wxr] will also be independent of time in the moving co-ordinates. We call this
difference u(x). Its components u; are the components of velocity in Galilean co-ordinate
system resolved along the co-ordinate directions of the moving co-ordinate frame.

The steady Navier-Stokes equations has the following form:

pl(u—U — g xr)Viu+ipgxu+Vp— uAu = pg

1
V-u=0 )

Equations (1) are to hold in a fixed domain § which is the exterior of a closed bounded
connected set B C R3. The constant vectors U and /g are to be determined from the equilibrium
conditions:

/ fdS=m'y
o 2
fxrdS=m'gxr
B
and with a condition on boundary
u(x)=U(x)+ igxx, xedfl ()
and with the behaviour at infinity
lim u(x)=0 (%)
jx] = o0

where m’,r are the mass and the position of the centre of mass of the mass distribution on
B and f;=0;n; is the surface force per unit area on B. We are interested in the case given
g.mt’, find 7' such that there is a solution u of (1) with a condition on the boundary and
hehaviour at infinity given, respectively, by (), (xx) as well as the equilibrium conditions
{2} hold.

First, we would like to mention some analytical results. Then we show asymptotic properties
of the Stokes and the Oseen problem when we take into account the Coriolis force (we
extend results from paper [31]). We obtained that the Coriolis force gives us more regularity
in components of velocity if there is no rotation. Moreover, we prove the existence of the
solution of the Navier—Stokes equations under smallness of data. Finally, we are interested in
2D and 3D cases when we also include term (@ xx)- Vi, which the rotation effect brings.

Complementary comments: The mathematical study of the flow of viscous fluid around a
three-dimensional obstacle and flow past the obstacle was the subject of many papers. The
existence theory of solutions with a finite Dirichlet integral (D-solutions) for both problems

Copyright ©: 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:1969-1995
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is well known, see Reference [32]. In Reference [32] it was also'p
approach their limits at infinity pointwise. In 1965 Finn introduced the
(physically reasonable solution), i.e. solutions satisfying: the relation

()] =0(x]™") if te=0
[0(x) = Vo = O(Ix[71777) if 0 0

where ¢ may be arbitrary small. In the case of the flow past the ¢bs
proved by Babenko [33] and Galdi [34] that every D-solution 15 PR
References [33,34] the asymptotic behaviour of solutions was investigal
a wake region behind the obstacle was shown. The unigue:
under additional smallness assumptions, see Reference |

The first complete treatment of existence and uniguen
domain is due to Faxén [35], who generalized the metho
for the problem [36]. Here we would like o mens
of solution of steady Navier-Stokes equati
exterior domain were proved. The Useen piot
Babenko [33] and we can find the expanded
on behaviour at infinity of the Oseen problem were
[39]. Existence and uniqueness results for three
Sobolev spaces with weights reflecting the dex
proved by Farwig [40,41]. A boundary int
The first existence and uniqueness theorem
€ is due to Borgio [53], for Q a ball ln &
explicit form of the Green’s tensor. The |
case can be found in the work of Odgyi
problems can be found in the books-of
In 2D case of the Stokes problem we
Noll [44] and Chang and Finn [39]. We
Hsiao and McCamy [47]. For the Stok

, ra 145 46} and
e in xwlefht‘ed function
. Pileckas [48].

& eguipped with the norms ||+ o, .
szl Sobolev spaces with the norms

3)

where o ={ay,0,...,0 ) denotes the standard multi-index, see References [52,54]. Further,
we define the homogeneous Sobolev spaces D™ 4{E*]

D"i() = (D)

Copyright © 2004 John Wiley & Sons, Ltd. Math. - Meth. Appl. Sci. 2004; 27:1969-1995
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equipped with the norm |[V+[|,,—; ,. Denote by S(R") the space of functions of rapid decrease
consisting of element u from C>(R") such that

sup (.. ™ Dﬂu(x)I)<oo
cER

for all yy,...,7,>0 and |$]=0. For u€ S(R") we denote by # its Fourier transform

é)= (2—7:577—2 /Q e y(x) dx
where i stands for the imaginary unit. It is well-known that /i ¢ S(R") and that, moreover,
)= s [ i
Given a function ®:R"— R, let us consider the integral transform
Tuzh(x):@#/w e D)) dy, ueS(RY) 4)
We define the homogeneous Sobolev spaces

HPIYRT) = {u:R" — R measurable, u,d;ucL? (R")0;iCue LYR") for i,j=1,... N}

loc

We choose any ) # Gy CR” and define
AR, Gy) = {ue AR | udx= / Oudx=0 for j = 1,...,;1}
4Gy Go

with norm

¥
n
wm¢%:<zgmamﬁ +

L=

/GudeJFZ

i=]

|
/ Gt dx{
Go
We define #29(R", 1, Gy) by
H>IR"1,Gy) = {z¢e=7/72’q(R”): veL? (R"),Vve LY (R")" and vdx:O}
J Gy

where g* = ng/(n — g) with norm llull2,4 (for more details see Reference [497).

Lemma 2.1
Let @:R"— R be continuous together with the derivative ¢"®/0¢,...0¢, and all preceding
derivatives for |&]>0, i=1,...,n. Then, if for some pef0,1) and M >0

o ®
ok ogk

G BB o <M

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:1969-1995
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where K; is zero or one and K=>_ | k;=0,1,...,n, the integral transform (4) defines a
bounded linear operator from LY(R") into L'(R"), 1<g<oo, with 1/r=1/g — f and further
we have ||Tul|, <cllull,.

For more details see Reference [50].

Lemma 2.2
Let Ge C"=Y(R"™\{0}) (n=2) be such that

A= sup (1+[EDHe=2D*G(o) < =
o) Sm+n—1,EERN {0}

Then G e C"(R"\{0}) and there exists ¢, , >0 such that for all 0#x < B, (by B; we denote
the ball with radius 1 and by BY its complement)

|G(x)] < cpndlxP™" if n23
IDPG(x)| < CpndlxP"F if 022, 0<|Bl<m
Furthermore, for x € BY, n>2 and 0<|fl< m,
IDPG(x)| < Cppdix)!—H 18

Proof
see Reference [51].

We are interested in the strong L? solution of —&u = 7 in the whole space.

Lemma 2.3
Let n=2 and let 1 <g<oc. Let B Gy C CR® Then

~ A AR, Gy = LAR™)
is a continuous bijection and with ¢, it holds
g <cgllAu, for us H (R Gy)

Moreover, let n=2. In case n=2 let 1 <g<2 and in case n23 let n/2<g<n. Let § £ Gy CC
R". Then

CAATHRT LGy — LR
is a continuous bijection. With C(n.¢)>0 and ¢, >0 it holds

IVu

o + 2,y <(C + Dey | Au,

for all ue[flz’q(R”; 1; Gy). Finally, let n=3 and let 1 <g<n/2. Then
~2.q9 N N

~NH (RN = LIR™)

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth: Appl. Sci. 2004; 27:1969-1995
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is continuous bijection and it holds

o+ by <(c+ Deg|Aull, for all we AR

l[eellg=-
where g* =nq/(n — q) and ¢** =ng/(n — 2q)

Proof
See Reference [49].

3. ANALYTICAL RESULTS

Childress was interested in the slow motion of a sphere in a rotating, viscous fluid with the
angular velocity € and he assumed that the axis of rotation is taken to coincide with the line
of motion. A sphere of radius « moves with speed U along the axis of rotation and is free to
rotate about the same axis. An approximation description of the flow pattern which is valid in
the asymptotic sense for small values of the Reynolds number Re = Ua/v and Taylor number
Ta=Qad?/v, is sought. Such an approximation can be obtained by expansion with respect to
Re alone, with a new parameter

a=2(Ta/Re*)=2(v/U?) (5)

held fixed. The principal results of the present investigation may be summarized as follows.
If D is the drag experienced by the sphere, and if w is the angular velocity of the sphere
relative to the fluid at infinity, then the expansion with respect to Re are

D/6mpvUa =1+ A(a)Re + o(Re) (6)
w/Q = y(2)Re + o(Re) (7)

where the functions A(x) and y(o) are given by the definite integrals

1
(o) = % / (2 + 4ia0)'? + (7 — i)} 32 — 1) dr
0
(8)
S
y(x) = g—; / {(#% + 4ior)'? — (£ — 4iar)' 2} (3P — 1) de
JQ

It was found that the effect of rotation are two-fold. First, there is near sphere an added
acceleration caused by the Coriolis force. This acceleration is O(Ta) and therefore is here of
higher order and the non-linear effect is O(Re). Secondly, in the outer flow field, a distance
O(Re™") from the sphere the Coriolis term is of the same order of magnitude as the viscous
and convective terms and the perturbation caused by the sphere is consequently altered.

The equations appropriate to the physical problem in dimensionless notation with the ref-
erence velocity U and length a are

ReqVq+Vp+2Tae, xq—V?g=0

g0 9)

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:1969-1995
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Since the sphere is free to rotate about the axis of symmetry, the boundary conditions are

g=(aw/U)e; xr when r=(x*+ 1> 4+25)"2 =1

(10)

g=e;, p=0 whenr=x

In the above, the co-ordinate system moves with the sphere, and rotates with undisturbed
fluid so that the term in (9), containing 7 has its origin Coriolis force experienced by a
fluid element.

The quantity p is defined by

p=(a/pvU)[p" — L pQ2a*(3* + 2%)] (1)

where p* is the pressure. In (10);, w is the dimensional angular velocity of sphere relative
to the rotating co-ordinate system. This parameter is not known in advance but it will be
determined (as a function of Re and Ta) by the requirement that the torque on the sphere is
zero.

Childress considered the inner and outer expansion in Re, having the following forms:

q(r;Re)=qo(ry+Regiri+aiRe)n  (1€r<o0)

byt py e (12)
q(r;Rey=e, + Reg{(F) +oiRe} {7F>0)

-

where in (12), the outer variables ¥=xRe. 7= 1Re, Z=:zRe are used. Expansions for the
pressure are similar. If «>0 inner and outer expansions of axial vorticity n, 7=e;-V x g, of
the respective forms

n(r;Re)=Re*miri+ olRe )t 11<r<n0)

. Lo (13)
n(r;Re)Re =Re  iiiFy—~pife . ir>0

st

must also be considered.
The leading terms ¢o, po can be shown to be solutions of Stokes’s problem
Vg~ \7245 =0  Vogy=0
gp=0 when r=1 (14)

po=0, go=6 whenr=m

In particular, the matching -conditions {14} are unchanged by rotation to this order. The
inner boundary condition (14), states that the sphere does not rotate differentially to this order.
The first-order outer terms ¢’, p’ satisfy the Oseen equations, containing now the Coriolis term

6q! =y iy =
=5+ Vp tagxg—-Ng=
EE: Vp +ae xg g =0 (15)
Vog=10
The outer boundary conditions are
¢'=0, p'=0 whenr7F=x (16)

and there is in addition a matching condition at 7=+
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They require that ¢’ has at #=0 the singularity of a ‘fundamental solution’ of (15) and
(16) corresponding to a force equal to the Stokes drag of the sphere. Such a solution may
be obtained formally by solving (15) and (16) with the right-hand side of (15); replaced by
—618(F)e;. The precise matching condition states that a certain part of go, which dominates
this term in some intermediate region where matching condition is applied (overlap domain),
is cancelled there by a part of e; + Re¢’. The common part of these two terms may be shown
to be equal to a fundamental solution of the Stokes equations, corresponding as before to
Stokes drag. If we denote this common part by 4, the matching condition then states that
e; + Req’ — A, which is bounded when 7 is small, i.e. in a region where the Stokes equations
approximate the Oseen equations. The physical meaning of this is that in the overlap domain
the sphere has the same effect as a point disturbance.

The inner terms of order Re satisfy

Vpi =V =q0-Vqo, V-q1=0 (17)
The matching condition is obtained by writting

ey +Req —A=Re{B(a)+o0(1)} as7—0
3 <e1 X (18)
v3)

AIQ]—§

r 2r

where B(o) is also dependent on the direction of 7.
Then it is required that

Jim g1 = B(2) (19)

where the co-ordinates lie in some overlap domain. The condition that the torque on the
sphere vanishes to order Re inclusive implies in the same way as before that the term ¢,
satisfies the null condition

g1 =0 when r=1 (20)
Then he solved it by the Fourier transformation. He got

1 ibr
q’:%/e‘l" T(k)dk

1 e
pl - w /elk} H(k)dk

. 21
L(k) = —6r | 01 = R 4 k1) — ol (k x 1) @)
2+ ik PR+ 2K
i
k) = k2[6mk; + ok x e1)-T'}
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He showed that:

(i) ¢’ plus 67 times the fundamental solution of the Stokes equations is bounded in a
neighbourhood of origin;
(ii) the boundary conditions (16) are satisfied;
(iii) the terms in (15);, (15), exist and the equations are satisfied when 7> 0.

Also he calculated the Stokes solution (4 — e;)/Re by

ikIls + ks = —6m e,

22
k-Ts=0 (22)
We can find the constants M, N such that, for >0, 0 <k <0,
M
. g P
A Sy
N (23)
— | € ———
=11 < e
Now, we define
1 / (T —Ix)e* dk =B(x) + o(1)
87[3 Jws
. 24)
(ég) / ey - (k x T)e* dk = C(x) + o(1)
m3
as 7 -+ 0. In the limit there is obtained
3 (k2 — k) (ik kY — B2+ uk?) )
{ = e = d}{ —
By =egm / (K2 + 1h)KS + o2k2K |
3i ky(k? — k) ;
)= "z (s R
CO=32% | Trmprarn
(25)

a2 T 115 ] 49 1
B ' 40 o 1408 22 39936 o

Ala) 7

V2 (751 35 1 45
616 « ' 4992 2 28160 x

1
X(“)=~——5ﬁ 7+> for 4a>1

It is interesting to note that, for sufficiently small values of =, the effect of rotation is actually
to decrease the drag, the minimum occurring for z=0.175 approximately. The behaviour of
(o) near o =0 is given by the expansion

o) = -2— + 3062 log o + O(«* log ) (26)

The limit-process expansions (12) and (13) have been introduced there with the specific
intension of finding how the rotation of the fluid affects the classical Stokes flow. Therefore,
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in a definite sense the present theory is of ‘higher order’ and the effects calculated are in the
same sense ‘small’ effects. The relation between the Stokes and the Oseen flows is such that
arbitrary small rotation alters the perturbation at large distance. The freedom which we have
in the choice of Ta(Re) and the stretching of the co-ordinates appear to offer more than one
possible form for these results. They investigated this question in physical terms by reducing
all small terms to the role of forcing terms in the Stokes’s problem. In order to examine the
effect of the Coriolis force we may assume that « is large. Then the approximation can be
made in the inner problem as well, so that with no further restriction on 7a the governing
equations may be taken to be

Vp+2Tae, x g —Vig=0, V.g=0 27)

For these ‘Stokes’ equations, the results are true for Tu small. In case of non-small 7a the
effect of the Coriolis force is of order unity over the inner flow field and our equations must
be solved with the boundary condition on the sphere.

4. ASYMPTOTIC PROPERTIES OF THE NAVIER-STOKES EQUATIONS
IN THE PRESENCE OF THE CORIOLIS FORCE

First, we give the summary of results from paper [31]. We shall begin with the simplest
situation, a steady, indefinitely slow motion occurring in the whole space and in an exterior
domain where the Coriolis forces are presented.

4.1. Stokes problem in the whole space

We are interested in the Stokes problem with the Coriolis force in the whole space in R*:

AU+ lgxu=Y
HAU T Ag xu p’*"f} in R (28)

divu=20
Let for simplicity g =e,.

Theorem 4.1
Given feL!(R’), 1<g<oo, there exists a pair of functions u, p with u,u; € LY(R3),
ue D>4(R®), Vp e L(R®) satisfying the Stokes problem (28) and moreover

ltlo.g + | Plg + llnlly + lluslly <1l £ 1l (29)
Also, if 1<g<3
il + 2l 36—y + g + 1 Phg < f Nl i=1.3 (30)
and if 1 <g<3
(til1q + il + lualsgia-ag) + l2li3g10-g) + 1o + | Phg < f sy i=1,3 (31)
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Proof
Applying the Fourier transformation we obtain the system of algebraic equations

2

Efi + 16 p(E) + Ay = f1
By +i&p(E) = f

p2n L s aren s A (32)
s +iés p(E) — M = f,
iémﬁm = 0; m=1i,... .3
Solving the system we get solution (i, p) in the following form:
9 (C +/C1€3)(f1 _"E ’&\A 53:){ ﬁwz_‘-}:»zfp‘n) -
U= ST T (33)
T sWE+ L)
RN e
. MS &¢ &+
= A s{_),(l — (34)
2EHEE A
p= C’"{;n _ /'4(51&%;532}5} 35)
e g
" /;:\J_ 1&2 ij ;; *';-{:; 53 B | &%’
h=%-w\G2 = j (36)

Applying the Lizorkin theorem we get the desired existence of solution. For more details
see Reference [31]. O

4.2. The Oseen problem in the whole space in B

Now, we investigate the problem
: } in & (36)

Let 0=e3, g=es.

Theorem 4.2
Given fel(R"), 1 <g<oc, there exisis a ;}zm of ﬁmctz@m (1. p) with uc D*9(R®), Vpe
LI(R), wy,uz € LI(R®), Guy/xa, Cuz/Exz, Cuiz/Cx: € LR ), satisfying (36) and (36)". Moreover

|

Cu Ouy Cuis

E . +} E_X,' , + 53(1 ]q + Qll; }Eq + ’{izuﬁiq + p‘iaz -+ im?.tg Stﬁf%;q (37)
Further, if 1 <g<4 then
ou Ou; .
I Tl T lltillg + luali agra—gy + | Pllg<cl Sl i=1.3 (38)
2llq OXilg

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:1969-1995




o

ASYMPTOTIC PROPERTIES OF THE STEADY FALL 1981
Also, if 1 <g<2,i=1,3"

|
15

ou

F luily A T2 lagia—g) + [uilg + |12l agiamg) + [ Plig + [ulag < £l (39)

Proof
Applying the Fourier transformation we get the following systems of algebraic equations:
(& +16)m () +1& BE) + 2i3() = £(8)
(& +i&)i(E) +1& p(E) = £(¢) (40)
(& +i&)is() +i&p(E) = 2(E) = A(E),  iuiln=0 m=1,2,3

which has the solution (4, p)

~

‘:: 5}77 f,'n )

. (ENE G = 288) (€ jﬁ Glnfy) — ME+ (&

3 V 41
E3EN + (B2 +15)2E4 — )22 (4D

fix (é + E%)(/‘Q f[ - ACI Cmﬁ,,) + /gl §3[C fé /~€11153Ji;)
i GG+ E+EE+ G (2 +1i&)28 - 0828
(42)

oy Sl = MG - &l
p() = Sl (icff J (43)
ia(ey= Sh = Sy | Maalais = &in)) a4)
o SHE2+1idy) (& +i8)
Now, applying the Lizorkin theorem we get our theorem. |

4.3. The Stokes problem in an exterior domain

The aim of this section is to extend the theorems proved in Sections 4.1 and 4.2 to an exterior
domain (.

Let us begin considering the Stokes problem in an exterior domain § of class C "2 m=0,
with data /'€ Cg°(2), v, € W"F214(0Q)), vy #0. The governing equations are

_A‘, ﬂ:v
v+ mxu P+ f im0 (45)
Vo=0
vlpo =, 45y

lim vy 500 0(X) = 10

Theorem 4.3
Let €2 be an exterior domain in R? of class C"*2, m>0. Given f & W™ 1), v, € Wrt2—lieg
(), 1<g<3 5» Dso € R® there exists one and only one solution v, p to the Stokes problem
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such that

Ui U € W"""(Q)“{ g [D“""(Q)mD’*z"’]}, i=1,3
=0

Uy — U, € Wm,3q/(3—2q)(ﬂ)ﬂ{ ﬁ [DHLSq"G“q)(Q)ﬂD1+2’q]} (46)
=0

pe ) DFQ)
=0

Moreover, v, p satisfy

“Ui - Uioc“m,q + ||U2 - 020011)71,3(1‘»’(3—2(1)
+ 3 {lvilierg F v2llis13g6—g) + [Plisag + [ Plis1g}
1=0
<C(H,fum,q + ”U* - Uoc%ém—%'ﬁ—i;’q@.ﬁf?) (47)

where ¢ depends on m, n,q,§). Moreover, let f €L'(2). Then for x € B; (by B; we denote the
ball with radius 1 and Bf its complement)

p—-1

00| < el )
IDPo(x)| < cmaix] ™ P, 0<iBi2
and for xe By, 0<f<2
IDPu(x)| <cpnlx| T3 F (49)

Proof
The existence was proved in Reference [31]. Now, we investigate the asymptotic behaviour
of solution. From (33) and (34) it follows that

5 El+1 4 .
1Uitoc<'(";‘gl‘:£“+_ﬁ}f5x, i=1,3 (49)/
From (36) and (36)" we obtain
n I I PR
AIESES (:5(4 . 1)}]( lol€l =3 (49)"
S

Applying Lemma 2.2 into (49) and modifying Lemma 2.2 and applying to (49)” we get
(48)—(50). By modification we mean that instead of term

A= sup (1+1ENHE2D*G(E)| <00
Jo| <m+n—1,E€RN\{0}

we use term
A= sup (14 [ED*2P1E =2 1D*G(&)| < 0 O

lal <m+n—1,E€ERM\ {0}
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4.4. The Oseen problem in an exterior domain

Let us begin considering the Oseen problem in an exterior domain Q of class C™2, m=0,
with data f € C(), va #0, v, € W™ 2-1a_ The governing equations are

ov

—Av+gg+a)xu:Vp+f in O (50)
V=0
Vo = v, '
lim v=ruvy (50)
Jxl—o0

be an exterior domain in R® of class C"*2, m>0. Given fewmi(Q), v, e Wmti=lagq
21, 1<g<2, vy €R, there exists one and only one solution v, p to the Oseen problem
¥ that

Uy — Uy, € W'ﬂ,q(Q)m { ﬁ [D[H’q(ﬂ)ﬂD“’z’q]}
1=0

vy = v, € WD) { N {D’+2=‘7]}
=0

~

S (51)
0xsy

g c Wm,4q,/(4—q)(Q )
axy

pe () DHQ)
[=0

Moreover, o, p satisfy

01 = Voo, llmg 4 192 = Vs, [lm, 20/2— )

~

m (]v
+ Z{f“ffm,q + F) : + [0lr42,4 + fplm,q}
I=0 Xe 111, 4g/a—q)
gf’(”f”m,q + ”L’* - Uoo”mal—z—l/'q,qﬁﬂ)a i [= L3 ' (52)

where ¢ depends on m,q,n, ). Further, suppose that /'€ L'(Q2). Then for x € B, (as before by
&: we denote the ball with radius 1, and B} its complement)

Iv(x)l < Cm.nixi_l (53)
IDPo()| < cpulx|™'F, 0<|p1<2
and for x € BY, 0<f<2
IDPu(x)| <y olx| 2P (54)

“opyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:1969-1995




1984 S. NECASOVA

Proof
The existence was proved in Reference [31]. Now, we investigate the asymptotic behaviour
of solution. From (41) and (42) it follows that

:2
lbzix\(] 14’H)1f[x, i=13 (54Y
Equation (44) implies
z2
ol < g 122 4"

Applying Lemma 2.2 to (54) and modified Lemma 2.2 to (54)” we get (53) and (54). By
modification we mean that instead of term

Aim sup (1+1EDYE 21D G (&) < o
lal <m+n—1.¢eRN\{0}

we use the term

Aim s (DGO < 0
al <m-tn—1,E€RM

4.5. The Navier—Stokes equations

Now, we are interested in the Navier-Stokes equations with the Coriolis force. The problem
reads

-Av+v-Vo+oxv=Vp+
v4+v-Vo4+o p f} 0 (55)
V.-v=0
U,CQ = Uy (55)/

im0y oe = Usc

Theorem 4.5

Let  be an exterior domain in Rof class C"*2, m>0. Given f € W™9(Q), v, € W+2=114:9(oQ)),
1<g<2, v €R? there exist constant f§,4 depending on m,dQ such that if 0<|vs] <4,
[flnq<p, then problem (55) and (55)" admits a unique solution v, p to the Navier—Stokes
equations such that

U — Uy, c Wm'd(Q)ﬁ {ﬁ [D/J«»].,q(Q)mDH-Z.q]}
=0

: m
Uy — Uy, € Wr11,2C1;(2—11)(Q)O { ﬂ [D['FZJ]]} . i=1.3

=0

ja)

(56)
oy c Wm.4qx‘(4-q)(Q )

P e ﬂ D[+I,q(Q)
=0
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Moreover, v, p satisfy

Hvi - Uoc,“m.q + HUZ - Uoc; m,2g/(2—q)

m 57/‘2
+2 lvilng + |3 +0l12,g + | Plivig
=0 OXe 1), ag/¢4—g)
<C(Hme.,(] + ”l/* - Uoo[[nz+2—i,"q.q.f'52)> ia = 133 (57)

where ¢ depends on m,q,n, (). Further, suppose that /< L'(Q). Then for x € B,

]U(.Xf)[ < Cm,n]xiul (58)
[Dﬁv(x)i < Cm,n]xlnlﬁﬁv 0<|fl<2
and for xe Bf, 0<f<2
IDPo(x)| < Conlx| P (59)
Proof
Defining u=0v — v, we rewrite our problem into the Oseen problem
—Au+v, Vut+wxu=Vp+F .
U+ v Vi vu Op } O (60)
. u g
ulen =,
lim w00 =0 (60Y

where
F=f—uVu, u,=v,— 0y
The solution of (60) and (61Y satisfy the following estimate:

~
au

+ [uilg + [2lagra—g) + [til1g + 2l agiacg) F 1 Phg + g <IFl,, =13 (61)

2
0Xo q

Now linearizing problem (60) and (60) to the problem

—Au+ v Vut+oxu=Vp+F : y
Tou=0 } n (60)
Ll],?g)_-_-u*
1
Jim u=0 (60)

where

F=f—-wVw, u,=v, —
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We look for a solution (i, p) to the non-linear system (55) and (55) as a fixed point of
map A" :w—u defined by (60)” and (60)”. Let us define the set Z ={ue ¥, |ully <oo},
Gs={ueW,||ul|y <0}, where

w = ewme)n { (D@
[=0
m
Uy — Uy, € wm29/C=D(0yn { N [D““Z,q]}
1=0

61)
) b

o

It
s

% € Wm.4q/(4—q)(Q)
X
xlue L*=(Q)

Note that &; is a closed, convex and bounded subset of 2 and

+ luily + l2lagia—g) + ltil1g + 2l agiamgy +1Plg +lutlag, =13 (62)

q

llulls =

-

First, we have to show that the map 4" introduced in (60) and (60) is well defined from D;
to &. We have to verify that F € W™9({)). '

1 long <[ flmng + 1w vw}m,qg‘f[m,q + ‘]xlwioc{Dz"V%m,q (63)

Since |w|p, <6 it implies that 4" maps the set @; into itself. It remains to show that .4 is
a contraction in the topology of # . Let us take w;, w;, and the corresponding images though
the mapping u;,u,. Further, let us set w=w; —w,, u=u; —uy, F=F, —F,. One obtains the
following equations:

—Au+ v Vit +xu=Vp+F .
Q 64
V-u=20 } n (64)
a0 = U
/
dim u=0 (64)
x|~
where
F=f—wVw
It follows that
cu .
E + uilg + [ualagio—g) + [til1g + U2l Lagia—g) + 1 Plig + g <IIFllg, i=1,3  (65)
q

and
uly <|wly (66)

Therefore, .4 is a contraction in %, provided that the mapped elements belong to Z;. It
implies since & is closed also in topology of #°, the mapping .4 has a unique fixed point
in the ball Z5. Hence, we have found a unique solution to system (55) and (55). Applying
Theorem 4.4 we get also the asymptotic behaviour. i
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5. THE OSEEN PROBLEM WHICH INCLUDES ALSO TERM (w x x) - Vu
IN THE WHOLE SPACE

We consider the following problem:

—Au+;§’_iz+wxu—(w><x)~Vu:Vp+g

V-u=90 (67)
}I‘im u=20

Applying the divergence on (67); and using the property that the term w x u — (w x x)- Vu
is divergence free (see Reference [11]) we obtain the pressure

p=(A)""V.g

Applying the standard elliptic regularity results, we have

[Pl < c(8)|fls,  1<s<oo. In particular

<
| Plraey < c(s,9)| fls, g finite, provided 1/g=1/s — 1/3
|Plee) < ()| fle, i s>3

It implies that we can consider the pressure as a known function. Let f:=Vp + g. For the
moment we omit the second two terms on the left-hand side. First, we are interested in 2D
situation.

5.1. Two-dimensional problem

5.1.1. Particular problem (P1). We consider the situation in 2D which has the following
form:

Ju
—AM] = -y 6—‘('] + _f]
ouy
—Aup = wx aiyz + /s (P1)
8ﬁu1 (’/iuz —0
ox 0Oy

Applying the Fourier transformation we get the following system:

A (68)
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We rewrite our problem in the following way:

A 2 ~ L2

46; (the [2 wf 9% )= _fj e ];C wE 902

vc2 ¢
~ . 2 ~ i 2 (69)
: S ds "l B de

,\(: (ﬁze_ Jo w5 By _f%_ - o 05

qs Ol

Now, we integrate (69), from & to oo and (69), from 0 to &;,. We get the following
solution:

=2 P 22 A
(&, &) =ela o8 d“/ el o8 déz'f—l
) & wer
58 .2 T . /;
A e ~ P — [T =y — [ == ds —=—ds
(&1, &) = y(0, &) F0 w8 9 pem I oE s]/ ol va 2 g,
0 e

dy
(70)

Requiring limg s 0 0(&, &) =0, it implies that limg, o #2(0,&)=0. From Lizorkin
theorem, see Lemma 2.1, we get the following lemma.

Lemma 5.1
Let i,,4, be given by (70). Then the assumptions of Lemma 2.1 are satisfied and
(1) i,02,=1/2,
(it) &y, f=0,
(iii) by &, f=0,
(iv) by &, f=0,
(v) by &, f=0.
Theorem 5.1

Given g€ LP(R?), V -geL?(R?), 1< p<2, there exists a pair of functions u, p satisfying
problem (P.1) and moreover

~

lllapiomp + 1Pl + || 22| |92
2pi(2—p) 2.p o -
p oy ilp
+1Auly + 1Vl < lgllp + (e + DIV -gll, (71)

with ¢>0, ¢,>0 (see Lemma 2.3).
Proof
Equations (68)~(70) Lemmas 2.1, 2.3 and 5.1 imply (71).

Now, we can go to the origin problem

1 ixEnr ey 45
u(x)= —(27[)”/2 /m.,, e () dE

From Lemma 5.1(i) and (ii) we get that ydu,/0x € L'(R?) and the Fourier transformation
makes sense. Assuming that f = O(|¢|?) near origin it implies that lim,_, u=0.
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5.1.2. Particular problem (P2). Now, we also include the term Cu/dy and consider the
equations

~ ~
cu;  Cu
—Auy = ~wy — — — + f}
Y ox oy S
A -~
Cuy cu
—Auzza)x = —,,—‘f-fz (PZ)
Jdy Oy
~ ~
Uy Cuy
220
ox dy

Applyi’ng the Fourier transformation we get the following system:

~ vz . e
cu,y [l o
_— U -+ fl

= 1 P
0é o wé,
i

P : (72)
R Sl (SN

Y z 2
s weo wer

We rewrite our problem in the following way:

) oo Exidy 3 oo SHiG
A(; - [‘j Tof ds ) = ___fl e -/;: w) ds2
4S] wey

3 5 £-if 3 o &
A(/Z A - [0 ! v 2 ds) ) — f% e" ‘[0 !
¢y WS

(73)

Now, we integrate (73); from ¢, to oc and (73), from 0 to &;. We get the following
solution:

L2

e Eily o L Paidy ;
~ PR . 22 (s . —= dsy
ul(CbCz) e .f;g (O] as / e’ Wy § _.f._l_ d*/.)
& wey (74)
. s P e w2 - I
Ay e N R oo St U0 sl S phs ey )
1(¢1, ) =12(0,&)e e SI/ S —fz dy
0 wer

Since we required that limg, ¢, 0 #(&1, &) =0, it implies that limg, .. #2(0,&;)=0. Apply-
ing the theory of multiplier we get the following lemma.

Lemma 5.2
Let 4,1, be given by (74). Then the assumptions of Lemma 2.1 are satisfied and
(I) 7:\llvi‘l2>/}: 1/2,
(i) &y, =0,
(iii) by &, f=0,
(iv) by i, =0,
(v) by &Gitp, f=0.
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Theorem 5.2
Given g € LP(R?), V-g € (R?), 1 < p<2, there exists a pair of functions u, p satisfying problem
(P.2) and moreover

) Fiph,+ Ju; iy
2p/(2—p) 2.p A A
ox ||, ay i,
+Aul, + [Vphpo-p<liglly + (e + eIV - gl (74
Proof
Equations (72)—(74) and Lemmas 2.1, 2.3 and 5.2 imply. O

Now, we would like to go to the origin problem

1 ixEAL e 1k
”(X):(z—n*);aﬁ" e"a(¢)dé

From Lemma 5.2(i) and (ii) we get that ydu,/dx € L'(R*) which implies that the Fourier
transformation makes sense. Assuming that / = O(|£]?) near origin it implies that lim,_, ., u=0.

5.2. 3D situation

First, we give the formal proof by the Fourier transformation and then we have to verify that
our formal proof is correct.

5.2.1. Particular problem (3D;). We consider the following system of equations:

Au+Vp—(wxx) Vu=g

V-u=0 (75)

As before we denote f:=Vp +g. Applying the Fourier transformation we get the following
system of equations:

e 0

i — o (D) + 2 (G () =

&4y — (,“3 (&1in(E)) + % (&) = f (76)
A n

24, - 523 (G + 5 (Bais(E) =

which can be solved by the method of characteristic. Defining d¢,/dt =&, d&3/dt=~¢; we
solve our ODE system as &, =acost + bsint, {3=ccost + dsint and &(1)=const. with
a,b,c,d are constants.
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We can rewrite our system in the form
b+ (r+ &)= f (77)

with =& + &, where f is periodic with period 27. By the classical theory of the periodic
problem we know that there exists a periodic solution

i ce)= [ Fexplho)ds

S

where & =r + £3. Applying the maximum principle it is clear that this is the unique solution
which is periodic with period 27. Multiplying (76) by 4 we get

l

Assuming that f € L2(R?) we get that |u];,<|/],. From Equation (77) it follows that

il <[ £l

T

1200 < floo

Let f € L(R3). Then limg_,, # = 0 and assuming that 7|&|* € L=°(R?) we have limz 0 =0.
Moreover, assuming that also 0f/0&, € L°(R?) and 0f/0¢,|E)> € L*(R?), we have that be-
haviour of u is O(|x|=2) at infinity and u is O(|x|) at origin, which implies that the Fourier
transformation of all terms of type x,(0u;/0x3), x3(du;/éx,) make sense.

5.2.2. Particular problem (3D,). We consider the following problem:

-~

ou
Au—i—Vp—(cuxx)-Vu—%—&xz-—f (78)

V-u=20

Applying the Fourier transformation, we get the following system of equations:
(& + 862l — 2~ (E1i () + - (E301(E)) = /,
< €21553.11C aé]§3l,“‘1
2 s O s 0 ;
(&7 + 18l — 5 (&182(E)) + - (&i(E) = /o (79)
0¢s o

(&2 +i&y)as —

J .. a .. . P
563(@;713(5)) + a—él(%l&(é)) =/

which can be solved by method of characteristic. Defining d¢,/dt = &;, dé;/dt=—¢;, we
solve our ODE system as ¢, = acost+bsint, {3 = ccost+dsint and &(1) = const., where
a, b, ¢, d are constants.

We can rewrite our system as

e+ (r+ 8 +i&)a=f (80)

Copyright © 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:1969-1995
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with = &2 + &3, where 7 is periodic with period 27. By the classical theory of the periodic
problem we know that there exists a periodic solution

17(51(T),sz,f3(f)):[ Zfexp(hr) ds

v s
[

where h=r + &3 + i&,. Applying the maximum principle it is clear that this is the unique
solution which is periodic with period 27.
Multiplying (80) by & we get

(a2 <| /2 Jil2
Assuming that / € L2(R*) we get that |u|;,<|/]». From Equation (80) it follows that
|l < f
Let f€L>®(R®). Then lime_ #=0 and assuming that f|Z € L(R®), we have limg g
4 =0. Moreover, assuming that also ¢f/6¢; € L>=(R?) and & f/3¢&,|EP € L=(R?), behaviour of

u is O(|x|~?) at infinity and u is O(|x|) at origin, which implies that Fourier transformation
of all terms of type x;(0u;/0x3), x3(Cu;/0x,) make sense.

5.2.3. Particular problem (3D3). We consider

du n _
™ wXu H.f (81)
V-u=290

Au+Vp—(wxx) Vu-+

As before we denote f = Vp -+ g. Applying the Fourier transformation we get the following
system of equations:

é — (&1 (€ — — Ay =
(&7 + i)y (?Cs( xlll(,))ﬁLOgl(%slll(C)) ity = f
A ¢ .o, d .. P
(€7 + 16ty — =z (&112(C)) + = (S312(8)) = £, (82)
0¢3 0¢y
B s B G o . A
(€7 + 1)y — = (&1u3(8)) + = (G3u13(&)) + Aity = f;
0¢3 0¢y
Second equation of (82) we can rewrite in form
fa: + (r + & + i) = £, (83)

with r = &7 + &3, which is linear system of ODE. By the classical theory we know that there
exist a solution that we can express by following way:

(& (D). G0 Ex(0) = [ frexplho)ds

ey
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where & =r+ &3 +1&>. Concerning first and third one of (82) it gives us the system of ODE,
which we can solve by standard method then as before we can look for periodic solution with
period 2.
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Article history: We consider an initial-boundary value problem for the equations of 1D motions of a com-
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1. Introduction

The aim of radiation hydrodynamics is to include the effects of radiation into the hydrodynamical framework. When
equilibrium holds between the matter and the radiation, a simple way to do that is to include local radiative terms into
the state functions and the transport coefficients. One knows from quantum mechanics that radiation is described by its
quanta, the photons, which are massless particles traveling at the speed c of light, characterized by their frequency v,
their energy E = hv (where h is Planck’s constant), and their momentum p = hc—” £2, where §2 is a unit vector. Statistical
mechanics allows us to describe macroscopically an assembly of massless photons of energy E and momentum p by using a
distribution function: the radiative intensity I(r, t, £2, v). Using this fundamental quantity, one can derive global quantities
by integrating with respect to the angular and frequency variables: the spectral rac{iative energy density Eg(r, t) per unit
volume is then Ex(r, t) = % [[Ir,t, £2,v)d2 dv, and the spectral radiative flux Fx(r, t) = [ QI t, 2, v)d2dv. If
matter is in thermodynamic equilibrium at constant temperature T and if radiation is also in thermodynamic equilibrium
with matter, its temperature is also T and statistical mechanics tells us that the distribution function for photons is given by
the Bose-Einstein statistics with zero chemical potential.

In the absence of radiation, one knows that the complete hydrodynamical system is derived from the standard
conservation laws of mass, momentum and energy by using Boltzmann’s equation satisfied by the f,,(r, v, t) and the
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Chapman-Enskog expansion [1]. One gets then formally the compressible Navier-Stokes system
dp+ V- (pi) =0,

- N o =

d(pw) + V- (pu®u) =—V- [T

N - =

0c(pe) +V - (peu) = =Vq—D

f, (1

= > = . . S . 2 =
where [T= —p(p,T) [ + 7 is the material stress tensor for a newtonian fluid with the viscous contribution 7= 2u D
=

- . . = = . ou; au; > .
+AV -u | with3A 4+ 2p > 0and u > 0, and the strain tensor D such that D;(u) = % (%’ + %) q is the thermal heat

flux and F and g are external force and energy source terms.

When radiation is present, the termsf and g include the terms for the coupling between the matter and the radiation
(neglecting any other external field), depending on I, and I is driven by a transport equation: the so called radiative transfer
integro-differential equation discussed by Chandrasekhar in [2].

Supposing that the matter is at LTE, the coupled system reads

dp+ V- (pi) =0,

- 5 o = 2
d(pu) + V- (pu®u) =—V- T =S,

o == (2)

or(pe) + V- (peu) = —Vq— D: T —S,
19 - o . S
fﬁl(r, 6,2,v)+ Q- -VI(r,t,2,v)=S(r.t,2,v),
c
where the coupling terms are

Se(r,t, 2,v) =0, (v,.Q,p,T, c) [B(v,T) —I(r, t,Q,v)] +/f o (r, t,p, 2 -2,V — v)

x i:l (r.t, 2, VI (r,t, 2, v) — o5 (r. t, p, Q-2 — VI (r,t, Q2. v)I(r, ¢t 2, v’)} ds2’dv,

the radiative energy source

Se(r, t) = //St(r, t, 2,v)ddv,
the radiative flux
- 1 o >
Sk(r,t) = — / 2 S:(r,t, 2,v)d2dv.
c

In the radiative transfer equation (the last Eq. (2)) the functions o, and o; describe in a phenomenological way the
absorption-emission and scattering properties of the photon-matter interaction, and Planck’s function B(v, ) describes
the frequency-temperature black body distribution.

Let us note that the foundations for the previous system were described by Pomraning [3] and Mihalas and Weibel-
Mihalas [4] in the full framework of special relativity (oversimplified in the previous considerations). The coupled system
(2) has been investigated recently (in the inviscid case) by Lowrie, Morel and Hittinger [5], Buet and Després [6] with special
attention paid to asymptotic regimes, and by Dubroca and Feugeas [7], Lin [8] and Lin, Coulombel and Goudon [9] as regards
numerical aspects. As regards the existence of solutions, a proof of local-in-time existence and blow-up of solutions (in
the inviscid case) has been proposed by Zhong and Jiang [10] (see also the recent papers by Jiang and Wang [11,12] for
a 1D related “Euler-Boltzmann” model). Moreover, a simplified version of the system has been investigated by Golse and
Perthame [13].

As the multidimensional viscous situation is far from been understood even at the formal level (however see [14] for a
macroscopic treatment of radiation in the astrophysical context, and [15] for the associated mathematical treatment), we
restrict the following to the monodimensional case.

In 1D the previous system reads

pr + (pv)y =0,
(pv): + (Pvz)y + py = Uvyy — (SF)g »
1 1
|:,0 (e + 3 vz)] + |:,0v (e + 3 v2> +pv — k6, — /wvy] = —(Sp)r, (3)
T y

1
EI[ + CL)Iy =S.
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In this preliminary study we only consider an “infrarelativistic” model of a compressible Navier-Stokes system for a 1D
flow coupled to a the radiative transfer equation. As in the model studied by Amosov [16], we suppose that the fluid motion
is so small with respect to the velocity of light ¢ that one can drop all the % factors in the previous formulation. We get then

pr + (pv)y =0,
(pv)r + (0V%)y + Dy = Uy,
1, 1, (4)
0 e—l—iv + | pv e—l—iv +pv — k60, — pov, [ = —(Sg)r,
T y
wl, =5,

in the domain @ x R with @ := (0, L), where the density p, the velocity v, the temperature 6 depend on the coordinates
(¥, 7). The radiative intensity I = I(y, 7, v, ®), depends also on two extra variables: the radiation frequency v € R, and
the angular variable @ € S' := [—1, 1]. The state functions are the pressure p, the internal energy e, the heat conductivity
« and the viscosity coefficient .

In the standard radiative transfer equation, the source term is

S(y,t,v,a)) = Sa,e(}’afa‘)aw)“r‘ss(y; ta V,C()), (5)
where the absorption-emission term is
Sae, T, v, w) = 0q(v, ; p, 0) [B(v; 0) —1(y, T, v, )], (6)

and the scattering term is
sS(y? Tv V, CL)) - US(V; pv 0) [’i(Ys tv V? 0) - I(ys f, U, w)] ’ (7)

whereI(y, 7, v) == % f_ll I(y, T, v, w) dw and B is a function of temperature and frequency describing the equilibrium state.
We suppose that o, (v, w; p, 0) and o5(v; p, 0) are positive functions. We also define the radiative energy

1 (o]
Eg = / / I(y, 7, v, w) dv do, (8)
—1Jo

the radiative flux

1 00
Fr = / / wl(y, 7,v, w) dvdow, (9)
-1Jo

and the radiative energy source

1 poo
(Sp)r == / f Sy, t,v,w)dvdw. (10)
-1Jo

It is convenient to switch now to Lagrange (mass) coordinates relative to matter flow: (y, t) — (x, t). With the transfor-
mation rules [17]: 9, — pdx and 9, + vd, — dx, the previous system reads now

nt:v}(s
Ut = Oy,
1, (11)
e+5v = (ov — q)x — n(Se)rs
t
wly = 1S,

in the transformed domain Q := £ x R™ with £ := (0, M) (M is the total mass of matter), where the specific volume 7
(withp = %), the velocity v, the temperature 6 and the radiative intensity I depend now on the lagrangian mass coordinates
(x,t).Wealsodenotebyo := —p+u ’j—; the stressand by q := —K%X the heat flux, and the source term in the last equation is

S, t, v, @) = 0a(v, ;0. 0) [B(; 0) — I(x, t: v, )] + 05(v: 1. 0) [i(x, tv) —I(x, £, v, a))] . (12)
We consider Dirichlet-Neumann boundary conditions for the fluid unknowns

Vly=0 = Vlx=m =0,
13

{q|x=o = gl = O, (13)

and transparent boundary conditions for the radiative intensity

Ilx=o =0 forw e (0,1)
Ilxey =0 forw € (—1,0),
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for t > 0, and initial conditions

Nizo = 1°®),  vlmo =0°(®),  Olizo =0°®%), on® (15)
and
Ilimo = I(x, v, w) on& xR, xS (16)
Pressure and energy are related by the thermodynamical relation
ey(n,60) = —p(n,0) +6py(n, 0). (17)

Finally we assume that state functions e, p and « (resp. o, and o) are C? (resp. C°) functions of their arguments for
0 <n <ooand0 < O < oo, and we suppose the following growth conditions:

e(n,0)>0, (140" <ep(n,0) <Ci(1+07),

—on (140" <py(n,0) < —Gn2(1+ 6™,

lpe(n, 0)] < G~ '(1+6"),

(140" <np(n,0) < C,(1+60""),  p,(n,6) <O,

0 <p(n,0) < C(1+6M),

(14607 <k(n,0) < CG(1+67), (18)
licy (1, )| =+ lKpy (1, )] < G (14 69),

noa(v, w; 1, 0)B™(v; 0) < Gglw|0*Tf (v, w) form =1, 2,

o.(v, w; 1, 0) < Cog(v, ),

[[(0a),] + 1(@2)al] (v, @3 1, 0) [1 + B(v; 0) + [By(v; 0)]] < Croh(v, w),
os(v; 1, 0) < Ciik(v, w),

wherer € [0, 1],g > 2r 4+ 1,0 < « < r,the numbers ¢, G, j = 1, ..., 10, are positive constants and the functions f, g, h, k
are such that

f.g. he 'Ry x SHNI® R, x SH,
and

k e ™Ry x SHNI®R, x Y,

for an arbitrary small y > 0.
We suppose also that the viscosity coefficient is a positive constant.
We study weak solutions for the above problem with properties

nel®@r),  n €L¥([0,T], *(2)),
v e [°([0, T], L*(2)), ve € L%°([0, T1, L*(£2)), v € L®([0, T], [2(2)),
oy € L®([0, T], [2(2)), (19)
0 € L®([0, T], [*(£2)), 6, € L*([0, T], [*(£2)),
Iel'(2 xRy x SY
where Qr := £2 x (0, T).
We also assume the following conditions on the data:

>0 on2, n°el' (),
vo € L*(R2), vy € L*(£2), (20)
0% e 12(£2), igf@o > 0.

Then our definition of a weak solution for the previous problem is the following:

Definition 1.1. We call (5, v, 8, I) a weak solution of (11) if it satisfies

t
n(x, ) = n°(x) +/ Uy ds, (21)
0

forae. x € 2 and any t > 0, and if, for any test function ¢ € L*([0, T], H'(£2)) with ¢; € L'([0, T], L?>(£2)) such that
¢(-, T) = 0, one has

/ |:¢tv T+ — L@vx] dxdt :/ $(0, x) V() dx, (22)
Q n 7]

/ [(j&t (e + % vz) + ¢y (ov—q) + ¢77(55)R] dxdt = / ¢(0, x) (eo(x) + % vo(x)z) dx, (23)
Q Q2
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and if, for any test function ¥ € H'(£2) x L'(R, x S'), one has
/ [Vl + ¥rnS] dvdwdx = 0. (24)
R4 xS!

In the following we use the following notation for the integrated radiative intensity:

[e¢]
L(x, t) ::/ / I(x, t; w,v)dwdv.
0 st

Then our main result is the following:

Theorem 1. Suppose that the initial data satisfy (20) and that T is an arbitrary positive number.
Then the problem (11), (13) and (15) possesses a global weak solution satisfying (19) together with properties (21), (22)
and (23).

Moreover one has the uniqueness result.

Theorem 2. Suppose that the initial data satisfy (20) and that T is an arbitrary positive number.
Then the problem (11), (13) and (15) possesses a global unique weak solution satisfying (19) together with properties (21),
(22) and (23).

For that purpose, we first prove a classical existence result in the Hélder category. We denote by C*(§2) the Banach space
of real-valued functions on §2 which are uniformly Hélder continuous with exponent « € £2, and by C*%/2(Qr) the Banach
space of real-valued functions on Qr := £2 x (0, T) which are uniformly Hélder continuous with exponent « in x and « /2
in t. The norms of C*(£2) (resp. C*%/?(Qr)) will be denoted by || - || (resp. || - ll,,)-

Theorem 3. Suppose that the initial data satisfy
(1% n, 00, v2, 08, 0°,02,00) € (C*(2))%,

for some o € §2. Suppose also that n°(x) > 0, 9°(x) > 0 and I°(x) > 0 on £2, and that the compatibility conditions
02(0) = 6°(M) =0,

hold. Then, there exists a unique solution (n(x, t), v(x, t), 8(x, t), L(x, t)) with n(x, t) > 0, 4(x,t) > 0and 6(x, t) > 0O to the
initial-boundary value problem (11), (13)-(16) on Q = §2 x R such that forany T > 0

(1, Ms Tes Mats Vs Vg Ve, Vxes 6, By, O, O, 4, 1) € (CH(Qr)™,

and
(Net, Vxe, Oxe) € (L2 (QT))B.

Then Theorem 1 will be obtained from Theorem 3 through a regularization process.

Let us recall that the investigation of 1D viscous flows for compressible media goes back to the pioneer work of Antontsev,
Kazhikhov and Monakhov [17] (see also [18-20] for more recent presentations). The strategy that we use to prove these
results consists in an adaptation to the radiative case of the ideas of Dafermos and Hsiao [21], Kawohl [22] and Jiang [23].

2. A priori estimates

We first suppose that the solution is classical in the following sense:

nec'@r), p>0,
v,0 € C'([0, T], C°(£2)) N C°([0, T], C3(2)), (25)
I €CY@Qr, C°(R; x SYH).

We first prove the following regularity result:

Theorem 4. Suppose that the initial-boundary value problem (11), (13) and (15) has a classical solution described by Theorem 3.
Then the solution (17, v, vy, 0, 6y, I) is bounded in the Holder space C'/>1/6(Qy) such that

Wl + Wvllyz + Mvxllyz + W03 + 16kl < C,
and
I3 < C,
where C depends on T, the physical data of the problem and the initial data. Moreover

0<n<n<7, 0<0<6<6.
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Let T be an arbitrary positive number, and let us denote by C various positive constants which may possibly depend on
T and the physical constants of the problem.

Lemma 1. Under the following condition on the data:

19l 2y + 17 Ly +10° )@y < N (26)
there exists a constant K(N) such that:

1. the mass conservation

/ndx:/ n° dx, (27)
2 2

2. the energy equality

12 _ 0 1 042
/S2[e+2v:|dx_/g[e +2(v)]dx, (28)

3. the entropy inequality

1 0
- /(9+91+f)dx+/ ©01.0) g2 M2 gyas < c, (29)
4 Q Qr 7’]02 7]9

4. the estimate
1710 0,7:012y) T 1V llo 0,122 F 10Nl 0. 7:01(52)) < € (30)
hold.

Proof. 1. Integrating the first Eq. (11) and using boundary conditions gives (27).
2. From the radiative transfer equation, integrating over frequencies and angular momentum,

(Fr)x = n(Se)r.
Plugging in the third Eq. (11), we get

(e+1v2) = (ov—q— Fp)y. (31)
2 t

which gives (28) after integrating over §2 and using boundary conditions.

3. Entropy s = sy, + Sg is the sum of the entropy of matter s,;, and entropy of radiation sg. As in our simplified model
sg = 0, from the second principle of thermodynamics, one has that s; = e; + pn;, withs, = % (e,7 — p) and sy = %" From
the third Eq. (11), we get

et :UUX_qX_(FR)X' (32)
Using (11), one finds
K Ox uv: k62 g
s — ) = — — (Sp)g. 33
()[+<n9>x 779+7792 Q(E)R (33)

We use the technique of [23] and define the free energy ¢ = e — s of the fluid, with ¥y = —s and ¥, = —p. Let us
consider the auxiliary function

€, 0) ==v1,0) =¥ (1,6) — (n— Dy (1,00) — (0 — ) Yp (1, 0).

A direct computation gives

1 wv? k6?2 o'\ KOx o
&+ -2 O [ =% X = N 1, 6p) vy 1— = —(1= =) n(Sp)r. 34
( +2v>[+ 0<n9 +n92> (ov)x +p(1, Gp)v +[( o) o . 2 n(Se)r (34)

Using the last Eq. (11), the last factor in (34) can be rewritten as

9 o0 o0
- (1 — —0> n(Se)r = —n(Se)r + Goﬁ / / o,(B—1)dwdv — [/ / wl dwdvi|
0 0 Jo Js 0o Jst X
n [ n_ %
—I—QOf/ / GaBda)dv—Qofn/ / o dwdv.
0Jo Ja 0 Jo Jsi
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The second term can be controlled by using (18):

0 o0
ngo / / oaBodwdv < C(1+8") < Ce(n, ).
0 st

Plugging all of these estimates into (34), we get finally

e+ 1o2) o (M K0 9/ / ldod

-V O, w adv

2 )7 ne + 0 0 e

< [ov +p(1,90)v+<1——°> ] —[/ /wldwdv} + Ce(n, 0).
9 7']0 x 0 sl X

Integrating over Q; and using (28) and (13), the contribution of the first boundary term is zero.
Using (14), the contribution of the radiative term reads

[e%e] [e%e] 1 o] 0
/ |:/ / wlda)dui| dx=/ / wl(M, t; v,a))da)dv—/ / wl (0, t; v, w)dwdy >0
2 LJo st X 0 0 0 -1

and finally, we obtain

92
/8dx+90/ (’“’ d )dxds—i—@o/ / /aaldwdvdxds
no sl
/ / / wl(M, t; v, w)dwdvds—/ / / wl(0, t; v, w)dwdvds < (35)

Now we argue in the same way as [23] noting that, by using Taylor’s formula, for any n > 0

€M, 0) —v(n,0) + ¥, 00) + O —6)Ys(n,0) =¥, 6) — (1, 00) — (n— Dyy(1,6) >0,

and
1
v(n,0) =¥, 6) — O —6)Ye(n, 0) = —(0 — 90)2/ (1 —a)¥po(n, 0 + (6o — 0)) do.
0
Using 99 = 6~ 'es and estimates (18), we find
1 1+r
Y(n,0) — ¥, 6) — (O —6)Ye(n, ) > 1 G (e+6"")—cC.
So we deduce that
1
€m.0) >, G (e+0") —c,

and by plugging this into (35), we conclude that (29) holds.
3. The estimate (30) follows from (28). O

Using Lemma 1, we can quote verbatim all the results of [23] which only involve the first and second Eq. (11) and get
first bounds for density.

Lemma 2. Under the previous condition on the data (26), there exists positive constants n and 77 depending on T and N such that
n<nkxt)<n for(t,x)€Qr. (36)
As we will need bounds for the radiative intensity, we give the simple result:
Lemma 3. 1. The solution of the integro-differential equation
a)%l(x; v, ) = nog(v, w, n,0) [Bv,0) —Ix; v, w)] + nos(v, n, 0) [i(x; v) —I(x; v, a))]
on 2 x Ry xS, (37)

10;v,w) =0 forwe (0,1),
IM;v,w) =0 forwe (—1,0),
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is given by the (implicit) formula

X ¥ 1catos) 4, 1
f e~ R Tz (craB—i—os)dy forw € (0, 1),
o w

M Y n(oatos) 4, 77
_/ of? Hote) (oaB—l—as)dy for w € (—1,0),
X w

foranyx € 2 and any v € R,..
2. The following inequalities hold:

/ / (04 + 05)12 dxdw < C (1 + max 9““) ,
5! (39)

// /as —I dxdwdu (l—i—maxé‘)‘“)
sl

3. The following bounds hold:

/ /I(x v, w)dwdy < (1+max9“+1) (40)
51

Proof. 1. Identity (38) is straightforward after solving explicitly the ordinary differential equation and using boundary
conditions. O
2. Multiplying (37) by I, integrating over §2 x S! and using boundary conditions, we get

1 1
5/ wl>(M; v, w)da)—if wl?(0; v, a))da)—l—/ f n(oq + o9)I* dx dw
st

f/nos —I dxda)—f/r}aaBldxdw
st st

Integrating over frequency, using (18) and estimating the right-hand side by the Cauchy-Schwarz inequality, we have

1 [ 1 [
f/ / wIZ(M;v,w)dwdv— f/ / a)12(0; v, w) dwdv
2Jo Jst 2 )y Jst
o0 o0 3 2
+/ //n(oa+as)12dxdw+/ //nas(1—1> dxdw dv
0 2 Jst 0 o Jst
1 [ 1 oo 2
ff //n(oa+os)12dxdw+f/ //n B 4y do,
2 1 2 Jo JalJst oatos

and as, using (18), the last integral is bounded by

/9““/ /gdxdwdv
51

we get (39).
3. From (38) we see that

%y n@dz
/ /I(xva))da)dv /f /—oadedwdv—i-Z/ / 05 f 7dw dydv.
st w

After (18), the first integral in the right-hand side is bounded by C(1 4+ #%*1). In the second, we introduce the function
Ei(s) := [ == dr, fors > 0and we get
X
/ ndz
y

0 e -= f’)(Z)dZ 00
/ 77/ ol / ——  dw | dydv =/ n/ osEq (0'5
Q 0 0 w Q 0

As s — Eq(s) is decreasing, we observe that

E asfndZ>SE os(W)n |x —yl).
1( y 1< - )

Then using the Cauchy—Schwarz inequality,

0 e o fy n(z) dz 0 o0
/ n/ ol / —— dw | dydv < C/ / o 2 dydv + Cf / 0‘5E12 (as(v)n |x —yl) dydv.
2 Jo 0 w 2 Jo 2Jo -

I(x; v, w) =

)i(y, v) dy dv.
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As one knows (see [24, p. 229]) that E{(z) < e *log(1 + %), one checks

B2 ((osmx = 1)) < 10g” (14 030 b = 1) + log? (o (win lx— 1)

and then we obtain
o0 o0
[ [ owt (comp—y) avav < [ ["afiog (1+mnix—y1) +1og (o:omx— )] avev.
2 J0 2 Ooo
<// o; [log® (1 + au) + log® (au)] dudv,
2 J0

where a = o;(v)7n. An elementary computation shows that this integral is bounded by C f0°° 051+y dv for any positive y,
which is bounded after (18) and finally we get

/ /I(x; v,w)dodv < C(14+6%YH. O
0 st

We have now the following estimates (see [23] for the proof).

Lemma4. 1.
/ w2 dxdt < C. (41)
Qr
2. Foranye € (0, 1)if r € [0, 1], and for e = 0if r € (0, 1]
/ 6~ "v? dxdt +/ (1469092 dxdt < C. (42)
Qr Qr
3. Foranye € (0,1)if r € [0, 1], and for e = 0if r € (0, 1]
T
/ OIt3 ¢ dx dt + / max /72" €dt < C. (43)
Qr o %
4.
max/ ndxdt < C. (44)
[0,71] Jo
5.
/ vg dxdt < C (1 + m§x92(1+r+e)) . (45)
Qr

Now we consider the two quantities

Y := max 14629 602dx, Z:=max [ v dx.
[o,TJ/Q( +0%)6, 0711 Jo ™

It is routine to show (see [21]) that

1

max ) < C (1 + Y72f1+3+f> , (46)
T

max/ vﬁdxdth(]—i—ZI/z), (47)

Qr o
and

max vy < € (1+2°8). (48)

T

Lemma 5. Under the previous condition on the data (26), there exists a positive constant K depending on T and N such that

2q+1 20+2a—r+3
Y <K (1 + 722 Y 20+43 ) (49)
and
) 2q+1 2g+2a—r+3
X= [ (1467792 dxdt <K (1 $ 7% 4y e ) (50)

Qr
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Proof. From (11), the equation for the internal energy reads

% K0
egl; + Opovy — — vy = (4) — n(Sp)r-
n n /Jx

Defining the auxiliary function K (n, 6) = [; o "('7 Y du, multiplying the previous equation by K, and integrating by parts,

we get
"o o KOy
€90 + Opgvx — — vy | Ky dxds +
Qr n Qr n

Observing that K; = K, vy + & 6, Ky = (%) + Koy iy + (5) n46; and that after (18) [K, | + [Ky,| < C(1+ 69%1), we
t n

can estimate all the contributions in (51).
After Lemma 4, the first two integrals lead to the same estimates as in [23] (see Lemma 2.8), and we have

) Ky dx ds — / n(Sg)rK: dxds = 0. (51)
Qr

CgC
/ es60.K, dxds > L X — 234,
Qr 27

/ <9[)9UX— e >K vy dxds| <
Qr n

aY +C(1+ 2%,

Opovx — = Uf) £ 0, dxds| < b1X + aY + cz3/4 +C,
n

( n
0, 0 2
<&> <Q) dxds| > == Y - C,
n nJ¢ 2y
0,
/ (K X)K U dx ds| <
Qr n

) Ky uxnx dx ds

0,
[(2)() oo
Qr n n n

where g; and b; are positive numbers.
Let us estimate the last term in (51).

g/ (f /naa(B—l—I)dvda)) |K¢| dx ds
Qr 0 st
+/ <[ /nasﬁ—udvdw) IK;| dxds =: P + Q.
Qr 0 st

P<C | |K|(1+6% 1) dxds
Qr

< cf (1+9q+“+2)|vx|dxds+cf (1+69*1) |6, dxds = A+ B.
Qr

Qr

asy +CZ ZqH +C,

a4Y+CZ4 +C,

<bX +asY +CZ3 +C,

/ I](SE)RKt dxds
Qr

After (18) and Lemma 3,

Using Lemma 4 and the Cauchy-Schwarz inequality we have

2q+20—r+3

A< CHCY 20+ + CZ3/4
and
2q+2a—r+3

B < b3X + CY 2¢+r+3

Using (18), Lemmas 3, 4 and the Cauchy-Schwarz inequality we have in the same stroke

f/ /r)osl—” dvdwdxds—l—f/ /nasl(fdvda)dxds
Qr st 0o Jst

<C (1 + max@““) + C/ K? dxds,
Qr Qr
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and the last integral is bounded by
< / (14 6°@D) v2 dxds + c/ (14 6%9) 62 dxds =: C + D.
Qr Qr
Exactly as for P, we get
C<C4Cyams 4z,
and

2q—r+1

b3x + CcY 2q+r+3

so finally

a+1
<A+ B+ YT 4 C4D

/ 1 (Se)rK: dx ds
Qr

+2a
< bsX + CY 2q+r+3 + CZ3/4

where c is another positive constant.

Combining all the previous inequalities, choosing the numbers a; such that Z] 16 <

C6C1 2q+1
yr , and observing that 3 2 2 Z' we get
CCq g 2g+1 2¢+20—r+3
T X+ -L2v<C+ szq+2 + CY 24++3
n 77

which ends the proof. O

Exactly as in [23] (see Lemma 2.9) one can prove now:

Lemma 6.

2 2 L4l
max [ vidx+ | vy dxdt gC(l +ZZLI+2>.
01 Jg Qr

2 ¢ and the b; such that Z

(52)

(53)

Proof. Differentiating the second Eq. (11) with respect to t, multiplying by v, integrating by parts, using boundary condi-

tions together with Lemma 4, one gets (53) (see [23] for the details). O

Lemma 7. All the quantities
X, Y, max@9,
Qr
are bounded.

Proof. From Lemma 5, it follows in particular that

2q+2a—r+3

20+7+3 1
2q+1 < <C + C 2q+1 2(r—a)
1+ Z2+2 1+ Z2+2 ( M)W

1+ Z2+2
and, asr > «, we conclude that
241
Y <C+ CZ2%+2,

Rewriting now the momentum equation as

Ui 1
Uy = — [ U +Dx — () NxVx | »
“w n/y

(54)

(55)
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we get, using Lemma 4,

zZ= / v2, dx
2
< c/ vfdx+c/ (1 +92r+2)n§dx+c/ ( —|—92r)9X2dx+C/ niv? dx
2 2 2 2
2041
< C+ (227 4 max 0¥+ 4 cy + 2/,
T
and taking (55), we find
29+1
Z<C+(CZ22,
As ;ZE < 1, this implies that Z < C, and the bounds X, Y, maxq, 6 < C follow. O
Lemma 8. All the quantities

maxf v2 dx, max|vx|,max/ v} dx,/ vy dx, max/ v? dx,/ vZ dxdt,
[0.T] Jo Qr 071 Jo Qr [0.T] Jo or

are bounded.

3269

Proof. The first quantity is bounded after Lemma 7, the second one is bounded after (48), the third is bounded after (45)

and the boundedness of the two last quantities follows after Lemma 6. O

Lemma 9. Under the previous condition on the data there exist positive constants 6 and 6 depending on T and N such that

0<6<6kxt)<6 for(tx)eQr.
Proof. Applying the maximum principle to the parabolic equation of the internal energy
uw K0
esb + 0ppvy — — V2 = (*X> — n(Se)r,
n n Jx
and observing that the terms fpg v, and 1n(Sg)g are bounded, we get (56). O

Lemma 10.

Idwdv

< K(N),
L*°(Qr)

o0
/ |Iy| dw dv
0 st

Proof. Estimate (57) follows after Lemmas 3 and 9.
After the last Eq. (11),

/ I dodv < //["““ M "“Si]dwdu.
0 sl sl w

sl

<K(N).
1°(Qr)

It is now routine, revisiting part 3 of the proof of Lemma 3, that (58) follows after (57) and (18).

Lemma 11. All the quantities

/ 67 dxdt, max/@ dx, max/ 67 dx, max/ 02 dx, / 62 dxdt,
o [0.7] [0.1] o

are bounded.

Proof. 1. The first two quantities are bounded after Lemma 7.

O

(56)

(39)
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2. In order to estimate the two remaining terms, by differentiating formally the internal energy equation with respect
to t, multiplying by e, 6; and using integration by parts on Qr, we get

1 1
- f (egbe)* (x, t)dx — = f (ep0;)? (x, 0) dx + / PevxesH? dxdt
2 /e 2Je or
+/ Opgovxes; dxdt+f 0P, v3eqb; dxdt+/ OPo vxceob: dxdt—/ <ﬁ> vf—l—zﬁ Vx| €00; dx dt
Qr Qr Qr Qr n/y n

= —/ Ee(;@tidxdt—/ <E> vx9x+ﬁ9t9x (eg6;)x dx dt
or 1 o | \"/y n

- / Ox (eﬁnnx + eé)é)ex) dxdt — /
Qr

n[(Se)rl; egb: dxdt — / vx(Sg)R €96, dx dt.

Qr Qr
After [21] (see the proof of Lemma 3.6), we get
1
- / (es00)° (x, £) dx +/ Cepo2dxdt < C— | [(Sp)rl: egbr dxdt — / Ue(Se)x €96 dxdt. (60)
2 Ja or 1 Qr Qr

The first integral in the right-hand side can be decomposed as follows:

o0 o0
[(SE)r]: eofr dxdt = / egetvxf f aadedwdxdt+/ egemf /(aa),,dedwdxdt
Qr Qr 0 Jst Qr 0 Jst
o0 o
+/ egeff f(aa)gdeda)dxdt—l—/ e99§/ /aaBgdvdwdxdt
Qr 0o Jst Qr 0 Jst
o0 o0
—f EQQtUX/ / o dv dwdxdt+/ eeetn/ /(Ua)ﬂldvdwdxdt
Qr o Jst Qr 0o Jst
o0 o0
+/ egeff / (0a)g I dv dwdxdt+/ egetf / oale dv do dx dt
Qr 0 st Qr 0 s1
8
= ZAJ'.
j=1
Using (18), the Cauchy-Schwarz inequality, Lemmas 8, 9 and the first part of the present lemma, one gets
4
24
j=1

After the formula (38) and the bounds (18), one has

<c+c/ 62 dxdt < C.
Qr

o0
max/ f Idwdvngmax0“||f||L1(R+X51) < C.
Qr 0 st Qr

In the same stroke, after computing the time derivative, we have also

o0
max/ /|1t|dwdv<C,
Qe Jo Jst

which gives finally that | Zf:s Aj| < C, and then

<C.

/ 77[(SE)R]r eeet dx dt
Qr

It is readily checked that the same kind of estimate holds for the second integral in (60) (we omit the details):

<C.

/ UX(SE)R eth dxdt
Qr

Plugging this estimate into (60), we obtain the first two estimates (59).
3. From the internal energy equation

K K — 1K Ko m
; Oxx = (Tn> NxOx — W 07 + eg6; + Opguy — n v? + n(Se)r.



B. Ducomet, S. Necasovd / Nonlinear Analysis 72 (2010) 3258-3274 3271
then
16l < € (110x] + 65 + 16| + [l + v + [Sexl) .
and one checks that all of the terms in the right-hand side are in L?(£2), which proves the last bound (59). O

Proof of Theorem 4. 1. As maxq, |vx| is bounded we have

T 1/2
[n(x, ) = n(x, )| < |t = ¢'"/2 (/ vy dr) <Cle—t2,
0

After Lemma 4 we have also
In(x, t) = (X', )] < Clx —x'|"/? (1 +/ n dx) <Clx—x|"2,
2

so we find that € CV/>1/4(Qp).
2. After Lemma 11 we have

1/2

T 1/2 T
o, 0) —0x, )] < |t — /|2 (/ 93dt> <Clt—t'"V? </ /2|9t9x[|dxdt> <Clt —t'|'V2.
0 0 2

We see also that

T
o, 0) — 0K, 0] < Clx—x|'V? (T-max/ G[de-i-/ / exztdx)
[0.T] Jo 0 Je

< C|X _ X/|1/2,

so we find that & € C/>1/4(Qr). We have also
1/2
|6x(x, 1) — 6 (X, D] < |x — x| </ 02, dt) < x—=x"2,
2

and we conclude, by using an interpolation argument of [25], that 6, € C1/31/6(Qy).
3. The same arguments holding verbatim for v and v,, we have that v, v, € C/>1/6(Qp).
4.Letusnote (x, t) := [;° [ 1(x, t; ©, v) dwdv.
From the explicit formula giving I and using (18), we have

X X
|x<x,r)—1(xct>|</ |1y|dy</ [@ |B—I|+@<i—l>} dy
X X |(,()| @
< Clx —x|V2.

One also checks after an elementary computation from the explicit formula giving I, that maxo 1 [ 4t [l;2(o) < C. It follows
that

[L(x, t) — L(x, )] < C|t — t']"/2,

and then 4 € C/31/6(Qy).
From the last Eq. (11), we get also the formula

o0
L(x.b) :/ / ['7”“ (B—1)+ 1% |i—1|] dodv.
0 st w |l

From the Holder properties of the right-hand side, we get finally

[4x(x, 0) — (X, )] < Clx — |2,
and
[x(x, £) — du(x, )] < Clt — ¢|'2,

and then {4, € C'/>1/8(Qr), which ends the proof of Theorem 4. O
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3. Existence and uniqueness of solutions

In this section we prove the existence of a classical solution by means of the classical Leray-Schauder fixed point theorem
in the same spirit as in [22,21]; then using a limiting process as in [26] we will get the existence of weak solutions.

Let us recall the Leray-Schauder fixed point theorem:
Theorem 5. Let B be a Banach space and suppose that P : [0, 1] x 8 — B has the following properties:

(i) For any fixed A € [0, 1] the map P(A, .) : B — B is completely continuous.

(ii) For every bounded subset 8 C B the family of maps P(., x) : [0, 1] — 8, x € 4 is uniformly equicontinuous.
(iii) There is a bounded subset § of 8B such that any fixed point in B of P(A, .), A € [0, 1] is contained in 4.
(iv) P(O0, .) has precisely one fixed point in B.

Then, P(1, .) has at least one fixed point in B.
In our case B will be a Banach space of functions 17, v, & € B on Qp with 1, v, vy, 8, 6 € C/>1/6(Qr) with the norm

1, v, Lz = llnlliys + Wllyz + Nvxlliys + 10115 + N16xll3-

For A € [0, 1] we define P(A, .) as the map which carries {7, v, 6} € B into {n, v, 6} € B by solving the system

Ne = Vx,
1z Koo oo o
Ut — U = — 5 lxUx — Py, 0)1x — Do (7, 6)6y,
n n } . ) (61)
~ o~ 3 E(ﬁsg) E(ﬁae) b E (ﬁ79)‘” I’L~ N~ ~ A\~ ~ (=
By @ D)0 — 2 0y = () G+ S0+ B2 — 0507, 005 — 7 (3¢)
n n . U] n R
together with the boundary conditions
Vly—om =0,
, 62
9x|x=0 =0, 9|x:M =0, ( )
for t > 0, and initial conditions
nx, 0) = (1—24) + Ano(x),
v(x, 0) = Avp(x), (63)
0(x,0) = (1 —A) + A6 ().

We can consider the second and the third equations of (64) as parabolic type and apply the classical Schauder-Friedmann
estimates

lvlli/s + lvellys < clllnllys + 191ys + 1613}
10xll1/3 + 1011173 < c{lOxll1/3 + llUxll/3}.
Moreover from the first Eq. (61), we get

Imll1/3 < lluxlliys.

This implies that P(}, .) : 8 — B is well defined and continuous.

Using a priori estimates from Section 2 it follows that for any {7, 9, 8} from any fixed bounded subset the family
P(.,{n,, 5}) : [0, 1] — B of mappings is uniformly equicontinuous.

Now, in order to verify (iii), we observe that any fixed point of P will initially satisfy the original problem; therefore  and
6 cannot escape from [, 7], [, 6] up to time T. This fact follows clearly from Theorem 4. To check (iv) we see by inspection
that the unique fixed point of P(0, .) is given by n(x, t) = 1, v(x,t) = 0,0 (x, t) = 1.

All the previous facts allow us to apply Theorem 5, which implies the existence of classical solutions of (11)-(15) in
2 x (0, t*).

This ends the proof of Theorem 3.

Let us now consider the existence of a weak solution. From previous results it follows that:

e v — vinIP(0, t*; C°(£2)) strongly and in IP(0, t*; H1(£2)) weakly for 1 < p < oo,
e vy — vae.in 2 x [0, t*] and in L®(0, t*; L*(£2)) weakly *,

o (vp): = vy inL%(0, t*, [*(£2)) weakly,

e Oy — 0inlL%(0, t*, CO(£2)) strongly and in L?(0, t*, H'(£2)) weakly,

e Oy — fae.in 2 x [0, t*]and in L*®(0, t*; [*(£2)) weakly,

e o, — A;inL%(0, t*; H'(£2)) weakly.
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This implies that
ne—n ae.inf2 x[0,t*] and [°(£2 x [0, t*]) strongly for all s € [1, ool.
All this implies that

o % — A, weakly in [2(0, t*, H(£2)),
. % (v)x — A3 inL>(0, t*, [*(£2)) weakly *,
o Ni{(SE)r}k = A4in L2(0, t*; H'(£2)) weakly.

Then applying a technique similar to that of [26] it follows that
e Ay = o inl%(0,t*, H(R2)),
oAy = % in [2(0, t*, [2(£2)),
® Ay =L uin 12(0, t*, H'(R2)),

o Ay = n(Sp)r in L%(0, t*, H'(£2)), which ends the proof of the existence of a weak solution.

Finally we prove uniqueness of the solution.

Let n;, v, 6;,1 = 1, 2, be two solutions of (5), and let us consider the differencesE = n; —n,, T = 6; —6,and V = vy —v,.

From the first Eq. (11) written for 1, wy and 7,, w,, subtracting, multiplying by a test function y, integrating by parts
and putting x = E we obtain

E dx = E\/ dx < |E V
2 1[ X 20Vxll2-

Using the Cauchy—Schwarz inequality for & > 0,

i Ezdx < ellVill3 + CIIENIS. (64)

Rewriting the second Eq. (11) for v, and vy, subtracting, multiplying by a test function ¢, integrating by parts and putting
¢ = V we obtain the following:

1d

—— V2d V2d = A,

2dt X+/ X= Z !
with

[A| =

/ (p2 — p1) Ve dx

< ClIVill2 (ITH2 + 1EN2) < ellVill3 + C (IT13 + IENI3)

where we used the Cauchy-Schwarz inequality for ¢ > 0.
In the same stroke,

|A2| = < CIENNVllz < ellVill3 + CEIIEN.

m—m
/ m(vp)xVy dx
2 M2

So we get finally, taking & small enough,

d
?/ Vzdx+/ VZdx < C(ITI3 + IEII3) - (65)
tJo o)

Now, dividing the energy equation by ey, we have

Op
b= — L 4 +— ——(sE)R
€o € €

Subtracting this equation written for 1y, vq, 61 from the same for 1,, v,, 85, multiplying by a test function v, integrating
by parts and putting ¥ = T we obtain

1d 0 ,0 6 , 0 ,0 ,0
T2d _/ [ 1Pe (N1, 01) — 12Dy (12, 02) w2x] de+/ [ kK, 6)  k(n2,6) ]de
2dt oL e, 61) e (12, 62) nieg (M1, 61) leea(ﬂz,@z)

2 2
+ [ oy b ]de [ inlSersls = nal(Sena) T = Z:B,
2

nieg(M1, 01)  Mea(n2, 02)
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Bounding the B;, using as previously the Cauchy-Schwarz inequality for ¢ > 0, we get
811 < & (IIVill3 + ITl13) + Ce (IEN3 + ITII3) .

k(2,615 2 2 2
|£2|<—/ #0291 124y o [ T2ax4 G (IEIZ 4 ITIR)
o Meg(n2,6)) * e " - (IE1: d

|Bs| < ellVill3 + CIEI3,

and
| B4l < CIEI3 + CIITI3.
We obtain finally
5/ Tzdx+/ dexge/ VZdx+ C (IIENZ + IITI3) - (66)
dt Jo 2 2
Then adding inequalities (64)—(66) and choosing ¢ small enough, we get

1d
2dt Jo
which clearly implies uniqueness.

(B> + V2 +1%) dx < C(IEI3 + IVIZ + IT13) .
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LAPLACE EQUATION IN THE HALF-SPACE WITH
A NONHOMOGENEOUS DIRICHLET BOUNDARY CONDITION
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Abstract. We deal with the Laplace equation in the half space. The use of a special
family of weigted Sobolev spaces as a framework is at the heart of our approach. A complete
class of existence, uniqueness and regularity results is obtained for inhomogeneous Dirichlet

problem.
Keywords: the Laplace equation, weighted Sobolev spaces, the half space, existence,

uniqueness, regularity

MSC 2000: 35J05, 58J10

1. INTRODUCTION

The purpose of this paper is to solve the problem

(P)

—Au=f in Rf ,
u=gq on I'=RN-,
with the Dirichlet boundary condition on I'. The approach is based on the use of
a special class of weighted Sobolev spaces for describing the behavior at infinity.
Many authors have studied the Laplace equation in the whole space RY or in an
exterior domain. The main difference is due to the nature of the boundary and one
of difficulties is to obtain the appropriate spaces of traces. However, the half-space

has a useful symmetric property.

Second author would like to thank the Grant Agency of the Czech Republic No. 201/99/
0267 and both authors to the Barrande project between the Czech Republic and France.
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Problem (P) has been investigated in weighted Sobolev spaces by several authors,
but only in the Hilbert cases (p = 2) and without the critical cases corresponding to
the logarithmic factor (cf. [2], [4]). We can also mention the book by Simader, Sohr
[6] where the Dirichlet problem for the Laplacian is investigated.

Let Q be an open subset of RV, N > 2. Let # = (x1,...,7x) be a typical point
of RN and r = |z| = (2 + ...+ 2%)'/2. We use two basic weights:

o= (1+7)Y% and lgo=In(2+r?).

As usual, D(RY) denotes the spaces of indefinitely differentiable functions with a
compact support and D (RY') denotes its dual space, called the space of distributions.
For any nonnegative integers n and m, real numbers p > 1, o and 3, setting

-1 if YX4ad{l,...,m},
k:k‘(m,N,p’a):{ N p ¢{ }

m— o -« if %—Fae{l,...,m},

we define the following space:
an W) ={u e D'(Q); 0< A <k, o " (Ig0)? ' D u € LP(Q);
| B+ 1<\ <m, 0" (g 0)’ Dhu e LP()).

In case 3 = 0, we simply denote the space by W7"P(Q2). Note that W,."}"(Q) is a
reflexive Banach space equipped with its natural norm

lullwrge = [ 32 e ™M1z 0)* ' DAully, o
(USSP

m 1/p
+ Y e g 9)5DAUHZP(Q)} :
k+1<A[€m

We also define the semi-norm

1/p
ulwergpier = (3 16050 Dulllggy)
[A|l=m

and for any integer ¢, we denote by P, the space of polynomials in N variables of
a degree smaller than or equal to ¢, with the convention that P, is reduced to {0}
when ¢ is negative. The weights defined in (1.1) are chosen so that the corresponding
space satisfies two properties:

(1.2) D(RY) is dense in W' (RY),

and the following Poincaré-type inequality holds in W', (RY).
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Theorem 1.1. Let « and 8 be two real numbers and m > 1 an integer not
satisfying simultaneously

(1.3) %—l—ae{l,...,m} and (8—1)p=—L.

Then the semi-norm | - |W;’f;§’(R$) defines on W'Y (RY)/P, a norm which is equiv-
alent to the quotient norm,

(1.4) Vu € W(Zlbp(Rf)» ||U||W;’fg’(Rf)/Pq, < C|U|W§jg’(Rf)

with ¢ = inf(q,m — 1), where ¢ is the highest degree of the polynomials contained
in WP(RY),

Proof. First, we construct a linear continuous extension operator such that

(1.5) P: WIP(RY) — WIP(RY)

satisfying

(16) |Pullim @y < lulls -

Since

(16) Yu € W(Zlbp(RN), ||U||W;’fg’(RN)/Pq/ S C|U|W§?bp(RN)

holds [cf. 1], it automatically implies the statement of our theorem. ]

Now, we define the space
° Il
W %(Rf) =D(RY) a’ﬁp(w);

[e] ’
the dual space of W'/ (RY) is denoted by W_"";(RY), where p’ is the conjugate
of p: % + z% =1.

Theorem 1.2. Under the assumptions of Theorem 1.1, the semi-norm
| lwmr ) s a norm on WiE(RY) such that it is equivalent to the full norm
- Nlwme wyy-

We recall now some properties of weighted Sobolev spaces W'/ (RY). We have
the algebraic and topological imbeddings

WPRY ) c W P(RY) €. c WP S(RY)

a—m,3
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if%—f—agé{l,...,m}. When%—l—a:jE{l,...,m},thenwehave:

) —Jj+1, —Js 0,
W RY) € ..o c W2 (RE) c Wil (RY) € W o (RY).

Note that in the first case, the mapping u — ¢7u is an isomorphism from W" bp (Rf )

onto W, 5(RY) for any integer m. Moreover, in both cases and for any multi-index

A € NV, the mapping
ue WIPRY) — D Mue WM (RY)

is continuous.
Finally, it can be readily checked that the highest degree ¢ of the polynomials

m,p

contained in W7'(RY) is given by
%—Fae {1,...,m} and (B—1)p > -1
%—I—ae{jEZ;ng}andﬂPZ—l

[m — (% + )] otherwise,

m—(&+a)-1 if{
q:

where [s] denotes the integer part of s.

In the sequel, for any integer ¢ > 0, we will use the following polynomial spaces:

— P, (PqA) is the space of polynomials (respectively, harmonic polynomials) of
degree < ¢,

— Pé is the subspace of polynomials in P, depending only on the N — 1 first
variables, ' = (z1,...,ZN-1),

— AqA (N, qA) is the subspace of polynomials PqA satisfying the condition p(2’,0) = 0
(respectively, ai—fv(x’ ,0) = 0) or equivalently odd with respect to xy (even with
respect to xy), with the convention that Py, PqA, Py, ... are reduced to {0} when ¢

is negative.

2. THE SPACES OF TRACES

In order to define the traces of functions of W['J(RY), we introduce for any

o €]0, 1] the space
2.1)  WIPRN) = {u e D/(RV); wu e LP(RY),
“+o0
/ t—i-op dt/ lu(z + te;) — u(z)|P de < oo},
0 RN

where

|z sz

0 if
w =
o(lgo)/7 if
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and eq,...,ey is a canonical basis of RY. It is a reflexive Banach space equipped
with its natural norm

lullwgramy = (|| =5

Z/ 1= "pdt/ u (x+tev)—u(ac)|pdx)l/p
LP(RN) ’

which is equivalent to the norm

(” LP(RN) /RNXRN%(M@/)WP.

For any s € R", we set

(22)  WeP®Y) = {ue Wh ®Y); VA = [s], D*ue Wy Hr @)L
It is a reflexive Banach space equipped with the norm

[ullwgr @y = ||U||W[ CLO Z 1D uHWg_[ 1P (RNY:
[A|=s

We notice that this definition and the next one coincide with the definition in the
first section when s = m is a nonnegative integer. For any s € Rt and o € R, we
then set

@3)  WarRY) = {ue WL _(RY), ¥ =[s], o"Du e Wy RY)}.

Finally, for any integer m > 1, we define the space

XgP(RY) = {u eD'(RY); 0< A <k, JPM™(ge) " D ue LP(RY),
(2.4)
k+1< A\ <m, P "D e LP(RN)}

with o' = (1 + |2/|?)"/? and 1g ¢’ = In(2 + |2/|?). It is a reflexive Banach space. We
can prove that

D(RY) isdensein X;"P(RY).
We observe that the functions from X" (RY ) and Wy"?(RY ) have the same traces

on I' = RN~1 (see below). If u is a function, we denote its traces on I' = RV =1 by

o € RV, you(a’) = u(',0),... yu(a’) = LL(a',0),
TN

As in [3], we can prove the following trace lemma:
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Lemma 2.1. For any integer m > 1 and real number «, the mapping

m—1
v: DRY) — [ D(RY )
j=0
U= (YU - -, Ym—11)

can be extended by continuity to a linear and continuous mapping still denoted by

mol o m—j-Lp
v from WIP(RY) to [ Wa »"(RN~1). Moreover, v is onto and
i=0

Ker v = WP (RY).

3. THE LAPLACE EQUATION

The aim of this section is to study the problem (P):

®) { —Au=f in Rf,

u=g in T'=RVN"L

Theorem 3.1. Let £ > 0 be an integer and assume that
N
(3.1) ygé{l,...,ﬁ}

with the convention that this set is empty if { = 0. For any f in W[l’p(Rf) and g
1

in W} (T") satisfying the compatibility condition

(3:2) Vg € 42 (. 0) = (g 22

. ® [é+1—%}7 y P W[prwif =19 8'YN r

1 1y
where (-, -)r denotes the duality between W' ’p(F) and W_ ' ? (T), problem (P) has
a unique solution u € Wel’p ([Rf ) and there exists a constant C' independent of u, f
and g such that

(3.3) ”u”WzlvP([Rf) < C(HfHW[LP([Rf) + [lgl ’p(F)).

1
7
P
LL[{

Proof. First, the kernel of the operator

1
7P

(—A,50): WP(RY) — Wy VP (RY) x W (T)
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is precisely the space A@_H_N/p,] for any integer ¢ and A@Hig] is reduced to {0}

when ¢ > 0. Thanks to Lemma 2.1, let u, € Wel’p([}%f) be the lifting function of g
such that

ug = g on I' and HugHWQ*P(Rf) < Cl”QHWZP—l,,p

Then problem (P) is equivalent to

—Av=f+Au in RY,
(3.4) { f 7 N

v=20 on TI.
Set h = f + Au,. For any ¢ € Wi’f/(RN) set
Moz, on) = o', 2n) — p(a', —zy) if xx > 0.

It is clear that My € V?/l_’f/([Rf). Then h can be extended to h, € W, "P(RVY)
defined by

o e W (RN), ha(p) = (b, ﬂ@>W£—1*p(Rf)><Wif/(Rf)'
Moreover,
Vel gy = DAl ey
Let ¢ be a polynomial in P[?H_N/p,]. We can write it in the form
g=r+s, 1€ A[A@HfN/p’] and s € N[%Jrl*N/p]'
Then,
(hm,q) = (f + Aug’T>W[1vp(uq<§)xwi*g’/(uw)

and applying the Green formula we get

(Aug,r) = — Vug - Vrdz

Ry
(9305)
=—(95—) 1, 3
dzn Iwr " myxw_ ()
(note that Ar = 0in RY and r =0 on I'). Thus, h, € W[l’p(RN) and it satisfies
Vq S P[?+17N/p']’ <h7-r,q> = 0
Recall that (cf.[1]) since (3.1) holds, the operators

A WP(RN) - w, P L PS

if0>1,
[e+1- 7]

A Wy P(RY)/Py vy — Wy "P(RN) L Py nif€=0

2 »’
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are isomorphisms. Hence, there exists ¥ in Wél’p (RY) such that —A?% = h,. Now we
remark that the function w = 1 M belongs to W, "(RY ) and

—Aw=~h in Rf and w=0 on T,

i.e.w is a solution of (3.4). O

Remark. The kernel A2

Crr1-nyp 18 Teduced to {0} if £ > 0 and to Pi_nyp) if
¢=0.

With similar arguments, we can prove the following theorem:

Theorem 3.2. Let £ > 1 be an integer and assume that
N
(3.5) ? ¢{1,...,—1}.

a1
Then for any f in W_"P(RY) and g in W_”;’p(l“), problem (P) has a unique solution
u € Wi’f(Rf)/A@H_N/p] and there exists a constant C' independent of u, f and g
such that

mf et alpey < CU =gy + 1910 )
le+1- 20 —t

1
“F+m,
Theorem 3.3. Let m be a nonnegative integer, let g belong to Wi, " p(I‘) and

assume that

N
(3.6) few, tmr(RY) if o #1orm=0,
or
N
(3.7) few P (RY ) nwy HP(RY) ij =1 and m#0.

Then problem (P) has a unique solution u € W™ P(RY) and u satisfies

.. N
||u||WTZL+1,p(Rﬁ) < C(HfHWT;1+myp(R+I\_/) + gl ,?-Pm:p(r)) if F #1lorm=0
and
HUHWTQ}“’P(R% < C(”f”WOl'P([Ri\’) + HfHWTQH'"'P(Rj\_’) + Hg||Wﬁ+1n,p(F))

N
ifﬁzl and m # 0.
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Proof. First, we observe that for any integer m > 0 we have the inclusion
WP (RY) € Wy PP (RY)

1f y # 1 or m = 0. Thus, under the assumptions (3.6) or (3.7) and thanks to

Theorem 3.1, there exists a unique solution u € W’ P(RY) of problem (P). Let us
prove by induction that

14m,
(38)  gewy "P(T) and f satisfies (3.6) or (3.7) = u € W HLP(RY).

For m = 0, (3.8) is valid. Assume that (3.8) is valid for 0,1, ..., m and suppose that

/+ m+1 m . ..
geEW, . p( I) and f € WP (RY) with N # 1 (a similar argument can be used

for f satlsfying (3.7)). Let us prove that u € Wlnnrf P(RY). We observe first that

7 +m+1, 7+m,
Wrn(RY) € W beRY) and W) c w (D),

hence u belongs to Wm+1p (Rf ) thanks to the induction hypothesis. Now, for i =
1 N -1

geeey B

2 2 1
A(0d;u) = 00; f + Er -V(0iu) + <E + E)&u

Thus, A(ed;u) € Win—bP(RY) and o (08;u) € W TEP(RVN 1), Applying the induc-
tion hypothesis, we can deduce that

du € Wt P(RY ) for i =1,...,N — 1.

It remains to prove that v = Oyu € Wn“fill’p (RY). This is a consequence of the fact

that v belongs to W-P(RY) and
aaNu_aNaueW P(RY), i=1,...,N -1,

O (Onu) = Au — Za%ewmp (RY).

We can conlude that u € Wm+2’p(RN) O

Corollary 3.4. Let { > 1 and m > 1 be two integers.
(i) Under the assumption

N
F¢{1,...,£+1},

273



forany fe W™, 1’p(RN) and g € W”

’p(F) satisfying the compatibility condition

m-£ m-+£

(3.2) there exists a unique solution u € Wm+1’p(RN) of (P) and u satisfies

HUHW”L“P([RN) (HfHWm 11’([RN) + Hg” ﬁ+m,p )
m—+4£

where C'= C(m,p, ¢, N) is a constant independent of u, f and g.

1
for any f € Wmfl’p([Rf) and g € Wr_,

(ii) Under the assumption

N
>0 or — ¢{1,....,4—m},
p

+m,p . . .
(T") there exists a unique solution u €

m+1, .
WP (RY ) /AR 0wy Of (P) and u satisfies
inf —lutgllymirr @y SCUSflwm-re@yy T 9l 24m, -
1AL e /) W e S Wt (R3) Wi, (@D

(1]
2]
3]

[4]

[5]
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Abstract

In this paper, we study the Stokes system in the half-space RY, with N > 2. We give existence and
uniqueness results in weighted Sobolev spaces. After the central case of the generalized solutions, we are
interested in strong solutions and symmetrically in very weak solutions by means of a duality argument.
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1. Introduction

The purpose of this paper is the resolution of the Stokes system

~Au+Vr=f inRY,
(S*) {divu=nh inRY,
u=g onF:RN*],
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with data and solutions which live in weighted Sobolev spaces, expressing at the same time their
regularity and their behavior at infinity. We will naturally base on the previously established
results on the harmonic and biharmonic operators (see [5—8]). We will also concentrate on the
basic weights because they are the most usual and they avoid the question of the kernel for this
operator and symmetrically the compatibility condition for the data. In a forthcoming work, we
will complete these results for the other types of weights in this class of spaces.

Among the first works on the Stokes problem in the half-space, we can cite Cattabriga. In
[11], he appeals to the potential theory to explicitly get the velocity and pressure fields. For the
homogeneous problem (f = 0 and & = 0), for instance, he shows that if g € L?(I") and the
semi-norm |g|W(1)71/p.p(F) < 00, then Vu € LP(Rﬁ) and T € LP(Rﬁ).

Similar results are given by Farwig and Sohr (see [12]) and Galdi (see [14]), who also have
chosen the setting of homogeneous Sobolev spaces. On the other hand, Maz’ya, Plamenevskil
and Stupyalis (see [18]), work within the suitable setting of weighted Sobolev spaces and con-
sider different sorts of boundary conditions. However, their results are limited to the dimension 3
and to the Hilbertian framework in which they give generalized and strong solutions. This is
also the case of Boulmezaoud (see [10]), who only gives strong solutions. Otherwise, always
in dimension 3, by Fourier analysis techniques, Tanaka considers the case of very regular data,
corresponding to velocities which belong to W?+3’2(Ri), with m > 0 (see [19]).

Let us also quote, for the evolution Stokes or Navier—Stokes problems, Fujigaki and Miyakawa
(see [13]), who are interested in the behavior in t — 4-00; Bochers and Miyakawa (see [9]) and
Kozono (see [17]), for the LY -decay property; Ukai (see [20]), for the LP—L9 estimates and
Giga (see [15]), for the estimates in Hardy spaces.

This paper is organized as follows. Section 2 is devoted to the notations, functional setting
and recalls about the Stokes system in the whole space. In Section 3, we give some results on ho-
mogeneous problems with singular boundary conditions and we complete them by Theorem 3.5
with a detailed proof, which is a model for analogous results. In Section 4, we start our study
of the Stokes system in the half-space by the central case of generalized solutions which is the
pivot of this work. In Section 5, we consider the strong solutions and give regularity results ac-
cording to the data. In Section 6, we find very weak solutions to the homogeneous problem with
singular boundary conditions. The main results of this paper are Theorem 4.2 for the generalized
solutions, Theorems 5.2 and 5.6 for the strong solutions, Theorems 6.7 and 6.9 for the very weak
solutions.

2. Notations, functional framework and known results
2.1. Notations

For any real number p > 1, we always take p’ to be the Holder conjugate of p, i.e.

p p

Let £2 be an open set of RN, N > 2. Writing a typical point x € RY as x = (x/, xy), where
X' =1, ..., xn—1) € RV Tand xy € R, we will especially look on the upper half-space RY =

{x € RV; xy > 0}. We let RY denote the closure of RY in R and let I' = {x € RY; xy =0} =
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RN~1 denote its boundary. Let |x| = ()cl2 4.4+ xlz\,)l/ 2 denote the Euclidean norm of x, we will
use two basic weights

o=(1+x)"* and lgo=In(2+ |x]).

We denote by 0; the partial derivative %, similarly al? =9;00; = %, 31,2j =d00; = BX?SXi o
More generally, if A = (A1, ..., Axy) € NV is a multi-index, then '
A_ oM ahn 3l
Y zak'—“” where |A|=A1 + -+ Apn.
x| e 0xy

In the sequel, for any integer g, we will use the following polynomial spaces:

— P, is the space of polynomials of degree smaller than or equal to g;
- PqA is the subspace of harmonic polynomials of P;
- PqAZ is the subspace of biharmonic polynomials of P;

- AqA is the subspace of polynomials of P2, odd with respect to xy, or equivalently, which
satisfy the condition ¢(x’, 0) = 0;

- N, qA is the subspace of polynomials of PqA, even with respect to xy, or equivalently, which
satisfy the condition dy@(x’, 0) =0,

with the convention that these spaces are reduced to {0} if ¢ < 0. For any real number s, we
denote by [s] the integer part of s.
Given a Banach space B, with dual space B’ and a closed subspace X of B, we denote by
B’ 1 X the subspace of B’ orthogonal to X, i.e.
B LX={feB; YveX, (fv)=0}=(B/X).

Lastly, if k € Z, we will constantly use the notation {1, ..., k} for the set of the first k positive
integers, with the convention that this set is empty if k is nonpositive.

2.2. Weighted Sobolev spaces

For any nonnegative integer m, real numbers p > 1, o and 8, we define the following space:

W'l (2) ={u e D'(2); 0< A <k, 0" (1go)f ™! 0u e LP (2);

k+1< A <m, o* "M (go)foru e LP ()], (2.1)
where
B if%+a¢{1,...,m},
N m—%—a if%—i—ae{l,...,m}.

Note that W(:Z }fp (£2) is a reflexive Banach space equipped with its natural norm
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Wi =( X Lo M ag0 2l g,
’ 0< 1<k

1/p
+ Z HQa_m—H)‘(ng)ﬂa)"uHILj,,(Q)> )

k+1<[AI<m

We also define the semi-norm
Bk 1P I/p
o
|”|W§fg’(9):( Z ”Q (Igo)"d M”LP(.Q))
[A|=m

The weights in the definition (2.1) are chosen so that the corresponding space satisfies two fun-
damental properties. On the one hand, D(Rﬁ ) is dense in W:f /’ap (Rﬁ ). On the other hand, the
following Poincaré-type inequality holds in W;’f bp (Rﬁ) (see [5, Theorem 1.1]): if

%+a¢{1,...,m} or (B—1)p#—1, (2.2)

then the semi-norm | - |W£bp ®Y) defines on W;’f /’3[7 (Rﬁ )/P4+ a norm which is equivalent to the

quotient norm,
m,p (myN
Vue W, (RY), el ey, < Clitlyymp ey, (2.3)

with ¢* = inf(q,m — 1), where ¢ is the highest degree of the polynomials contained in
W;’f}’f (RY). Now, we define the space

W (BY) = DY) er

which will be characterized in Lemma 2.2 as the subspace of functions with null traces in
W;’f ;311 (Rf ). From that, we can introduce the space W__;'f fﬁ (Ri’ ) as the dual space of WO’[" /’Sp (Ri’ ).
In addition, under the assumption (2.2), | - |W;'f/‘3” (RY) is a norm on ngbp (RY) which is equiva-
lent to the full norm | - || WP R We will now recall some properties of the weighted Sobolev

spaces WZ }’gp (Rﬁ ). We have the algebraic and topological imbeddings:

_ . N
Wil (RY) > Wi P (RY) > s W (RY) i o (1),

When%—i—a:je{l,...,m},thenwehave

m,p m—j+1,p m=j,p 0,p
W(x,ﬁ (SN N Wa—j—i—l,ﬂ (SN Wa—j,ﬂ—l (SN N Wa—m,ﬁ—l'

Note that in the first case, for any y € R such that % +a—y ¢{l,...,m} and m € N, the
mapping

ue W:Z;gp(Ri/) > o0’u € W;"_’f,’ﬂ(R_]X)
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is an isomorphism. In both cases and for any multi-index A € NV, the mapping

ue Wyl (RY) — d*ue W;’flg'“’”(M)

is continuous. Finally, it can be readily checked that the highest degree ¢ of the polynomials
contained in W,/ (RY) is given by

ﬂ—}—ae{l,...,m}and(ﬁ—l)p>—l, or
N . p
m—(Z+ao)—1, if { © ) )
qg= p F—i—ae{JGZ;JQO}andﬂp}—l, 2.4)

[m — (% +a)], otherwise.

Remark 2.1. In the case 8 = 0, we simply denote the space W,, i/ (£2) by W""(£2). In [16],
Hanouzet introduced a class of weighted Sobolev spaces without logarithmic factors, with the
same notation. We recall his definition under the notation Hy"? (§2):

H"P(2)={ueD'(2); 0< A <m, o* " Mo u e LP(2)).

It is clear that if % +a¢{l,...,m}, we have Wy 7 (£2) = Hy""(£2). The fundamental differ-
ence between these two families of spaces is that the assumption (2.2) and thus the Poincaré-
type inequality (2.3), hold for any value of (N, p,a) in Wy"?(£2), but not in Hy ' (£2) if
%—f-a el{l,...,m}.

2.3. The spaces of traces

In order to define the traces of functions of Wy " (Rﬁ ) (here we do not consider the case
B #0), for any o € ]0, 1[, we introduce the space

_ p
Wg’p(RN)={M€D’(RN)§ w—GueLP(RN) and / %dxdy<oo},

RN xRN
(2.5)

where w = @ if N/p # o and w = o(Igp)'/? if N/ p = 0. It is a reflexive Banach space equipped
with its natural norm

u

u » = —
||”wgP@W) (‘w“

14 _ 1/p
n / |u(x) u(y)lpdxdy> .

LP(RN) |x — y|N+op
Similarly, for any real number « € R, we define the space

Wor (BY) = {u e D/(RY); w*u e LP(RY),

/ 0% ()u(x) — o*(V)u(y)|P

x— yVFor dxdy<oo},

RN xRN



892 C. Amrouche et al. / J. Differential Equations 244 (2008) 887-915

where w =0 if N/p+a #o and w = o(Ige)"/ = if N/p 4+ a =o.For any s € Rt, we set
WP (RY) = {u e D'(RY); 0< Al <k, 0* M go) ' o*u e LP (RY);
k+1< A< Is1=1, ot Mo*u e LP(RN); A =[5, 9*u e WP (RY)},
where k=5 — N/p—aif N/p+a€f{o,...,o+[s]}, witho =s — [s] and k = —1 otherwise.

It is a reflexive Banach space equipped with the norm

||”||W;'P(RN):< Z ”QQ_SHM(ng)_IaAM”i;a(RN)
0<Ir <k

1/p
+ Z ”Qawlkaxu”il)(RN))
k1AL s]-1

+ Z ”3/\”“ WP (RNY*
[A]=I[s]

We can similarly define, for any real number S, the space
Wy b (®Y) ={ve D'([RY): (go)fve Wy (RY)}.

We can prove some properties of the weighted Sobolev spaces W; g (RY). We have the algebraic
and topological imbeddings in the case where N/p +« ¢ {0, ...,0 + [s] — 1}:

Wo b (RY) < WP (RN ) s s WP (RN,

a—1,p a—[s].p
WSZE’(RN) — Wo[i]ﬁ[[s?]fs,ﬁ(RN) i ngv,ﬂ(RN)'

When N/p+oa=je{o,...,0+ [s] — 1}, then we have

Ws’p [N N Ws_j+1’p s Ws_j’p [SEENG N Wo-’p

o.fp a—j+1.p a—j.p—1 a—[s].B—1"
5,p [sl.p [s]-j+1.p [s]=j.p 0.p
Wa,ﬁ — Wot—i—[s]—s,ﬂ e Wafcrfj+l,ﬁ - Wafdfj,ﬂfl o Wafs‘ﬁfl'

If u is a function on R_’X , we denote its trace of order j on the hyperplane I" by
VjeN, yju:x' eRV"N— alux’,0).

Let us recall the following trace lemma due to Hanouzet (see [16]) and extended by Amrouche
and Necasova (see [5]) to this class of weighted Sobolev spaces:

Lemma 2.2. For any integer m > 1 and real number «, the mapping

_ m—1
V:(VO’ Vla-na)/m—l):D(Rﬁ) —> HD(RN_I)
j=0
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can be extended to a linear continuous mapping, still denoted by y,

m—1
y: W(;"’p(Rﬁ) — l_[ Wé"_/_l/”'p(]RN_l).

=0

Moreover y i jecti =W, RY

y is surjective and Kery = W7 (RY).
2.4. The Stokes system in the whole space
On the Stokes problem in RV
(S —Au+Vrn=f and divu=h inR",

let us recall the fundamental result on which we are based in the sequel. First, for any k € Z, we
introduce the space

Sk={ 1) ePr x Pfy; divh =0, —AL+ Vu =0},
Theorem 2.3. (See Alliot and Amrouche [1].) Let £ € 7. and assume that
N/p ¢{l,....,8} and N/p¢{l,...,—£}.

For any (f,g) € (Wzl’p(RN) X Wf’p(RN)) L S{i4¢—nyp), problem (S) admits a solution
(u,m) e W}Z’p(RN) X W?’p(RN), unique up to an element of Sp1—¢—n/p), with the estimate

inf u—+ A o +||l7r + )
el My oy + 17+ sl )

We also have the following result for more regular data:

Theorem 2.4. (See Alliot and Amrouche [1].) Let £ € 7Z and m > 1 be two integers and assume
that

N/p' ¢{l,....£+1} and N/pé¢{l,...,—L—m}.

For any (f,8) € (Wi P@Y) x WA @RN)) L Sjite—nyp), problem (S) admits a solution

(u,m) e Wﬁié’p(RN) X Wl;"_fz (RM), unique up to an element of Sp1—¢—n/p), with the estimate

inf u—i—l m+1,p =+ [|7T + m,p
(x»M)ES[lflfN/p](” ”WmiZI(RN) I M”WmJZ(RN))

SC( Nyn-tr g, + lElprs @)-

Note that if we suppose £ = 0, then Sj1_n/p11 = Pri—n/p1] % {0} and the orthogonality con-
dition (f, g) L Spi—nyp is equivalent to f L Pri_n/p-
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3. Homogeneous problems with singular boundary conditions

The way we will take to solve the Stokes system is based on the existence of very weak
solutions to homogeneous problems with singular boundary conditions. The first one is the bi-

harmonic problem: find u € Wel’f; (Rf ) solution to the problem
P): A’u=0 in Rﬂ\:, u=go and Jdyu=g; onl,

where go € Wl:ll/p’p(F) and g1 € W[_ll/p’p(l“) are given. We begin to define for any integer ¢,
the polynomial space B, as follows:

B, = {u EP(]AZ; u=0yu=0on F}.
Theorem 3.1. (See Amrouche and Raudin [8].) Let £ € 7 and assume that

N/p' ¢{l,....6—1} and N/p¢{l,...,—CL+1}. 3.D
For any go € W;__ll/p’p(F) and g1 € W[_ll/p’p(F) satisfying the compatibility condition

Yo € Boti—n/pys (81, A@)r — (g0, INA@)r =0, (3.2)

problem (P) admits a solution u € W;’fi (Rﬁ), unique up to an element of Bia_¢_nyp), with the
estimate

inf ) < ~1/p ~1/p .
B e+l 1r gy < C(llgol w1y 181y -1 'P(r))

Remark 3.2. (i) In the case where £ =1, if 1 — N/p" <0, then Bpi_y,,; = {0} and if
1—N/p' >0, then B[3—N/p/] =B = RXIZV

(i1) We also established a result for the lower case, with u € W,?’_l; (]R_’X ), but we do not use it
in this paper.

We will also need a result of this type about the Neumann problem for the Laplacian: find
ue W[O‘_l; (Rﬁ ) satisfying the problem

(Q: Au=0 inRY and dyu=g onT,
wheregeW;_];l/p’p(F).
Theorem 3.3. (See Amrouche [6].) Let £ € 7, and assume that
N/p'¢{l,....6—=2} and N/p¢{l,...,—€+2}. (3.3)
—1-1/p,p

Forany g e W,_, (I') satisfying the compatibility condition

A
Yo e NSy - 0, (3.4)

<g1 (p)W[_lzfl/p,p(r)xszi/zp/Jy/(F) e
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problem (Q) admits a solution u € sz (R+) unique up to an element 0fJ\/2 (—N/p) with the
estimate

inf u <C - .
inf gl gy < Cllgllytoumo gy
9EN2—-N/p]

With the same arguments as for Theorem 3.3, we can prove an intermediate result for this
problem:

Theorem 3.4. Let £ € Z. Under hypothesis (3.1), for any g € Wz 1/p.p (I') satisfying the compat-
ibility condition (3.4), problem (Q) admits a solution u € szl (Rﬁ), unique up to an element of
./\/[%_ C—N/p] with the estimate

AT gl gy S Clgly -ty
9€N2——N/p)

Now, we will establish a similar result about the Dirichlet problem for the Laplacian with very
singular boundary conditions: find u € Weilz"" (Rﬁ ) satisfying the problem

R): Au=0 inRﬁ and u=g onl,
where g € W[_lz_l/p’p(l").

Theorem 3.5. Let ¢ € Z. Under hypothesis (3.3), for any g € W[_lz_l/p’p(l“) satisfying the com-
patibility condition

A
V(p EA[1+57N/p/]’ <g1 3N§0) 71 1/p. p(F)XWZ l/p N (F) 07 (35)

problem (R) admits a solution u € Weilz’p (Rﬁ), unique up to an element of A[Al,@, N/pP with
the estimate

inf u - <C
it gy gy < Cllglly iy
4E€AI—e—N/p)

Firstly, we must give a meaning to traces for a special class of distributions. We introduce the
spaces

YY) = [ve WP (®Y): Ave wd (&Y)),

Ver(®Y) = {ve w, 5" (RY): Ave w) (RY)).

They are reflexive Banach spaces equipped with their natural norms:

Il ) = Il -to g, +1AVI00 g,

0lly, @) = 10y, + 1801 0p -
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Lemma 3.6. Let ¢ € Z. Under hypothesis (3.3), the space D(R_ﬂ\_’) is dense in Yy (Rﬁ) and in
Yo 1 (RY).

Proof. For every continuous linear form T € (¥, (Rﬁ))’, there exists a unique pair (f, g) €

WP RY) x WO (RY), such that

N
Yv e YZ(R+), (T,v)={(f, v) IZLZ(RN) W,lp(RN)—l—/gAvdx. 3.6)
RY

Thanks to the Hahn—Banach theorem, it suffices to show that t any T which vanishes on D(H@)

is actually zero on Y, (]R ). Let us suppose that T =0 on D(R ), thus on D(]RN ). Then we can
deduce from (3.6) that

N
f+Ag=0 inRY,

hence we have Ag € W 2(]RN) Let f € W 2(IR{N) and g € W p 1(]RN) be respectively
the extensmns by Oof f and g to RV . Thanks to (3.6), it is clear that f +Ag=0inR", and
thus Ag € wh l ) (R™). Now, thanks to the isomorphism results for the Laplace operator in RY

(see [4]), we can deduce that g € w Y +2 (]RN ), under hypothesis (3.3). Since g is an extension
by 0, it follows that g € W y +2(RN ). Then, by densny of D(]RN ) in W i, +Z(RN ), there exists

a sequence (@k)keN C D(RN) such that gy — g in W 2(RN) Thus, for any v € ¥, (R+) we
have

T,v) = (—A ) A )
(T,v) = g, V), —l+2(R+)XWZ lzﬂ(RN + (g, U> _z+2(RN)XW@ 3217(R+)
— lim {(—A o . Av) .3, 4.5
Jim {{ P Vi’ wyew ey T Ok BV gy 3’(R+)}
= lim {—/kavdx+/¢kAvdx}
k—o00

RY RY
=0,

ie. T is identically zero.
For the density of D(Rﬂ\_’ )in Yy (Rﬂ ), the only difference in the proof concerns the logarith-

mic factors in the weights, with g € WE’EP_ 1 _I(Rf ). O
Thanks to this density lemma, we can prove the following result of traces:

Lemma 3.7. Let £ € Z.. Under hypothesis (3.3), the trace mapping yo : D(R_ﬁ) — DRV, can
be extended to a linear continuous mapping
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vo: Ye(RY) — w5 V/PP(ry ifN/p e =1, e+ 1),

(respectively 10" YK,I(RJF) — W[_lz_l/p’P(F) ifN/p el —1,0,¢+ 1}).
Moreover, we have the following Green formula

VveYZ(R ) V(peW

(Avs §0) 0 P
Z+l

(Rﬁ) suchthat ¢=Ap=0 onT,
— (v, Ag)

42

®RY)x W ®Y) W 5P R WP Y

= (v, 0N Q) (3.7)

2—-1/p'.p

W, PPy < w2 PPy

(respectively the Green formula for vE Yg’l(]Rﬁ), where the first term of the left-hand side is

laced by (A )
replaced by (Av, @) Hll(]RN)xW 1(Rﬂl’))

Proof. Firstly, let us remark that for any ¢ € w z ) (]R_’X ), the boundary condition ¢ = Agp =0
on I is equlvalent to ¢ = 8%,(,0 0 on I'. Moreover, if N/p' ¢ {¢ — 1, ¢, £ + 1}, we have the

imbedding W_ 042 (RN ) — W (RN ). So we can write the following Green formula:
Yo e D(RY), Vo e W2, (RY) suchthat ¢=Ag=0 onT,

fgoAvdx—/vAgodx:/vampdx’. (3.8)

RY RY r
Since Agp =0 on I", we have the identity

/ vApdx = (v, Ap)
RY

WP R W ®RY)

This implies
/o < ’
|(v, 8N¢)W;12_'/”'P(F)xwf;'r/2” P (F)| < ||v||y((RQ’)||<P||Wi,lp+2(Ri;)-

By Lemma 2.2, for any 1 € sz}r/zp L (I), there exists a lifting function ¢ € W™ > +2(Rf ) such

that ¢ =0, Iy = Mandé) ¢ =0on I, satisfying

||(0|| 3[1 (RN) C||/~’l’|| 2 l/zp’,p’(l_,)y
where C is a constant not depending on ¢ and u. Then we can deduce that

100 Ly 1m0y < Clly, -

Thus the linear mapping yp: v +— v| defined on D(R_ﬁ) is continuous for the norm of Y, (Rﬁ ).

Since D(Rﬁ ) is dense in Y, (Rﬁ ), ¥o can be extended by continuity to a mapping still called
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yo € L(Y, (RN)' Wﬁl*l/p’p(F)). Moreover, we also can deduce the formula (3.7) from (3.8) by
density of D(RN) in Y((R ). To finish, note that if N/p’ € {£ — 1, £, £ + 1}, we only have the

imbedding w> i +2 (Rﬁf ) — W_ 11 (Rﬁ ), hence the necessity to introduce the space Y (Rﬁ )
and the corresponding Green formula with logarithmic factors for these three critical values. O

Proof of Theorem 3.5. We can observe that solve problem (R) is equivalent to find u € Y, (Rﬁ )
if N/p' ¢ {€—1,¢,€+ 1} (respectively u € Y, | (RY) if N/p’ € {€ — 1, ¢, £ + 1}), satisfying

3,p
‘v’veW,zJr2

(Rﬁ) suchthat v=Av=0 onT,

<M, AU) ,1 p(RN)XWl;;z(Rﬁ) = —<g, an)W[_l;l/p’p([‘)xWEZ_}_/zp/’p/(F). (39)

Indeed the direct implication is straightforward. Conversely, if u satisfies (3.9) then we have
for any ¢ € D(Rﬁ),

<AM ‘P) ]RN) - <M, A‘P) 71 p(]RN) Wl P’ (Rﬁ) = 07

73 3
ST @YD xW ! —042

Z+2(

thus Au =0 in Rf. Moreover, by the Green formula (3.7), we have

VveW3p

“_Z(Rﬁ) suchthat v=Av=0 onl/r,

(g Inv) = OOy oy 7 iy

—-1-1/p,p 2-1/p".p’
Wy, (IMxWZ, 577 ) 42

By Lemma 2.2, for any u € Wig}r/zp/’p (I'), there exists v € W, Hz(Rﬁ) such that v = 0,
oNV = U, 8]%,1) =0 on I". Consequently,
(Ll — &, /’L> 71 l/pp([,)XWZ 1/1) N4 8] 201

ie.u —g=0onI". Thus u satisﬁes (R).
Furthermore, for any f € wh i +2(RN ) L .A[1 o—N/pp Ve know that (see [5]) there exists a

unique v € w £+2 +)/A[1+£—N/p’] such that

Av=f inRY, ~v=0 onr,
with the estimate

”U” 31) (RN)/AA C”fl'Wl,inz(Rﬁ)’

Wiha L4+¢-N/p']

where C denotes a generic constant not depending on v and f. Now, let us consider the lin-

ear form T: f — —(g, dnv) defined on Wlﬁrz(RN) 1 A[l —N/p]"

—l ””"(1")><W2 l/p "(F)

Thanks to (3.5), we have for any q € A[1+l N/p'T
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|Tf|_ < ,aN(U‘I‘Q)) —] I/pp([,)XW2 I/p N4 ()

amn-.mwwwv+qn

£+2(RN)
C||g|| —l pop 1Vl w
op) _ei2<RN)/A[A3 N/p)
<Clgl,, WWNWIMM

Thus we have shown that T is continuous on W Y +2(RN ) L A[Al —N/pl and then, according

to Riesz representation theorem, there exists a unique u € W,_ 2’7 (RN ) /.A[1 0—N/pl such that
Tf ={(u ’f> 11’(]R<N)XW1 v ®Y)’ So we have (3.9) and u is the unique solution to prob-

—t42
lem (R). O
Similarly to the Neumann problem, we can give an intermediate result:

Theorem 3.8. Let £ € Z. Under hypothesis (3.1), for any g € Weill/ PPy satisfying the compat-

ibility condition (3.5), problem (R) admits a solution u € Wf’f; (Rﬁ ), unique up to an element
OfA[Al—Z—N/p]’ with the estimate

quAinf |l 4+ ql| OIJ(RN) C||g|| *1/17 P(ry
[1-t=N/p]

4. Generalized solutions to the Stokes system in Rﬁ

We will establish a first result about the generalized solutions to (ST) in the homogeneous
case. The following proposition is quite natural and we can find similar results in the literature
although not expressed in weighted Sobolev spaces (see e.g. Farwig and Sohr [12], Galdi [14],
Cattabriga [11]). Moreover, we take up some ideas in [12] and we considerably simplify the
proof.

Proposition 4.1. For any g € W(l)fl/ PP, the Stokes problem

~Au+Vr=0 inRY, 4.1
divu=0 inRY, (4.2)
u=g onl, 4.3)

has a unique solution (u, ) € W(l)’p(Ri') X LP(Rﬁ), with the estimate

oty gy 17 ety < CIE i e (4.4)
Proof. (1) Firstly, we will show that system (4.1)—(4.3) can be reduced to three problems on the
fundamental operators A2 and A.

Applying the operator div to the first equation (4.1), we obtain

Ar =0 inRY. (4.5)
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Now, applying the operator A to the same equation (4.1), we deduce

A'u=0 inRY. (4.6)
From the boundary condition (4.3), we take out

uy=gy onrl, “.7
and moreover div' u’ = div’ g’ on I', where div' u’ = ZlN:_ll oiu;.

Since diva =0 in Rﬁ, we also have divu =0 on I, then we can write dyuy + div'a’ =0
on I, hence

dyuy =—div'g’ onT. (4.8)
Combining (4.6)—(4.8), we obtain the following biharmonic problem
(P): A’uy=0 inRY, uy=gy and dyuy=-—div'g’ onTI.

Then, combining (4.5) with the trace on I" of the Nth component in Egs. (4.1), we obtain the
following Neumann problem

(Q): Amr=0 inRﬁ and Oym =Auy onl.

Lastly, if we consider the N — 1 first components of Egs. (4.1) and (4.3), we can write the
following Dirichlet problem

(R): Au'=V'm in Rﬁ and u'=g onT.

(2) Now, we will solve these three problems.
Step 1. Problem (P). Since g € W(l)_l/p’p(F), we have gy € Wé_l/p""(l") and div' g’ €

W, 1/p-p (I'). So (P) is a homogeneous biharmonic problem with singular boundary condi-
tions, and we can apply Theorem 3.1 provided the compatibility condition (3.2) is fulfilled.
If 1 = N/p' <0, then B3_n,pq = {0} and the condition vanishes. If 1 — N/p’ > 0, then

Bi3—n ) = Rx%, and this condition is equivalent to

LA —
<d1V g l)Wo—l/Pv]’(I—v)XWOl/Pvf’,(r) =0. (49)
Since D(RY-1) is dense in Wol/””’,(l“), we know that there exists a sequence (¢p)ren C

D@®RN 1) such that ¢ — 1 in Wol/p’p/(l"), hence we can deduce
sl ST ’ ;
<le g, 1>W0—1/p,p(r)XW(;/I;,,;’(F) = ki)n(;lo / g V(pk dx" =0.
RN—I

Thus the orthogonality condition is fulfilled and problem () has a unique solution uy €
WO1 P (RY), satisfying
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llun ||W011P(R1) < C(”gN ||W01*1/p-p(1—~) +1 diV/g/”W(;l/p,p(F))
S Cliglyi-vrr - (4.10)

Step 2: Problem (Q). Since A%uy =0 in RY, we have Auy € Yz(Rﬁ) and also Auy €

Y21 (RY), hence Auy|r € Wo_l_l/p’p(l") by Lemma 3.7. Then we can apply Theorem 3.3,
provided the compatibility condition (3.4) is fulfilled, i.e.

A
V(p S '/\/-[Z—N/p’]’ (AMN, (p)WO*l*l/p”’(F)xngl/p/’p/([') =0.

Knowing that /\féﬁ N/ C ‘P1, an argument similar to that of the condition (4.9) in step 1 gives

us this relation. We can conclude that problem (Q) has a unique solution & € L” (]R_/X ), satisfying
”n”LP(RIJ\rj) < C”AMN”WO_'_'/”"’(I‘)

< CllAunlly, ey, = ClAuNl 1o gy,

< Cllunllyr gy, < Clgly v (4.11)

_ N—1
Step 3: Problem (R). By step 2, we have V'm € W, L.p (Rﬁ) and moreover
/ 1-1/p.p, N1 A
gew, (I') . Since A

—N/p] = {0}, we know that problem (R) has a unique solution
w e WP )"

1
(see [5, Theorem 3.1]), satisfying

Il 1 <C(IV'm

Wl @)~ 'wgl*%M)N‘l + ”g/||w;*1/1’-1’<m’v“)
<C(I Loy + 181 yavns )
<Clglyi1r . “.12)
(3) In order, we have found uy, 7 and «’, which satisfy (4.3) and partially satisfy (4.1), i.e.
—Au'+V'mr=0 inRY.
It remains to show they satisfy (4.2) and the Nth component of (4.1), i.e.
—Auy +dyr =0 inRY.
Thanks to (4.5) and (4.6), we obtain
A(Auy —dym) = A’uy =0 inRY.

With the boundary condition of (Q), we can deduce that the distribution Auy — Iyw €
W, Lp (R{X) satisfies the following Dirichlet problem

A(Auy —dym)=0 inRY, Auy —dym =0 onl.
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Thanks to Theorem 3.5, we necessarily have Auy — dym = 0. Thus (u, m) completely satisfies
4.1).

Now, applying the operator div to (4.1), we have —Adivu + Axr =0in R_’X , and by the main
equation of (Q), i.e. (4.5), we obtain Adivu =0 in Rﬁ. Moreover, from the boundary condition
in (R), we get div'u’ = div’ g’ on I'". Then, with the boundary condition in (P), we can write

divu =dive' + dyuy =div' g’ —div'g’=0 onT.
So, we have
Adivu =0 inRﬁ, divu=0 onl,

with divu € LP(Rﬁ) and then by Theorem 3.8, we can deduce that divu =0 in Rﬁ, ie. (4.2)1s
satisfied.

(4) Finally, let us remark that the uniqueness of (u, ) is a consequence of the uniqueness of
the solutions to problems (P), (Q) and (R). Moreover, the estimate (4.4) is a consequence of the
estimates (4.10)—(4.12). O

Now, we can solve the complete problem (S1). For this, we will show that it can be reduced
to a homogeneous problem, solved by Proposition 4.1.

Theorem 4.2. For any f € Wy "PRY), h € LP(RY) and g € W)~ "/P"P(I"), problem ()
admits a unique solution (u, ) € W(l)’p (Rﬁ ) x LP (Rﬁ ), and there exists a constant C such that

<C(If ly- oy + 1l oy + 18 g -mo - (4.13)

Proof. Firstly, let us write f = divF, where F = (F;)1<igxn € L? (Rﬁ )N, with the estimate

IFN gy < OIS Ny oy

and let us respectively denote by F= (F i<igny € L? RN )N and i € LP(RY) the extensions

by 0 of F and 4 to R . By Theorem 2.3, we know that there exists (&t, 7) € W(l)’p (RN) x LP(RM)
solution to the problem

(5): —Au+Vi=divF and divi=h inR",

provided the condition divF L Pri—nyp is fulfilled. If 1 — N/p" < 0, we obviously have
Pri—n/p = {0}, thus the condition vanishes. If 1 — N/p’ > 0, then we have P[j_n/p| = RN
and this condition is equivalent to

Vi=1,...,N, (divF; 1) _,

Wy @y @y = O
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This is exactly the same argument as for the condition (4.9) in the previous proof. Thus the or-
thogonality condition is fulfilled, hence the existence of (&, 77) € W(l)’p (RN) x LP(RN) solution
to problem (S), satisfying

@yt gy + 17 oy < CUVE o1 gy + 1l o))
SCUS lyzrr gy, + 10 Lo @) ) (4.14)
Consequently, we can reduce the system (S™) to the homogeneous problem
(Sn): —Av+V9P=0 and divv=0 inRﬂ\:, v:gji on I,

where we have set g =g —ii|r € W(l)_l/ P-P(I"). Now, thanks to Proposition 4.1, we know that
(%) admits a unique solution (v, ) € W(l)’p (Rﬂ) x LP (Rﬁ ), satisfying

“v”W(l)p(RiY) + ”ﬂ”LP(Rﬁ) g C”gﬁ || W(l)*l/P-P(F)

<C(If oy + 10l oy + 18 hyt-mo ). (15)

Then, (u, ) = (v + ﬁ|R1+v, Y+ ﬁ'Rf) € Wé’p(Rﬁ) X LP(Rﬁ) is solution to (ST) and the esti-
mate (4.13) is a consequence of the estimates (4.14) and (4.15). Finally, the uniqueness of the
solution to (ST) is a straightforward consequence of Proposition 4.1. O

Remark 4.3. In a forthcoming work, we will show that under hypotheses of Theorem 4.2 and if
moreover f € Wal’q(Rﬁ), heLI(RY)and g € W(l)_l/q’q(l"), for any real number g > 1, then
the solution (u, ) given by Theorem 4.2 verifies, besides, (u, ) € W(l)’q (Rﬁ) x L4 (Rﬁ).

5. Strong solutions and regularity for the Stokes system in ]Rf

In this section, we are interested in the existence of strong solutions (and then to regular so-

lutions, see Corollaries 5.5 and 5.7), i.e. of solutions (u, ) € W?’fl (Rﬁ) X Wel_ﬁ (Ri’ ). Here,
we limit ourselves to the two cases £ = 0 or £ = —1. Note that in the case £ = 0, we have
WP RY) < Wy’ (RY) and WP (RY) < LP(RY). The proposition and theorem which fol-
low show that the generalized solution of Theorem 4.2, with a stronger hypothesis on the data, is
in fact a strong solution.

Proposition 5.1. Assume that % # 1. Forany g € W?_l/p’p(l"), the Stokes problem (4.1)—(4.3)
has a unique solution (u, ) € W%’p(Rﬁ) X Wll’p(Rﬁ), with the estimate

oty ity + 1 lytor ) < Cllglyg2-timn -
Proof. The arguments for the estimate are unchanged with respect to the proof of Proposi-

tion 4.1. For the surjectivity and the uniqueness, note that we always have the imbedding
le_l/p’p(l’) N Wol_l/p’p(l"). By Proposition 4.1, we can deduce that problem (4.1)—(4.3)
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admits a unique solution (u, ) € W0 P (R ) X LP(RN ), satisfying the estimate (4.4). Then,
it suffices to go back to the proof of Proposition 4.1 and to use the established results about

problems (P), (Q) and (R), to show that in fact (u,7) € W2 P@RY) x 1 P(RY). In order,
for problem (P), we find uy € W P (RN ) (see [7, Lemma 4. 9]) for problem (Q) thanks to

Theorem 3.4, we find 7 € W1 p(Rﬁf), for problem (R), we find u’ € le p(Rﬁ) (see [5,
Theorem 3.3]). Note that for these three results, the condition N/p’ # 1 is always necessary. O

Now, we can study the strong solutions for the complete problem (S*). As for the gen-
eralized solutions, we will show that it is equivalent to a homogeneous problem, solved by
Proposition 5.1. The following theorem was established in the case N = 3, p =2, by Maz’ya,
Plamenevskii and Stupyalis (see [18]).

Theorem 5.2. Assume that % # 1. For any f € W?’P(Rﬁ)’ hoe Wll’p(Rﬁ) and g €
szl/p P(r), problem (S%) admits a unique solution (w, ) which belongs to W%’p(Ri’) X
1 P (R ), with the estimate

oty gy 1 gt vy < AL g gy + 1Rl oy + 1€ lyz-imo )-

Proof. Here again, the arguments for the estimate are unchanged with respect to the proof of
Theorem 4.2. For the surjectivity and the uniqueness, note that the imbedding

OP(R ) <> Wy P (RY) holds if N/p’ # 1. Moreover, we have W,"”(RY) < LP(RY) and
W1 “Uprpy s WO1 l/p "P(I"). Thus, thanks to Theorem 4.2, we know that problem (S¥) ad-
mits a unique solution (u, ) € W(l)"” (Rﬁ) X LP(Rﬁ ), satisfying the estimate (4.13). To show
that (u, 7) € W?’p(Ri’) X WI]’P(R_’X), we want to find an extension f of fto R¥ such that the
orthogonality condition for the extended problem to the whole space (S) holds. To this end, we
still can write f = divF. Indeed, if N/p’ # 1, for any f € W0 P (]R ), the Dirichlet problem

Aw=f inRﬁ, w=0 inl,

admits a umque solution w € W P (RN ) (see [5, Theorem 3.3]). So, if we consider F = Vw €

lp (RN ) , we have f = div IF. Now, it suffices to go back to the proof of Theorem 4.2.
Here again, we know that there exists a continuous linear extension operator from Wll’p (Rﬁ )
to Wll’p(RN), so we get f =divF e W?’p(RN) and i € Wll’p(]RN), hence the extended prob-
lem (S), which has, by Theorem 2.4, a solution (&, 7) € W?’p(RN) X Wll’p(RN). Then, we
obtain the equivalent problem (S%) with g% € W%_l/ P-P(I") and this problem is solved by Propo-
sition 5.1. O

Remark 5.3. To give a variant to this proof, we also can consider the extension f € W(l)’p RN
of f to RN defined by

Fooan) = { f& xn) if xy >0,

—f(x',—xny) ifxy <0,
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and h € Wl1 "P(RN) an extension of & to RY. Then by Theorem 2.4, there exists (u, 7) solution
to the problem

(S): —AIZ+Vﬁ=f and divi=h inR",

provided the orthogonality condition fl Pri—n,p is fulfilled. Here again, if I — N/p’ < 0 this
condition vanishes and if 1 — N/p’ > 0, we have

Vi=1,...,N, /i,-(x’,xN)dx=0.
N

Thus the orthogonality condition holds. The rest of the proof is identical.

Remark 5.4. Similarly to Remark 4.3, we could show that under hypotheses of Theorem 5.2 and
if moreover f € W?’q(Rﬁ ), he Wll’q (RY)and g € W?_l/ %4917, with an arbitrary real number
q > 1, then the solution (u, ) given by Theorem 4.2 verifies, besides, (u, ) € W?’q (Rﬁ) X
w4 RY).

We will now establish a global regularity result of solutions to the Stokes system (S™), which
includes the case of strong solutions and which rests on Theorem 4.2 and a regularity argument.

Corollary 5.5. Let m € N and assume that % #1ifm>=1 Forany f € W',:,’_l’p(Rﬁ),
h e Wm’p(RN) and g € Wm+1_1/p’p(F) problem (ST) admits a unique solution (u,m) €
with P@RY) x WP (RY), with the estimate
”unwmﬂm(Rﬁ) + ”jT”Wr’:Z'p(R_]X)
C(”f”W%*l»p(Rﬁ) + ”h”W,',,"’p(Rﬁ) + ”g”W%‘Flfl/p,p(F)).
Proof. Since we have Wy "P@RY) — W;'P®RY), WpP®RY) < LP(RY) and

wit=erpy Wé_l/p P(I'), thanks to Theorem 4.2, we know that problem (S*) admits
a unique solution (u, ) € W(l)’p (Rﬁ ) x LP (Rﬁ ). We will show by induction that

(f h, g)EWm IP(RN) mP(RN) W$+]*1/Psp(1—v)

= () e WnThP(RY) x WP (RY). (5.1)

For m =0, (5.1) is true. Assume that (5.1) is true for 0, 1, ..., m and suppose that (f,h, g) €
erll(RN) :::11 PRY) x Zzﬁ_l/p’p(l“]) Let us provelthat (u,m) € Wﬁﬁ’p(Rﬁ) X
Wi P@®RY). Since WIRA@®RY) — wy TUP@®RY), wirtP@®RY) < Wy P(RY) and

WP (ry e Wt TYPP(), we know that (w,m) € Wi TP @®RY) x Wi P(RY)

thanks to the induction hypothesis. Now, for any i € {1, ..., N — 1}, we have
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—A(ediu) + V(0d;im)

2 N -1 1 1
=00 f +—x.Voju+ — t+t=3 oju+ —xo;m
e 4 0 e

Thus, —A(pd;ju) + V(gd;m) € Wﬁ_l’p(Rf). Moreover,
. 1
div(ed;u) = —x0;u + 00;h.
Q

Thus, div(ed;u) € Wi ” (RY). We also have yo(od;u) = o'diyou = 0'dig € Wi ~V/PP(I).
So, by induction hypothesis, we can deduce that

Vie{l,...N—1}, (@u,dm)e Wit P(RY)x whh(RY).

It remains to prove that (dyu, dy7) € Wzii PRY)Yx w! ! "7 (RY). For that, let us observe that
foranyi e {l,..., N — 1}, we have

a,»aNu = aNaiu € WZ-'f] (RN)

u; =—ANu; + 47— fi € W::erl (RN)

dyun = dnh — dy div'a’ e Wil (RY),

oNT = fn + Auy € Wm P (RN)

Hence, V(Oyu) € Werl

wrtle (RY), according to definition (2.1). Consequently, we have Vu € wrtle (Rﬁ’) . Like-

m+1 m+1
wise, we have Vr € WmH(}RN) Finally, we can conclude that (u,7) € Wﬁﬁ‘p(Rf)

m+1p N
m+1 (R ). O

(RN) and knowing that dyu € W;,” (RY), we can deduce that Ivu e

Now, we examine the basic case £ = —1, corresponding to f € L? (Rﬁ). More precisely, we
have the following result, corresponding to Theorem 5.2:

Theorem 5.6. For any f € LP(RY), h € Wy'”(RY) and g € Wy~ /PP (I"), problem (S*) ad-
mits a solution (u,m) € Wz’p(RN) 1"U(]RN) unique if N > p, unique up to an element of
Rxp)N ! x {0} x Rif N < p, with the following estimate if N < p (eliminate (A, ) if N > p):

inf u—+Al,2 + ||+ »
(X,M)G(RXN)Nflx{O}xR(“ ||W(2)p(]Rﬁ) ” M”WOI ! (Rﬁ))

<C(N gy + 1y, + 18y

Proof. The idea is to go back to the proof of Theorem 4.2 and we will throw light on the mod-
ifications. In contrast to Theorem 5.2, the extension f of f is of no importance because there
is no orthogonality condition for the extended problem (S) (see Theorem 2.4). Then, we get
the reduced problem (S*). Now, to solve (S 1), this is the proof of Proposition 4.1. Problem (P)
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yields a unique uy € WO2 P (Rﬁ_’), problem (Q) gives 7w € Wol’p (Rﬁ ) unique up to an element

of ./\f[ﬁ n/pp and (R) yields u’” e Wg PRY )N : unique up to an element of (A[Azf N /p])N_1

The point (3) of the proof is identical for all N and p (the kernels of the two Dirichlet problems
are always reduced to zero). The last point concerns the kernel of the operator associated to this
problem. If N > p, it is clearly reduced to zero and if N < p, we have .A[Az_ N/pl = Rxy and

NE N =Pu-n/p=R. O

Thanks to the corresponding imbeddings, we can give a regularity result with the same proof
as Corollary 5.5.

Corollary 5.7. Let m € N. Forany f € WP ®RY), h e Wi *"P(RY) and g € Wi >~V /7P (1),
problem (ST) admits a solution (u, ) € Wm+2 p(RN) m+l p(RN) unique if N > p, unique
up to an element of (Rxn )N~ x {0} x R if N < p, with thefollowmg estimate if N < p (elimi-

nate (A, u) if N > p):

inf | 4 Al m+2, + 7+ el m+1,
(l,u)e(RxN)N’lx{O}xR( Wm p(Rﬁ) Wm p(Rﬂ))

I e ey + WLyt oy + 18 lymsa-iinr ).

6. Very weak solutions for the Stokes system

The aim of this section is to study the Stokes problem with singular data on the boundary. For
that, we will adapt a method employed in bounded domains (see [2, Section 4.2]). At first, we
must give a meaning to singular data for the Stokes problem in the half-space. More precisely,
we want to show that a boundary condition of the form g € Wz_l{p "P(I') is meaningful. In mind

1/p.p

of this paper, we limit ourselves to the two cases E =0orf=1,ie togeW_,/""(I') corre-
sponding to a solution (u, ) € W%f(RQY) x W_ 1 p(]R ),or g € W0 1/p. P corresponding to
(u,m7)eL? (Rﬁ ) x Wy L.p (Rﬁ ). In that way, for every £ € Z, we introduce the space

M(RY) = {ue W7,

HI(Rﬁ); u=0and divu=0onI'}.

Lemma 6.1. For any € € Z, we have the identity

M (RY) = {u e W!,

P (RY); u=0and dyuy =0o0n I'} (6.1)

and the range space of the normal derivative y1: M (R ) — Wl/gl:’_lf/(l“) is

Z() = {we WP (r); wy=00nT}. (6.2)

Proof. Let u € W2 - 1(RN ) such that u =0 on I'". Then divu = dyuy on I" and the identity
(6.1) holds.

Moreover, it is clear that Zm y; C Zy(I"). Conversely, given w € Z,(I"), by Lemma 2.2,
there exists u € W2 5+1(R1) such that # =0 and dyu = w on I". Since wy =0 on I, we have

u eMg(RJr) andweZImy;. O
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For any open subset £2 of R, we also define the space

Wl_'f/(div; 2)={ve Wtf/(ﬂ); dive e Wlﬁl([z)}’

which is a reflexive Banach space for the norm

1901 iy = gy + 1AV 1

and the following subspace of WE t{’ / (div; Rﬁ )

X (RY) = {ve Wy (RY); divoe W', (RY)).

Lemma 6.2. For any { € Z, the space ’D(Rﬁ) is dense in X (Rﬁ).
Proof. Let v € Xg(Rﬁ) and ¥ be the extension by 0 of v to RY, then we have ¥ €

w7 (div; RV).
We begin to apply the cut off functions ¢, defined on R for any k € N, by

P = {‘f(ﬁ% it x| > 1,

, otherwise,
where ¢ € C*° ([0, oo[) is such that
¢()=0, ifrel0,1]; 0<op(@®) <1, ifrell, 2] op()=1, ifr>2.

Note that this truncation process is adapted to the logarithmic weights (see Lemma 7.1 in [3]).
Then we have

- . L. Lp
¢kv:vkk:>oov 1nW7é’(RN)

and

div(ged) = g dive+5- Vg — divi in W/, (RY).

Now, for any real number 6 > 0 and x € RV, we set Vgo(x) = Vi(x — Oey). Then v 9 €
Wl_f (div; R) and supp V¢ is compact in RY, moreover

lim 56 =9 in W'/ (div; RV).
6—0
Consequently, for any real number ¢ > 0 small enough, p; * Vg € ’D(Rﬁ ) and
lim lim lim pg %V p =7 in WEE/ (div; RN),
e—>00—>0k—>00

where p; is a mollifier. O
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Let X /e (Rﬁ ) be the dual space of X, (Rﬁ ), we introduce the spaces
0,
Ty (RY) = v e WO, (RY): Ave Xj(RY)),
Tg,g(Ri\_]) = {v € TZ(RQ_/); divv=0in Ri\_]}
which are reflexive Banach spaces for the norm

19l @) = 19 yos g, + 1801, ).
where || - || X,®Y) denotes the dual norm of the space X/ (RN ).

Lemma 6.3. Let £ € Z. Under hypothesis (3.1), the space D(R_ﬁ) isdensein T g(Rﬁ ).

Proof. For every continuous linear form z € (T g(Rﬁ ))’, there exists a unique pair (f, g) €
£+l(RN) x X¢(RY), such that

voeTo(RY), (z,v) = / fovdx+ (A0, @)y m)x @Y (6.3)
RY
Thanks to the Hahn—Banach theorem, it suffices to show that it any z which vanishes on ’D(]R )

is actually zeroon T g(Rﬁ ). Let us suppose that z =0 on ’D(Rﬁ ), thus on 'D(Rﬁ ). Then we can
deduce from (6.3) that

N
S+Ag=0 inRY,

hence we have Ag € w €+1(R ), g € W_Z (R ) and divg € w! £+1(R ). Let f €

) +1(RN )and g € W p (RV) be respectively the extensions by 0 of f and g to RY. From
(6.3), we get f + Ag = 0 in RV, and thus Ag e W (+1(RN) Now according to the isomor-
phism results for A in R (see [4]), we can deduce that g c W> 0.1 RY), under hypothesis

3.1). Slnce g is an extension by 0, it follows that g = W e 11 (]RN ). Then, by density of ’D(R_ﬂ\_] )

in W_/ZH(RJF) there exists a sequence (@;)ken C ’D(RN) such that ¢; — g in W7£+1(Rﬁ).
Thus, for any v € TZ(R+), we have

(z,v):—/v.Agdx+(Av,g)Xz(Rﬁ)XXl(Rﬁ)
RY

= lim {—/v'A‘Pkd)“r<Avv‘0k>v/<Rﬁ)w<M>}

k—o00
N
R
=0,

i.e. z is identically zero. O
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We also can show that, under hypothesis (3.1), {v € ’D(R_j\_/); divv =0}isdensein T » (Ri’).
To study the traces of functions which belong to T'¢ (Rﬁ ), we set

W?’p(div; Rﬁ) = {v € ngl (Rﬁ); divv € W?’p(Rﬁ)}
and their normal traces are described in the following lemma:

Lemma 6.4. Assume that £ € 7 with N/ p’' # L. The linear mapping

Yeu :D(EY) — DE"),

v—> vnN|r
can be extended to a linear continuous mapping
0,p/ 1 —1/p,
Ve : Wi (div RY) — w7 (D).
Moreover, we have the Green formula
0.p(q4:0. N N
Voe W, (div; RY), Vo e W £+1(R+),

/v.Vgpdx+/<pdlvvdx_ (vn, @) _'/"”(F)xw_'/l{’;{”(r)' 6.4)
RY RY
+ +

Proof. Note that the assumption N/p’ # £ is necessary for the imbedding wh Y +1(Rﬁ ) —

E'ep (Rﬁ ), which is underlying in the Green formula. We will show in remark how to do with-
out. -
Here again, we can show by truncation and regularization that ’D(Rﬁ) is dense in

WP (div; RY) as in [3].
Letv e ’D(RN )and ¢ € D(RN ), then formula (6.4) obviously holds. Since D(Rﬁ ) is dense
in W1 4 1(RN) and the mapping

1
vo: W e+1(RN) — W /E[jr{) ),

Y+ @lr

is continuous, formula (6.4) holds for every v € ’D(I@) and ¢ € Wl’l’il (RN ). By Lemma 2.2, for

1/p,p'
—0+1

Consequently,

everyue W (I'), there exists p € W Hl(IRN) such that ¢ = on I, with ||<p|| L ],

Clipll

(RN)
/ .
W,I/g'jrlp OD)

[N 1)y im0 | < NV e 18y 0
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Thus

luall —l/pp(r) < Cv| Op(div;Rﬂ)'

We can deduce that the linear mappmg Yey 18 continuous for the norm of W P (div; RY ).
Since ’D(RN ) is dense in W P (div; RY 2), Vey can be extended by contmulty 0 Yey €
E(WZ P (div; RY SOK W_l/p p(F)) and formula (6.4) holds for all v € We P(div; RN) and ¢ €

z+1 ®RY. o

Remark 6.5. If N/p’ = ¢, the imbedding W " 1(RN) s W (RN) fails, but in that case we
have W1 4 I(RN ) — W0 v _(RY). Thus, it sufﬁces to mtroduce the space W P(div; RY) =
{ve W@—I(Rﬁ)’ divv € Wg’1 (Rﬁ)} instead of We P(div; Rﬁ). Then, with the same proof, we
can show that ’D(I@) is dense in the space W(;f (div; Rf) and that the mapping y.,, is continu-
ous from W (d1v RY Y to W[_ll/ PP (1), with the corresponding Green formula.

It follows that the functions v from 7'y, H(]RN ) are such that their normal trace vy belongs to

W,_ 1/ P-P(I). Furthermore, for any v € ’D(R ) we have the following Green formula:

V(peMe(Rf), fAv-<pdx=/v-A(odx+/v~8N<pdx’.
RY RY r

Let us now observe that the dual space Z;(F) of Z,(I") can be identified with the space
—1/p,
{ge WZ_{pp(F); 8N =OonF},

and moreover that dy¢@ sweeps Z¢(I") when ¢ sweeps My (]RN ). Thus, thanks to the density of
D(]R Yin Ty (RN ), we can prove that the tangential trace of functions from Ty (RN ) belongs
to Wefll/ PP(I). So, their complete trace belongs to W Zj{ PP (") and we have

VYo e M((Rﬁ), Yv e Tg,(,(Rﬁ),
(Av, ¢>X2XXK = (v, A¢)W0.p <WO? + (v, aN(o)Wfl/p.pXWl/p-p" (6.5)

-1 —0+1 -1 —0+1
Remark. Here again, if N/p’ = £, we must add a logarithmic factor in the definition of X, (Rﬁ )
to have the good imbedding.

We now can solve the homogeneous Stokes problem with singular boundary conditions. We
will give separately the results for £ =0 and £ = 1. The proofs are quite similar and we will
just detail the first case. The following proposition and corollary yield the existence of very

weak solutions when the data are singular, so extending Proposition 4.1. Note that W0 P (R ) —
woPRY) and Wo VPP (1) > WIVPP (D) iE N # p.
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Proposition 6.6. Assume that ¥ ;é 1. For any g e W }/ PP such that gy = 0, the Stokes
problem (4.1)—(4.3) has a unique solution (u, ) € W(if(Rﬁ) __11 p(Rﬁ), with the estimate
latlygo vy + 1Ly gy < Clglly -1 -

Proof. (1) We will first show that if the pair (u, ) € W0 p(RN) X W_1 p(]Rﬁ) satisfies (4.1)
and (4.2), then we have u € T (RN ) and thus the boundary condition (4.3) makes sense. With

this aim, thanks to Lemma 6.2, observe that if 7 € W:ll’p (Rﬁ), then we have Vr € X 6(Rﬁ )
and

197 ey < el .

So, we have Au € XE)(Rf) and the trace ypu € W:{/‘"’p(l“).
(2) Let us show that the problem (4.1)—(4.3) with gy = 0 is equivalent to the variational

formulation: Find (u, ) € W(E{’ (Rf) X W:ll’p (Rﬁ) such that

Vo e Mo(RY), v e w7 (RY),

(u, —Av + V) - (n,divv)

/ —
WO RY) < WP (RY) PR W (R

= (g’8Nv>W:}/p’p(r)xWi/p’p,(f'). (66)
Indeed, let (u, ) be a solution to (4.1)—(4.3) with gy = O; then the Green formula (6.5) yields

for all v € Mo(RY),
(=Au+Vrm, v)x . x, = —(u, Av) WO RY ) x WO (RY)

— (g, onV) — (m, divv) =0.

WPy w PP () WP ®Y) < W ®Y)

Moreover, using the density of the functions of D(R_f) with divergence zero in T » (Rﬁf ), we
obtain for all ¥ € Wll’p, (Rﬁ),

(u, Vo) —(divae, )y wYyLr ®Y)

- <MN719>

WP @Y Wi ®Y) T
W:l'/”‘p(l‘)le'/”‘”/(F) =0.
So we show that (u, ) satisfies the variational formulation (6.6). Conversely, we can readily
prove that if (u, ) € W(l’f (Rﬁ ) X W__l1 P (Rﬁ ) satisfies the variational formulation (6.6), then
(u, ) is a solution to problem (4.1)—(4.3).

(3) Let us solve problem (6.6). According to Theorem 5.2, we know that if N 75 1, for all
fe W0 24 (]R )and ¢ € W1 4 (RN) there exists a unique (v, ¥) € MO(R ) X W1 P (IR{ ) solu-
tion to

—Av+V9=f and divv=gp ian, v=0 onl,
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with the estimate

”v” 2]}

@y I gy S CULF lgor gy + 10010 g )-

Then

|(g. BN ) | < Cligly-vrrp vl

21 /
WP RY)

< Clgly-vme (1 o + 110l 10)-
- 1

W:i/ﬂ?(r)xwi/PxP,(F)

In other words, we can say that the linear mapping
T:(f,9)— (g, dnV)

is continuous on W 24 (R ) X 1 24 (IR ), and according to the Riesz representation theorem,
there exists a unique (u, ) € W_1 (Rﬁ) xW_ 11 p(Rﬁ) which is the dual space of W? 7 (Rﬁ) X
WP (RY), such that

V(F o) € W (RY) < Y (RY),
T(f.9)={u, f)W‘}{’(Rﬁ)xW?*P/(RZ) + (7, _(p)w_’]“’(Rﬁ)xWll"’/(Rﬁ)’
i.e. the pair (u, ) satisfies (6.6). O
‘We now can drop the hypothesis gy =0.

Theorem 6.7. Assume that 2 3 1. For any g € W_ “V/PP(I), the Stokes problem (4.1)~(4.3) has

a unique solution (u, ) € W_l (Ri’) X W__l1 p(Rﬁ), with the estimate

Il vy + 17 -1 givy < CUE 170,

Proof. According to Theorem 3.4, if % # 1, then there exists ¢ € Wl’lp (Ri’ ) unique up to an
element of /\/’éﬁ N/pl solution to the following Neumann problem:

Ay =0 inRY, vy =gy onl.
Letus set w=Vy and g* =g — yow. Then w € To,g(Rﬁ) and
[y = 10lhyor g, < Cllgly -1 -

Furthermore, g* satisfies the hypotheses of Proposition 6.6, hence the existence of a unique pair
(z, m) which satisfies

~Az+Vr=0 and divz=0 inRY, z=g* onI.
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Then the pair (z + w, ) is the required solution. The uniqueness of this solution is a straightfor-
ward consequence of Proposition 6.6. O

Here is the corresponding results for the case £ = 1.

Proposition 6.8. For any g € ng/f’”’(r) such that gy =0, and g’ LRN=Vif N < p/, the

Stokes problem (4.1)—(4.3) has a unique solution (u, ) € LP(Rﬁ) X Wo_l’p(Rf), with the esti-
mate

”u”LP(Rﬂ) + ”n”WO_]"’(Rﬂ) < C”g”W(;l/”"'(I‘)'

Proof. The two differences from the weight £ = 0 are the absence of critical value (the reason
is that here the dual problem solved by Theorem 5.6 has no critical value), and the orthogonality
condition in the case N < p’ (which corresponds by duality to the non-zero kernel in Theorem
5.6 if N < p). The rest of the proof is similar. O

Theorem 6.9. For any g € Wy '/""? (") such that g 1 RN if N < p/, the Stokes problem (4.1)-
(4.3) has a unique solution (u, ) € L”(Rﬁ) X Wo_l’p(Rﬁ), with the estimate

el ey + 17y 10 gy < ClLE gy -

Remark 6.10. Let p > 1 be a real number. If p < N and r = Np/(N — p), then we have
Wy PPy < Wy V77 (I). Indeed, for every g € Wy~ /77 (I"), there exists u € Wy'” (RY)

such that
Au=0 inRﬁ, oyu=g onl

(see [6, Corollary 3.3]). Since we have the imbedding Woz’p(Rf) — Wé’r(Rﬁ), we can de-
duce that v = Vu € L’(Rﬁ) and divv =0 € W?’F(Rﬂ), ie. v e W?’p(div;Rﬁ). Moreover,

as r’ # N, according to Lemma 6.4, we get y.,v = dyu|r =g € W(;l/r’r(l"). Consequently,
if g € W(l)_l/ PPy wy, Y (1, Proposition 4.1 and Theorem 6.9 respectively yield the
unique solutions (u, ) € W(])’p(IR{ﬁ) X L”(Rﬂ) and (v, %) e L" (Rﬁ) X Wo_l’r(Rﬂ), which are

identical thanks to the Sobolev imbeddings Wé P@RY) — L"(RY) and LP (RY) — W, 1’r(]R_Ii ).
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Abstract. We consider the Stokes problem with slip-type boundary conditions in the half-
space R”, with n > 2. The weighted Sobolev spaces yield the functional framework. We first
study generalized and strong solutions and then the case with very low regularity of data on the
boundary. We apply the method of decomposition introduced in our previous work [J. Differential
Equations, 244 (2008), pp. 887-915] where it is necessary to solve particular problems for harmonic
and biharmonic operators with very weak data. We also envisage a wide class of behaviors at infinity
for data and solutions.
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1. Introduction and preliminaries. The motion of a viscous incompressible
fluid is described by the Navier—Stokes equations, which are nonlinear. The Stokes
system is a linear approximation of this model, available for slow motions. For the
stationary Stokes problem

—Au+Vr=Ff and divu=nh in Q,

where ) is a domain of R", there are several possible boundary conditions. Under
the hypothesis of impermeability of the boundary, the velocity field u satisfies

(1.1) u-n=0 ond9,

where n stands for the outer normal vector. According to the idea that the fluid
cannot slip on the wall due to its viscosity, we get the no-slip condition

(1.2) u, =0 on 09,

where u; = u — (u - n)n denotes, as usual, the tangential component of uw. The
Dirichlet boundary value problem, which was suggested by Stokes, is the combination
of (1.1) and (1.2). Concerning this problem, the literature is well known and exten-
sive. Especially in the case of the half-space, we would like to mention the works of
Cattabriga [11], Tanaka [25], Farwig and Sohr [14], and Galdi [15], where the solution
of the problem is investigated in homogeneous Sobolev spaces, whereas in the works of
Maz’ya, Plamenevskil, and Stupyalis [21] and Boulmezaoud [10], we can find results
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in weighted Sobolev spaces. This is also the functional framework of our previous
work (see [7]).

The correctness of the no-slip hypothesis has been a subject of discussion for
over two centuries among many distinguished scientists. Instead of (1.2), Navier had
already proposed the following condition saying that the velocity on the boundary is
proportional to the tangential component of the stress:

(1.3) (T-n)_+Su, =0 on 99,

where T denotes the viscous stress tensor and § is a friction coefficient. For the
incompressible isotropic fluids, the viscous stress tensor is given by

T=—nl+v(Vu+ Vul).

The case 8 = 0 is termed complete slip, while (1.3) reduces to (1.2) in the asymptotic
limit 8 — .

Recent developments in micro- and nanofluidic technologies have renewed inter-
est in the influence of surface roughness on the slip behavior of viscous fluids (see
Priezjev and Troian [23]). Intuitively much closer to the observed reality, the Navier
slip conditions have been often replaced by (1.2), as the slip length is likely to be too
small to influence the motion on the macroscopic scale. However, numerous exper-
iments and simulations, as well as theoretical studies, have shown that the classical
no-slip assumption can fail when the walls are sufficiently smooth (see Einzel, Panzer,
and Liu [12], Lauga, Brenner, and Stone [20], Priezjev, Darhuber, and Troian [22],
Qian, Wang, and Sheng [24], and Zhu and Granick [27]). Strictly speaking, the slip
length characterizing the contact between a fluid and a solid wall in relative motion
is influenced by many different factors, among which the intrinsic affinity and com-
mensurability between the liquid and solid molecular size, as well as the macroscopic
surface roughness caused by imperfections and tiny asperities, play a significant role.
Navier’s boundary conditions have been considered by many authors. Let us quote
Jager and Mikeli¢ [18] and Zajaczkowski [26]. In the three-dimensional case, we can
find other boundary conditions in the work of Ladyzhenskaya and Solonnikov [19] and
intensively studied by Babin, Mahalov, and Nicolaenko [8, 9]. These conditions can
be expressed by (1.1) combined with the equations

(1.4) curlu x n = 0.

In the half-space R, where n = (0, ..., 0, —1), Navier’s conditions (1.1) and (1.3)
with 5 = 0 can be written as

Up =0, O/ =0 on I' = OR%.

Let us remark that in the case of Ri, we would get the same boundary conditions
from (1.1) and (1.4).

The aim of this paper is to investigate the Stokes problem in the half-space with
the following type of slip boundary conditions:

(s%) —Au+Vr=§f and divu=h inR7},
Up =¢gn, and Oyu =g’ onI.

This paper is organized as follows. The second part of this section is devoted to
notation, functional setting, and useful results. In section 2, we establish the existence
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of generalized solutions in the central case of weight zero. In section 3, we extend
this result to a wide class of weights, and we also deal with strong solutions. Last, in
section 4, we are interested in the case of very low regularity at the boundary which
yields very weak solutions.

For any real number p > 1, we always take p’ to be the Holder conjugate of p,
that is, 1—1) + 1% =1.

For any integer n > 2, writing a typical point € R™ as x = (2/, x,,), we denote
by R’ the upper half-space of R™ and by I' = R™ ! its boundary. We will use the
two basic weights o = (1 + |z|?)'/? and lg p = In(2 + |z|?), where |z| is the Euclidean
norm of x.

For any integer g, P, stands for the space of polynomials of degree smaller than or
equal to ¢; qu (resp., quM) is the subspace of harmonic (resp., biharmonic) polyno-
mials of Py; AqA (resp., NqA) is the subspace of polynomials of PqA, odd (resp., even)
with respect to z,, or equivalently, which satisfy the condition ¢(z’,0) = 0 (resp.,
Onp(2',0) = 0), with the convention that these spaces are reduced to {0} if ¢ < 0.
For any real number s, we denote by [s] the integer part of s.

Given a Banach space B, with dual space B’ and a closed subspace X of B, we
denote by B’ 1. X the subspace of B’ orthogonal to X. For any k € Z, we will denote
by {1,...,k} the set of the first k positive integers, with the convention that this set
is empty if k is nonpositive.

Throughout this paper, bold characters are used for the vector fields; depending
on the context, f € X stands for f = (f1, ..., fn) € X = X", and g’ € X stands
for g’ = (g1, ..., gn-1) € X = X" L.

For weighted Sobolev spaces, we refer the reader to Hanouzet’s classic article [17]
and especially to [2] for logarithmic weights. Let Q be an open set of R™. For any
meN, pe]l, oo, (o, B) € R?, we define the following space:

(1.5) Wars () = {“ €D'(Q); 0 <A <k, ¢ ™ (1g o)1 0 u € LP();
' F+1< ) <m, 0o N (lgo)? Ou e L7(@) ],

where k =m —n/p—aifn/p+a € {1,...,m}, and k = —1 otherwise. In the case
B =0, we simply denote the space by W7"?(Q2). Note that W' /() is a reflexive
Banach space equipped with its natural norm:

a—m — P
”u”W;“vBP(Q) = ( E HQ A (1g Q)B ! a)\u”L:D(Q)
’ 0<|A[<k

1/p
+ > e (g o)? a)\U”ip(Q)) .
E+1<]A|<m
We also define the seminorm:
1/p
[lyyn iy = ( S e g0 a*m’;p(m) .
[A|=m

The weights in definition (1.5) are chosen so that D(R7) is dense in Wiy (RY)
and so that the following Poincaré-type inequality holds in W[ (R%) (see [3]): Let
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q* = inf(g,m — 1), where ¢ is the highest degree of the polynomials contained in
Wil (RY). I n/p+a ¢ {1,...,m} or (B —1)p# —1, then
Vu € WZZ?’B”(M), ||u||wgfv;(m)/79q* <C |U|ngv;(m)v
and
Vu € WIE(RY) = D@L EA, ul <Clu
o, B \N) = + ) WP RE) S WP (R

o]

We denote by W:;n’f’é (R?) the dual space of W,," (R ), and we notice that it is a

space of distributions. If n/p+a¢{l,...,m}, we have the imbeddings

m, n m—1, n 0, n
Wayﬂp(R‘f‘) — WafLﬂp(R-F) A Wafpm7,8(R+)'

Ifn/p+a=je{l,...,m}, then we have

m,p m—j+1,p m—j,p 0,p
Wos =2 Waliins @ Wasjpor = 2 Walnpr

In order to define the traces of functions of W7 P(R"}) (here we do not consider
the case 5 # 0), for any o € ]0, 1[, we introduce the space

WoP(R™) = {u € D'(R"); w* %u € LP(R™),

[ e el g, OO}
Rn xR"™ ’

o= g

where w = g if n/p+a # o and w = o (Ig )"/~ if n/p+ a = 0. For any s € RT,
we set

warR") ={u e D'(R"); 0 <A <k, 0* 1 (1g0) ! 0% € LP(R");
k+1< N <[s] =1, 0@t 9ru e LP(R™); 9l5ly e W;P(R“)},
where k = s—n/p—aifn/p+a € {o,...,0+ [s]}, with 0 = s — [s] and k = —1
otherwise. In the same way, we define, for any real number 3, the space W' ;(R") =
{v e DR"); (Igo)’v € WP(R")}. These two spaces are reflexive Banach spaces

equipped with their natural norms. If n/p+ a ¢ {o,...,0 + [s] — 1}, we have the
imbeddings

WSZ(R") — Wijg(Rn) S WP (R,

a[s], 8
WB(R™) < Wﬂ[g]_s)ﬁ(w) o WP (R,

Ifn/p+a=j€{o,...,0+][s] — 1}, then we have

5P s—j+1,p 5=J,P o,p
Woig—= =W <—>W7j”871<—>~--<—>Wa_[sm_1,

a, B a—j+1,8 a
s,p [s],p [s]—j+1,p [s]—j,p 0,p
Wa)ﬁ — Wa+[s]78)ﬂ R Wa_g_jﬂ)ﬁ — Wa_g_j)ﬁ_1 ey Wa—s,ﬁ—l'

If u is a function on R’} , we denote its trace of order j on the hyperplane I' by

VieN, ~yu:a' € R™ v dlu(a’,0).



1796 C. AMROUCHE, S. NECASOVA, AND Y. RAUDIN

Let us recall the following trace lemma due to Hanouzet (see [17]) and extended by
Amrouche and Necasova (see [3]) to the critical values with logarithmic weights.

LEMMA 1.1 (the trace lemma). For any integer m > 1 and real number o, we
have the linear continuous mapping

m—1
Y= (70771) s a’Ym—l) : W(;n’p(Ri) — H W(;n—j—l/p,p(Rn—l).
§=0
Moreover, v is surjective and Kery = V?/Z“Z’(Ri).
On the Stokes problem in R",
(S) —Au+Vr=f and divu=~h inR",

let us recall the fundamental results on which the text to follow is based. First, for
any k € Z, we introduce the space

Sp={(A 1) €PrxPpy; divA=0, —AX+ Vu =0}.
THEOREM 1.2 (see Alliot and Amrouche [1]). Let £ € Z, and assume that
(1.6) n/p ¢{1,....0} and n/p¢{l,...,—L}.
For any (f, h) € (W;l’p(R") X Weo’p(R”)) L Spyo—nyp, problem (S) admits a

solution (u, 7) € W;Z)(R”) X Wf’p(R"), unique up to an element of Sp_y—p /p), with
the estimate

ol (I + Mg gy + 17+ Bl o )

< C(IF =gy + Il ey -

THEOREM 1.3 (see Alliot and Amrouche [1]). Let £ € Z and m > 1 be two
integers, and assume that

(1.7) n/p'¢{1,....0+1} and n/pg{l,...,—0—m}.
For any (f, h) € (Wz;z’p(R") X WiiB(R™)) L Sfito—nyp), problem (S) admits a

solution (u, 7) € Wﬁﬁ’p(R") x Whh(R™), unique up to an element of Sp_r—n /),
with the estimate

e (s Mg oy + I+ il

< C(Iflwrm o @ny + IBlwgzen ) -

2. Generalized solutions for the weight zero. In this section, we will con-
centrate on the central case of weight zero—that is, solutions (u, 7) which belong to
WP (R%) x LP(R? ). This restriction allows us to avoid the question of kernel and,
above all, of compatibility conditions for the data. However, in the next section, we
will rest on this construction to envisage a wide class of weights.

First, we will establish the result about the generalized solutions to (S*) in the
homogeneous case. The method is similar to the one employed for the Dirichlet
conditions (see [7]), but the auxiliary problems and the arguments for their resolution
are appreciably different.
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2.1. The homogeneous case. Here, we assume that f =0 and h = 0.
PROPOSITION 2.1. For any g, € Wol_l/p’p(F) and g’ € Wo_l/p’p(l") such that
g LR ifn <p', the Stokes problem

(2.1a) —Au+Vr=0 in RY,
(2.1b) divu=0 in RY,
(2.1¢) Up = gn on T,
(2.1d) Opu' =g’ on T

has a solution (u, 7) € Wé’p(Ri) x LP(RY), unique if n > p, unique up to an element
of R"~1 x {0}? if n < p, with the estimate

EGRanle{O} [+ €l r@n) + I7llr @)

< C (HgnHW()l—l/p,p(F) —+ ||gIHW(;1/p,p(F))

if n < p, and the corresponding estimate without inf (€ = 0) if n > p.

Remark 2.2. Before giving the proof, let us notice that this problem is not
standard. Indeed, we find the velocity field w in WP (R” ) with a boundary condition
O’ =g' € W5'/PP(I) for its tangential components.

Such a velocity field is possible because A?u = 0 in R", and then, we find an ad
hoc space in which we can give a meaning (see [6, Lemma 4.8]) to the trace of d,u’

precisely in the space Wo_l/p’p(I‘).

Proof. (i) First, we reduce system (2.1) to three problems on the fundamental
operators A% and A.

According to (2.1b) and applying the operators div and A to (2.1a), we get both
Am =0 and A%u =0 in R?.

From the boundary condition (2.1c), we take out

Vie{l,2,...,n—1},  0%u, =082, onT.
In addition, from (2.1d), we take out
02y = Op(Onuy) = Op(—div' u') = —div'g’ onT,
and hence, the boundary condition
Au, =Ag, —div'g" onT,
where A’ = Z;le (’9?. So, we get the biharmonic problem
(B) A?u, =0 in RY,  un =gn, and Au, = A'g, —div'g’ onT.

Moreover, we have two Neumann problems,

(N1) Ar =0 inR%}, Opm=Au, onT,
(N2) Au'=V'm n R}, 9du' =g onT.

(ii) Now, we will solve these three problems.
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Step 1. We deal with problem (B). Denoting z, = Au,,, we can split our problem
into the following two Dirichlet problems:

(2.2) Az, =0 in R}, 2z, = A'g, —div'g’ onT,

Aup, =2z, m R}, u, =g, onl.

Concerning (2.2), we notice that A’g,, —div' g’ € Wo_l_l/p’p(l")7 and then we can
apply the result on the singular boundary conditions for the homogeneous Dirichlet
problem (see [7, Theorem 3.5]), provided the following orthogonality condition is
satisfied:

Vo € Ay (Agn —div'g, an@wo’l’””’”(F)xwﬁf””””'(r) =0

According to the degree of polynomials in A[Ag_n ] this condition reduces to g’ L

Pl1—n/p], Which is precisely the assumption of Proposition 2.1. Thus problem (2.2)
has a unique solution z, € W, "? (R%).

Concerning (2.3), we can apply the result on the generalized solutions to the
Dirichlet problem (see [3, Theorem 3.1]) without any condition since A[Alfn o] = {0}.
Thus problem (2.3) has a unique solution u,, € Wolm(R’}r).

Step 2. Next, we study problem (N1). Since Au, € Wo_l’p(]R’}r), it is necessary
to check that the trace of Au,, has meaning. We have both Aw, € Wofl’p (R%) and
A2y, = 0, and then it follows that Au,, € Wo_l_l/p’p(l") (see [7, Lemma 3.7]). Next,
the result on the singular boundary conditions for the homogeneous Neumann problem
(see [4] or [7, Theorem 3.3]) holds, provided the following orthogonality condition is
satisfied:

Vo € N@,n/m, (Aup, @) =0.

LR QU P L )

But, according to the degree of polynomials in /\/é_n o) it is clear that this condition

is always satisfied. It implies the existence of a unique solution 7 € LP(R} ) to problem
(N1).
Step 3. Finally, we are dealing with problem (N2). We split it into two parts:

(2.4) Av'=V'r nR}, 9,v'=0 onTl,
and
(2.5) Az'=0 nR}, 0,2’ =g" onT.

To solve (2.4), we introduce the auxiliary problem

(2.6) Aw=7 inRY}, 0Jyw=0 onT.
Since we have m € LP(R"}), problem (2.6) has a solution w € WOQ”’(]R’}F), unique up
to an element of /\/’é_n/p] (see [4]). Next, it suffices to put v/ = V'w to obtain a

(nonunique) solution v’ € W P(R™) to problem (2.4).

For problem (2.5), with ¢’ € Wal/p’p(F), we must use an intermediate result for
the Neumann problem (see [7, Theorem 3.4]). With this weight, the compatibility
condition is g’ L Py /. Thus it is realized by the assumption of Proposition 2.1.

So, this problem has a solution 2’ € Wé’p(Ri), unique up to an element of P_, /p)-
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Then, it is clear that the function v’ = v' + 2’ € W(l)’p(]R’}r) is the solution to
problem (N2).

(iii) Conversely, it is necessary to show that from u,,m, u', we get a solution
(u, ) of the original problem (2.1).

From the previous steps it is clear that

-Au'+V'nm = 0 in R%,
Up = gn onl,
o' = g onT.
It remains to prove that
(2.7) —Auy, + 0, =0 in RY,

and finally, to prove relation (2.1b).
For (2.7), thanks to the first equations of (B) and (N1), we get
A(Au, — Opm) = A%y, =0 in R
With the boundary condition of (N1), it follows that Au,, — 9,7 satisfies the problem
(2.8) A(Aup — Opm) =0 inRY, Au, —0,m=0 onT.

As well, Au, —0,m € Wofl’p (R™), and then by a uniqueness argument, we necessarily
have Au,, — 9,7 =0 in R? (see [7, Theorem 3.5]).

For (2.1b), the boundary conditions of (N2) imply 9, div'u’ = div'g’ on T.
Besides, from the boundary conditions of (B), we get 2u,, = —div' g’ on I'. Then
we have

Op divu = 0, div' v’ + 02u,, = div' g’ —div'g’=0 onT.
So, div u satisfies the problem
(2.9) Adivu =0 inRY, 0J,divu=0 onT.

As well, divu € LP(R? ), and hence divu = 0 in R? (see [4] or [7, Theorem 3.3]).
(iv) Concerning the uniqueness question, we notice that u, and 7 are unique. Let
u' = (u;)1<ign—1 and uif = (uj)lgign_l be solutions to (N2); then

A(u;—ul) = 0 inR7Y,
8n(ui—uT) = 0 onl,

2

where u; — u! € W, P(R?). So, we can deduce that u; — ul e /\/[?_n/p] (see [4]). It
. A o . A _ .
remains to remark that N, ,» =R if n <p, and Np_, ., = {0} if n > p.
Finally, the estimate of Proposition 2.1 is a straightforward consequence of the
Banach theorem. Let us notice that we can also get it from the estimates of the
auxiliary problems as we showed in [7] for the no-slip boundary conditions. 0

2.2. The nonhomogeneous case. Resting on the previous result, we now can
deal with the complete problem.
THEOREM 2.3. Assume that J; # 1. For any f € WOP(RD), h € WP(RY),

gn € Wol_l/p’p(f‘), and g € Wo_l/p’p(l"), satisfying the following compatibility con-
dition if n < p':

(2.10) Vie{l,...,n—1}, . £ 42 = (gis D/ )il o)



1800 C. AMROUCHE, S. NECASOVA, AND Y. RAUDIN

problem (S¥) admits a solution (u, T) € W(l)’p(]R’}r) x LP(RY), unique if n > p, unique
up to an element of R"~1 x {0}2 if n < p, with the estimate

cerithy o 121 Elwy vy lImllr @)

< C (HfHW;”P(R:L_) + ”h”WllvP(]Ri) + HgnHwolfl/p,p(F) + Hg/HWO*l/P*P(F))

if n < p, and the corresponding estimate without inf (€ =0) if n > p.

Proof. We can give a proof quite similar to that of the nonhomogeneous case for
the Stokes system with Dirichlet boundary conditions, by extension of the data f and
h to the whole space (see [7]). But another way is to combine this result with the
homogeneous case for the Stokes system with Navier boundary conditions. We will
follow this one.

First, we introduce the auxiliary problem

-Az+Vnp = f inRY,
(2.11) dive = h inR%,
z = 0 onl.

With the assumption 1% # 1, we know that problem (2.11) admits a unique solution

(z,m) € W%’p(R’}r) X Wll’p(RSﬁ) (see [7, Theorem 5.2]). Thus we can deduce that
On2'| € W}fl/p“’(F). In addition, we can notice that we have the imbeddings
WEP(RY) < Wy P(RE) and WP(R%) < LP(R™) without condition, whereas we
have W, /PP (0) < Wy /P P(D) only if 2 # 1.

Indeed, we can break it down into

Wy YRRy o WPT)  and - WP(D) < W VPP,

The first imbedding holds without condition. By duality, the second is equivalent to

Wo/PP (L) < W) (I), which holds if "1 2 L e, 2 21,

So, (z,n) € Wé’p(Ri) x LP(R" ), and above all v, 2" € Wo_l/p’p(F), which allows
us to consider the second auxiliary problem

—Av+VI¥=0 and divv=0 in R%,

(2.12) Up=¢g, and O,v' =g -9,z onT,

where g’ — 0p2'|p = ¢’ — 2’ € Wal/p’p(l"). Then, Proposition 2.1 yields a pair
(v,9) € Wé’p(Ri) x LP(R?) which is a solution to (2.12), provided the orthogonality
condition

1 n—1 / l 1 _
(213) VSO eR ) <g — Mz, P >W51/p’p(F)><W(1)/p’p/(F) =0

is satisfied if n < p’. Now, we must write this condition by only the means of data.
It suffices to notice that we have for all ¢ € R"~! x {0},

f-cpdx:/ (—Az+Vn) - pdx
R R

= <’lel, 90/>W[;1/PVP(F)XW3/PVP’(F)a
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to deduce that condition (2.13) is written

VSO/ € Rn_lv on fl ) 90/ dz = <glv ¢/>ng/p,p(r)><w(1)/p,p’(r) )
+

that is, more simply, the compatibility condition (2.10).

Then, the pair (u, 7) = (v + 2, ¥ + 1) which belongs to WP (R%) x LP(R") is
a solution to (S¥).

Finally, the uniqueness of solutions to (S*) is a straightforward consequence of
Proposition 2.1. 0

Remark 2.4. Unlike Dirichlet boundary conditions, with Navier conditions it is
not reasonable to consider data (f, h) in W "7 (R%) x LP(R?%). Indeed, with such
data for problem (2.11) we should get the velocity field z in the space W,'? (R%),
and we cannot give a meaning to the trace of 9,2’ in that case without an ad hoc
assumption. This limitation is not due to the method employed here; it is the same
situation as in the Neumann problem for the Laplacian (see [4]).

3. A wide class of behavior at infinity. Naturally, this problem will be solved
by the consideration of a scale of weights which extends the weight zero of the previous
section. After the study of the kernel of the operator associated to this problem, we
will show that the method established for the homogeneous system with the weight
zero works in fact for any weight. The main difficulty is getting compatibility con-
ditions into all the auxiliary problems from that of the original problem. Next, the
treatment of the nonhomogeneous system will be noticeably different.

3.1. The kernel. In the half-space, the key to this question is the reflection
principle. We can find an extensive study of this principle in the work of Farwig (see
[13]). With these boundary conditions, the reflection principle is simpler than that for
the Dirichlet conditions, and it can be deduced from the classical Schwarz reflection
principle for the harmonic functions.

Let ¢ € Z, and let (u, w) € W;’p(R’}r) X Wéo’p(RSﬁ) be an element of the kernel
of the Stokes operator with Navier boundary conditions—that is, a solution of (2.1)
with homogeneous boundary conditions; then the unique extension (@, 7) of (u, )
to the whole space, satisfying

“A@+Vi=0 and divia=0 inR",
is given by the continuation formulae as follows: for all z = (2, z,,) € R™,
' (z) = u (2*), Un(z) = —un(z*), 7(x) = w(z*), where 2* = (2/, —1,,).

Moreover, such 7 and u are, respectively, harmonic and biharmonic tempered distri-
butions in R”, and thus polynomials. For all k € Z, let us denote

SE={(\ p)e P x PR, —AX+Vu=0and divA=0inR",
OpA =0 and A, =0 on I‘}.

According to the maximum degree of polynomials in weighted Sobolev spaces (see
[2]), we can characterize this kernel as follows.

COROLLARY 3.1. Let £ € Z with hypothesis (1.6); then the kernel of the Stokes
operator with Navier boundary conditions in W;’p(R’}r) X Wf’p(R’}r) is the space

Sﬁ

[1—t—n/p]"
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In fact, this kernel does not depend on the regularity according to the Sobolev
imbbedings. More precisely, we have the following result.
COROLLARY 3.2. Let £ € Z and m € N* with (1.7); then the kernel of the Stokes

ogzemtor with Navier boundary conditions in Wﬁﬁ’p (R%}) x W H(RY) is the space
S

1—0—n/p]*

[ USiI/lg an idea due to Boulmezaoud (see [10]), we can also express this space from
the polynomial spaces A2 and N2 which define the kernels of the Laplacian with
Dirichlet and Neumann boundary conditions in the half-space. With this aim, we
will use the operator IIy—introduced in [5] for the biharmonic problem—defined as
follows:

1 Tn
Vs e NP, Tys(z',z,) = §xn/ s(x',t)dt
0

and satisfying for all s € J\/,CA, Allys = s in R} and Ilys = 0,1Iys =0 on I
PROPOSITION 3.3. Let ¢ € Z. The pair (A, u) € Sfl_e_n/p] if and only if there
A A
exists ¢ € N[l—e—n/p] X A[Al—f—n/p] such that

(3.1) A =@ — VIlydiv e, w=—dive.
Proof. Given (X, u) € Sfl_e_n/p], we have Ay =0 in R? and d,pu =0 on I, and

hence p € 'A/[?—l—n/p]' So we can write A(A — VIIyu) = AX—Vu = 0, which implies
the existence of ¢ € P[?féfn /v] such that

(3.2) @ =X— VIyp.

In fact, we can see that ¢ € N[Al,g,n/p] X A[Al—e—n/p] by considerations on the parity of
X, A\, and VIIyp. In addition, applying the operator div to (3.2), we get div ¢ = —p,
which yields (3.1) by substitution in (3.2).

Conversely, we can verify that such a pair (A, p) belongs to S[ﬁli t—n/p]" O

Remark 3.4. Tt is clear that if £ > 0, this kernel is reduced to {0}, and if ¢ = 0,
we find R"~1 x {0}? as in Proposition 2.1 and Theorem 2.3. However, for £ > 0, a
compatibility condition symmetrically appears for the data, which extends that of the
weight zero.

3.2. Generalized solutions. Here is the generalization of Theorem 2.3 for any
weight ¢ € Z. This result will be completely proved at the end of this section.
THEOREM 3.5. Let ¢ € Z and assume that

(3.3) n/p'¢{l,....04+1} and n/pé¢{l,...,—(}.

For any f € W?jrpl(Ri), h € W;jf{(Ri), gn € Wélfl/ﬂp(r)’ and g/ c Wzl/P,:D(F)
satisfying the compatibility condition

A A
Vo € N[l_l,_e_n/p’] X At t—n/p)>

oy )

i(.f - Vh) . (pdﬁ + <le f7 HN le (P>W2111,P(R1)X‘2/17,2P:1(R1)

+/rgn8"%dxl - (g, <P/>W;1/p,p(r)xwl_;1/pap/(r) = 0,
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problem (S*) admits a solution (u, T) € Wé’p(]R’}r) X Wf’p(Ri), unique up to an
element of S[ﬂl—e—n/pp with the estimate

inf (et + Mgyt sy + 17 + Bl e

#
A HESH g /)

< C (”fHWSJﬁ(]Ri) + HhHWZOJﬁ(R:L_) + ”gnHWel*l/Pwp(F) + HgIHWZ—l/P,:D(F)) .

Since the kernel has been characterized before, now it remains to show the ne-
cessity of condition (3.4) and, above all, the existence of a solution, that is, the
surjectivity of this operator. As for the weight zero, we will start with the homoge-
neous problem, and then we will consider more regular data on the boundary to finish
by this theorem.

3.3. The compatibility condition. If (u, 7) is a solution to (S*), then we
have the following Green’s formula:

ﬁ
VA 1) € Siipemnyp

I :

o ’ / ’ /
_—/Funan)\ndx + <8nu,)\>Wl_1/p,p(r)xw1__ll/p/yp/(r) + /Funudx.

(—Au+ V) - Adz —/ (divu) pda

n R

Hence we have a first formulation of the compatibility condition for data f, h, g., g’

YN 1) € SEy oy | foAde - | hude
+ +

(3.5)
= _/I:gn (871)\71 - :LL) dx/ + <g/) AI>W21/PVP(F)XW17;1/P,VP’(F) .

Now, in order to use Proposition 3.3, we can observe that
A A
Y0 € Nilyoon/p) X At eon/p

- (VI di de = (—div f, lIydi o
Rif ( N 1V<P) T < lVf N 1V(p>Wz__¢.1£p(Ri)XW1—’ZP—1(Ri)

and

hdivpdr = — Vh-pdz.

R% R7
On the other hand, for the trace terms, we have
XN =¢ and 9\, —p = 0Oppn, on I.

According to Proposition 3.3 and introducing these identities in (3.5), we get (3.4) as
a second formulation for the compatibility condition.
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3.4. Weak and strong solutions in the homogeneous case. Here again,
we start with the homogeneous Stokes system (2.1). In fact the method of subsection
2.1 works for any weight. The extra trouble comes from the compatibility conditions
for the auxiliary problems. Following step by step the proof of Proposition 2.1, we
throw light on this problem.

Proof of Proposition 2.1 revisited. Point (i) is unchanged.

(ii) The compatibility condition (3.4) adapted to problem (2.1) is written as

A A
70 € Nitonsp) X Allsenpr)
(3.6) , .
. gn 8119077, dz’ — <g y P >Wzl/p,p(l—‘)><W17;1/p/yp/(F) = 0.
Step 1. Problem (B). For (2.2), the compatibility condition is
A -/ _
(37) V¢ € A[3+€7n/p’]7 <A/gn —div g/7 8”¢>W;1_1/p’p(F)XWQ_EI/p,’p,(F) =0

(see [7, Theorem 3.5]). By means of Green’s formulae, we can rewrite it as
VY € ARy np) /an OnA) A" +(g", On V') g1/, 1y ert=20 0/ () = O
Now, to see that it is a consequence of (3.6), it suffices to remark that
A A A
v’lb S ‘A[3+E—n/p’]7 A/¢ € A[l-‘rf—n/p’]’ and 8nvl'¢1 S N[l—i—l—n/p’]'

-1, n .
So, we get z, € W, p(R+)/A[A_1_E_n/p] as a solution to (2.2).
For (2.3), the compatibility condition is

A _ /
(38) Vw (S A[]_Jrg,n/p/], <Zna w>W[Lp(Ri)XV?/1,’epl(Ri) - /an 8nw dx

(see [5, Theorem 2.5]). First, (3.6) implies that for any ¢ € A[Alen/p/], we have
fr gn Ot dz’ = 0. It remains to show that the left-hand term is also zero. For this,

we need to express A[Al ] by means of the kernel of the biharmonic operator

Bj—that is, the space of polynomials ¢ such that A%2¢ = 0 in R} and ( = 0,¢ =0
on I'. We showed in [5, Lemma 4.4] that

(3.9) Vk€Z,  Bpio=IpAL & IINNA,

where IIp—which is the equivalent for the odd harmonic polynomials with respect
to x, of the operator Iy for the even harmonic polynomials with respect to z,—is
defined as follows:

1 [
vr e AL, Tlpr(a’,z,) = 5/ tr(z',t)dt
0
and satisfies for all r € AkA, Allpr = r in R} and lpr = d,IlIpr = 0 on I'. From
(3.9), we get for any ¢ € A[Alen/p,], Ipy = ¢ € Bjzys—n/p) and thus we have
1 = A(. So, by means of a Green’s formula (see [7, Lemma 3.7] for the justification),
we get

VY € ARy np)s IC € Bigirnypy such that

(2n, V) = (zn, AC) = (Az,, () =0.

o
W, b PR x WP (RT)
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So (3.8) is proved and we get u,, € ng’p(]R’}r)/A[Alf#n/p] as a solution to (2.3).

Step 2. Problem (N1). Here Au, € W, ' "/»P(T") (see [7, Lemma 3.7]), and for
this problem, the compatibility condition is

(310) \V/¢ € '/\/'[g—‘,-l—n/p/]? <Aun7 w>W[1*1/PvP(F)><WE;1/P’1P’(F) =0
(see [7, Theorem 3.3]). For any ¢ € /\/@réin/p,], if we put ¢ = [ (2, ) dt, this

yields ¢ = 9,¢ with ¢ € A[%H_n/p,}. Since Au,, = A’g, —div' g’ on I, we see that
(3.10) is exactly written as condition (3.7), which is satisfied.

So, we get 7 € W£07P(Ri)//\/[§e_n/p] as a solution to (N1).

Step 3. Problem (N2). For (2.6), the compatibility condition is

(3.11) Vi € NG /p)s / mpdr =0
R

"
(see [4, Theorem 3.1]). According to (3.9), we also have, for any ¢ € j\/[?_n/p,],
lnt = ¢ € Bjays—n/p), and thus ¢ = A{. So, we have

V) € N /p1> 3¢ € Biasy—nyp) such that

J

Thus (3.11) is proved, and we get w € Wf’p(Ri)/J\/é%fn/p] as a solution to (2.6).

Consequently, v/ = V'w € W;Z)(Ri)/./\fﬁ_e_n/p} is a solution to problem (2.4).
Finally, for problem (2.5), the compatibility condition is

7r¢dx=/ 7 Al dx = (Am, () = 0.
R

n n
+ +

A
(312) Y Ny 9 oy ) = 0

(see [7, Theorem 3.4]). It is clear that (3.12), is include in (3.6), and then we get
z' e W%7P(Ri)/N[Al_g_n/p] as a solution to (2.5).

Sou' =v' +2' € Wé’p(]R’}r)/N[Alan/p] is a solution to (N2).

Remark 3.6. The set of critical values for all these auxiliary problems is given
by hypothesis (1.6). This is the good set of critical values for the homogeneous
problem (2.1), and the supplementary value n/p’ = £ + 1 will appear only in the
nonhomogeneous problem (S¥).

(iii) To recover the mth component of (2.1a)—that is, (2.7)—and (2.1b) from
(B), (N1), and (N2), we will use the nonuniqueness of their respective solutions wu,, m,
and u’, constructed in (ii), to select a “good one.”

Since Awu, — 9,7 satisfies (2.8) and belongs to W[l’p(R’_‘FL we can deduce that
Auy,—0,m € A[A—l—l—n/p]' As 7 is defined up to an element ofj\/[ég_n/p], On7 is defined
up to an element of A[Aflfgfn/p], and thus we can choose 7 such that Aw,, — 0,7 = 0.

Since div w satisfies (2.9) and belongs to WZOJ)(IR’_;)7 we can deduce that divu €
'/\/’[él—n/p]' As v’ is defined up to an element of N[Al_e_n/p], div’ ' is defined up to
an element of j\/[é t—n/p] and thus we can choose u’ such that divu = 0.

To finish this proof], let us notice that the characterization of the kernel gives an
answer to point (iv). O

So we have established the existence of weak solutions to the homogeneous prob-
lem, and we can sum up in the following result.
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PROPOSITION 3.7. Let { € Z with hypothesis (1.6). For any g, € ngfl/p’p(F)
and g’ € W;l/p’p(F), satisfying the compatibility condition (3.6), problem (2.1)
admits a solution (u, w) € W}’p(R’}r) X Weo’p(]R’}r), unique up to an element of

Sﬁ

M—t—n/p]’ with the estimate

inf (Hu—’_)\HW}p(Ri) + ||7T+MHWEP(R1))

f
X W)ESH_y /)

< C (Igallygs-s7m. ey + 18" ly—1/m ) ) -

Now, always for the homogeneous problem, we will consider the case of more
regular boundary conditions, which yields strong solutions.
PROPOSITION 3.8. Let £ € Z and assume that

(3.13) n/p ¢{1l,....0+1} and n/pg{l,...,—0—1}.

For any g, € WZQJ:ll/p’p(l") and g’ € W;;ll/p’p(l"), satisfying condition (3.6), problem

(2.1) admits a solution (u, T) € W?;rpl (R%) x Weli_’{ (R%), unique up to an element of

Sgik t—n/p]’ with the corresponding estimate.

Proof. We simply resume the proof of Proposition 3.7, which we named “Proof
of Proposition 2.1 revisited” at the beginning of subsection 3.4, using the regularity
results for the harmonic and biharmonic operators.

First, for the biharmonic problem (B), split into the Dirichlet problems (2.2) and
(2.3), we find z, € W&’l’ (R}) to be a solution to (2.2) (see [7, Theorem 3.8]); as well,

we find u,, € Wézjr’l’ (R?}) to be a solution to (2.3) (see [3, Corollary 3.4]). Second,
for the first Neumann problem (N1), we find 7 € ngjr’l’ (R%) (see [7, Theorem 3.4]).

Last, concerning the second Neumann problem (N2), we find v’ € ij‘_pl (R™}) (see [4,
Corollary 3.3]). Moreover, all these results hold under hypothesis (3.13), which yields
the optimal set of critical values for such data. d

Remark 3.9. We can also get Proposition 3.8 as a regularity result from Propo-
sition 3.7. Indeed, we have WZQJ:ll/p’p(l") — Wel_l/p’p(l“) if 3 # —£. On the

other hand, the imbedding W;;ll/ PP(T) < W, /PP(I') can be broken down into

1-1/p, , , ~1/p, . .
Wy /PP(D) s WP () and WL (1) — W, /PP(T). The first imbedding also
holds if % # —/, and, by duality, we find ﬁ # £ + 1 as a condition for the second
imbedding. So, under hypothesis (3.13), if in addition % # —/{, we can deduce from
Proposition 3.7 that problem (2.1) admits a solution (u, 7) € Wé’p(]R’}r) X WZO”’(]R’}F).
Then, as in [7, Corollary 5.5], we can show by regularity arguments that in fact

(u, m) € W?;rpl (R%) x Weli_’{ (R%). The cost of this approach is thus the supplemen-

tary critical value % = —/.

3.5. The nonhomogeneous case. We start with enough regular data on the
boundary—that is, the data of Proposition 3.8—to get strong solutions to the com-
plete problem.

THEOREM 3.10. Let £ € Z with hypothesis (3.13). For any f € ngrpl(]R’}r),
h € WL’_’{(R?_), gn € Wf;ll/p’p(l"), g € Wi;ll/p’p(l"), satisfying condition (3.4),

problem (S*) admits a solution (u, ) € W?;rpl (R7) x WZ’_’{(R?_), unique up to an
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element of S[ul—e—n/pp with the estimate

( u)elsréffwm (”“ + Ml gy + 7+ “”Wei‘f(Ri))
<0 (||f||wgfl(m) + ||h||W,§’ﬁ(Rz) + ”gnnwf_:ll/i"*?’(r) + ||9/||W};11/P’P(F)> :

Proof. 1t suffices to show the existence. We will naturally use the result in the
homogeneous case established above. First, we consider the lifted problem

() —Av+Vr=F and divv=H inRY,

b v, =0 and 9, =0 onl.

Indeed, according to Lemma 1.1, there exists a lifting function ug € W?fl (R7Y)
of g’ such that d,ug: = g’ on T', and there also exists ug, € W;i%(R}) such that
Ug, = gn on I'. Then, if we put ug = (ugr, ug,), F = f+ Aug, H = h —divug, and
v = u — ug, the two problems (S,) and (S¥) are equivalent. In addition, by means of

Green’s formulae, we can easily verify that condition (3.5)—i.e., the alternative form
of (3.4)—becomes, for (S,),

(3.14) VN 1) € SEy oy F.Adz — Hpdz =0.

R R7
Next, we extend F and H to the whole space by F' € ngl (R") and H € W22 (R™)

041
as follows:

Ve € D(R"), V1) € D(R™),

/ F-cpda: = F'(SOI‘FSO/*; Pn — ) d,

R}

(3.15)

Hydr = H (¢ +¢*) dz,
R R?

where ¢*(z) = ¢(a*) for any x = (2, z,,) € R with z* = (2/, —z,,). We can also
give a functional writing for this extension:

17 / _ (F, H)(xlv xn) if Tn > 0’
(F7 H)(a: ) xn) - { (F/, _Fn, H)(x/a _xn) if Ty < 0.

Now, by Theorem 1.3, with hypothesis (3.13), we know that there exists (w, ¥) €

W?f’l (R™) x Welfl’ (R™), a solution to the problem

(S) : —~Aw+VY9=F and divw=H inR",

provided the condition (F', H) L Sjj4_p/, is fulfilled, that is,

(3.16) V(A, M) € Sjito—nyps F-Adz — HMdz =0.
R™ R™

Thanks to (3.15), we can write (3.16) as

(3.17) F-(N+A* A, —A)dz — [ H(M+M*)dz =0.

R™ R"
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Since (A'+A", A, —A}, M+M*) € S}y, _, 1, condition (3.17)—and thus (3.16)—is

a simple consequence of (3.14). Then, the pair of functions (v, ) defined in R’} by
1
('U, 7T) = 5 (wl +wl*a Wn — w:;v 19—"19*)

belongs to ij‘_pl (R%) x Weli_’{ (R%) and, by a straightforward calculation, we can see
that it satisfies (S,). O

Now, we can establish the existence of generalized solutions announced in subsec-
tion 3.2.

Proof of the existence in Theorem 3.5. (i) Assume that 1% > ¢+ 1. According to

Proposition 3.7, there exists (v, ¥) € W P(R) x W)"P(R?) satisfying
—Av+VyJ=0 and divv=0 inR%,
Up=¢g, and O,v'=g" onT.

In addition, by Theorem 3.10, there exists (w, ¢) € W?;rpl (R7}) x Weljj (R7) satisfying

-Aw+V(=f and divw=~h inR7,
w,=0 and Od,w' =0 onl.

The pair (u, 7) = (v + w, ¥ + () gives an answer to the question.
(ii) Assume that & < £+ 1. We cannot directly construct a solution as above.
Indeed, the compatibility conditions—which are now nontrivial—of the auxiliary

and initial problems must coincide. Let N be the dimension of the subspace Sfl H—n/p']

of W32 (R) x WEE | (R), which is imbedded in W | (R™) x W~ ¥(R"), and
let {e1, ..., en} be a basis of S[ﬁlen/p,]. According to the Hahn—Banach theorem,
there exists a family {ej, ..., e} } of elements of ngrpl (R7) x Weli_’{ (R?), which ex-
tends the dual basis of the dual space (S[ﬂl len /p,])/. First, we can give a more compact
writing of the compatibility condition (3.5)—which is equivalent to (3.4)—as

V(Av ,LL) € Sfl.ﬁ,.[_n/p/]v

<(fa _h)a ()‘7 u)>W2w+Pl(Ri)XW[0wP(RK)7W%[PLI(RQ)XWEYZP’(RK)

/
<g7 (A 9 /’L - 87ZATL)>W[—1/:D,P(F)Xwel—l/P,P(l—w)7Wizl/P/yP/(F)Xw:ll/P/,P/(l—\) 9
where g = (g, gn). We denote the corresponding trace mapping by

0 n ,p’ n 2—-1/p",p’ 1-1/p',p’
e WERLRE) x WEEL(RY) — W27 (1) < W PP (D),

(A 1) — (XN, Yop =71 ),

and g; = k(e;). With a suitable numbering of the family, {e1, ..., €4} form a basis

of the subspace K/(S[ﬁlﬁ»éfn/p’]) of WQ_;_l‘_/lp/’pl (') x Wiz_i{p,’pl (T) — W:%pl,’p,(f‘) X

W_‘el_—ll/i”ap,(f‘) ande; = 0fori € {d+1, ..., N}. Here again, according to the Hahn—

Banach theorem, there exists a family {e}, ..., €} of elements of W;;ll/’”)(F) x

Wezgll/p’p(l“) which extends the dual basis of {e1, ..., £4}. Now, let us consider the

functions defined by
N

d
(F, -H)=Y e; {((f,—h),e;) and G= & (g, ).

=1 i=1
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They satisfy

={(g,er) forke{l,...,d},
=0 forke{d+1,..., N}

By Theorem 3.10, there exists (v, ¥) € W55 (R%) x W55 (R ) satisfying

(—Av+ V¥, divy) = (f—-F,h—H) inR%,
(877,'17/; Un) =0 onl.

By Proposition 3.7, there exists (w, () € WP (R%) x W, P(R?) satisfying

(—Aw+ V(, divw) =0 in R%,
(Opw', w,) =g—G onT.

By Theorem 3.10, there exists (z, n) € W?;rpl (R%) x Weli_’{ (R7) satisfying

{ (—-Az+Vn,divz) = (F,H) inR%,
(OnZ, 2n) =G on T
Finally, the pair (u, 7) = (v + w + z, ¥ + ( + 1) proves the existence. O
To end this section, we can give a global regularity result which extends the strong
solutions of Theorem 3.10.
COROLLARY 3.11. Let £ € Z and m > 1 be two integers, and assume (1.7). For

al f e W LP(R?), h e WhE(R?), g, € WITTYPP(T), and g’ € W /P P(D),

m-+£ m+£ m+£ m+L
satisfying the compatibility condition (3.4), problem (S*) admits a solution (u, T) €
Wﬁiz’p(R’i) x Wit B (RY), unique up to an element of S[ﬁl—l—n/p]’ with the estimate
inf (et Allsn, + 17+ il e )
()‘Hu')es[ﬁlfl—n/p] Wote P(RY) WikeRY)

m-+L

<C (Hf”wmjrl}vp(]}gj_) + ”h”Wm‘p(Ri) + ”gn”W:;ielfl/PvP(p) + ”ngW:ilz}/p’p(F)) .

Proof. The case m = 1 corresponds to Theorem 3.10. We suppose that m > 2.

(1) Assuming that ¢ < —2, hypothesis (1.7)—which yields the set of critical
values—is reduced to n/p ¢ {1,...,—¢ — m}. We begin by establishing the result
for the homogeneous problem, as in Proposition 3.8. The arguments are the same,
using the regularity results for the Laplacian with Dirichlet and Neumann boundary
conditions (see [3, 5]). Next, for the complete problem, we apply the method of the
proof of Theorem 3.10 with an ad hoc extension for F' and H—in this case, there is
no compatibility condition.

(2) Assuming that ¢ > —1 and n/p’ ¢ {1,...,¢ + 1}, we can adapt the proof
by induction of the regularity result for the Stokes system with Dirichlet boundary
conditions (see [7, Corollary 5.5]). a

4. Very weak solutions. The aim of this section is to return to the homoge-
neous problem (2.1) in which we envisage now very singular data on the boundary;
that is, more precisely,

g e W, 'TVPP(T) and g, € W, /PP (D).
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First, we will establish two preliminary lemmas. The second one yields a Green’s
formula in order to solve this new problem by a duality argument.
Let us denote by

T: (u, ) — (—Au+ Vr, —divu)

the Stokes operator. For any ¢ € Z, we introduce the space

TV (RY) = {( ™) € WOP(R?) x W, Y P(R?);
T, m) € Wik L (RL) x WP RY) ),

which is a reflexive Banach space equipped with the graph-norm. Then we have the
following density result.
LEMMA 4.1. Let £ € Z and assume that

(4.1) n/p' ¢{1l,....6—1} and n/pg{l,...,—0+1};

then the space D(R™) x D(R%) is dense in Ty (RY).
Proof. For every continuous linear form A € (Tf (R ))I there exists a unique

(0, ¢, w, 9) € WP (R?)x Wh2 (RE) x WP (R x WO (R™) such that
for all (u, ) € T, (R%),

(4.2) (A, (u, m)) = ((v, Q), (u, m)) + ((w, V), T'(u, )).
Thanks to the Hahn—Banach theorem, it suffices to show that any A which vanishes

on D(R}) x D(R?}) is actually zero on T7 | (R}). Let us suppose that A = 0 on
D(R7) x D(R?) and thus on D(R7) x D(R%). Then we can deduce from (4.2) that

(v, )+ T(w,9)=0 inRY,

and hence T'(w, 9) € WO_’;)H(R")X W—e+1(R7}r)' Let @, C, w, U be, respectively, the
zero extensions of v, ¢, w, ¥ to R™. By (4.2), it is clear that we have

(9, )+ T(w, 9) =0 in R”,

and thus T'(w, U) € wor Zo1 (R™)x Wiﬁl (R™). Besides, we have the following Green’s
formula: for any (¢, ¢¥) € D(R™) x D(R™),

(4.3) (T(@,9), (. ¥)) = (@, V), T(e, ).

On the other hand, we have both i1/ C Wih (R") x W5 | (R") and the
imbedding W5 | (R") x Wi |(R") = W' ’;(Rn) x W,y P(R™) under hypothesis
(4.1); then by the density of D(R") x D(R") in WZJrl L(R™) x ngjr’l’) L(R™), we can

deduce that (4.3) holds for any (¢, ) € Sji—r—n/p), and thus T(w, 9) L Sj1_¢—n/y)-
With thls orthogonahty condition, we can apply Theorem 1.3, and it follows that

(w, J) € €+1 (R™) x Wléﬂl (R™). Since w and ¥ are the zero extensions of w and ¥,

it follows that (w, 9) € W2’f+l(Ri)x W e+1(Rn) Then, by the density of D(R? ) x
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D(R%) in W ’fﬂ(R”)xW e+1( ), we can construct a sequence (wy, Ux) ey C

/

oL,p
D(R’}) x D(R?) such that (wg, ¥x) — (w, 9) in w2 (R%) x W _pyq (RY). Thus,

—041
for any (u, m) € T} | (R’ ), we have

(A, (u, m)) = = (T'(w, 9), (u, 7)) + ((w, V), T(u, 7))
= lim { <T('wk7 191@)7 (u7 71—)> + <(w/€7 191@)7 T('u’v 7T)>}

k— o0

i.e., A is identically zero. O

Thanks to this density lemma, we can prove the following result.

LEMMA 4.2. Let ¢ € Z. Under hypothesis (4.1), we can define the following linear
continuous mapping—that is, the traces of order 1 for the tangential component and
of order O for the normal component of the velocity field:

" —1-1/p, 1/p,
Vﬁ:Tgl(RHHW@q /pop P(T) x W,_{ /PP (),

(w, 7) > (Ont, Un)|p = (V1U1, - V1UR—1, YOUR)-
Moreover, we have the following Green’s formula:

V(u, 7) € T (R}), Ve, ) € WP (RY) x W (RY)
such that o, =0, O’ =0, and divee =0 on T,
(44) <T(’LL, 7T)7 (‘P; ¢)>W?+’7’11(R1)XW?1P( ) WO p " _1(R+)><W 1(]R
= ) ) T ) — ’ ] ’
(1), TP Do gy ey ey, WO (R X W E (BT
+ <(5nu/, Un), (‘Pla P — an%on»r
Proof. Let us make two remarks to start. First, the left-hand term in (4.4) is

nothing but the integral f]R" 7) - (@, ¥)dz. Second, the reason for the loga-

rithmic factor in the definition of Tf L(R%) is that the imbeddings W/ +1( n) =

w? f_l, 1(R%) and Wl’;il (R7) — W07p 1(R%) hold Wlthout supplementary critical

value with respect to (4.1)—whereas the imbedding W27, | (R%) < W prl(Ri) fails
if n/p’ € {¢, £+ 1}.
So we can write the following Green’s formula:

W(u, 7) € D(RY) x D(RT), Y, ) € W>E (RY) x WhE (R
such that ¢, =0, d,¢' =0 and div =0on T,

(45) [t oo = [ )T v)ds

+/(8nu', up) - (@', Y — Opipn) dz
r
We can deduce the following estimate:

|<(anu/7 un)? (‘Pla (4 —3n90n)>r| < ||(u7 7T)||Tp1(]R ) ||(907 )H (]R )XW—H—l(Ri)
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According to Lemma 1.1, for any p = (¢/, pn) € W%}}r/lp/m/ (T') x Wi;i{p/7p(F), there

exists a lifting function (¢, ¢) € W%f_;l(Ri) X Wiﬂl(Ri) such that

(0. 1)’ = (1, 0) € W27 () x WEATP(T),
(A/Oa A/l)spn = (0, _diV/ u,/) (= Wiz_i{p P (I“) X Wiz—"l_{p ,p(l—‘)’
Yo = — div' ' € WEHPP(D),

e, (¢, ¥ — Onpn) = p with p, =0, O’ =0, and dive = 0 on T, satisfying
/ ’ < ’ / ’ ’
H(‘Pa ¢)||W2_’f+1(Ri)XWiki1(Ri) <C ||N||W2—_z-1¢-/1p )P (F)XWiﬁ-{p Py’
where C is a constant not depending on (¢, 1) and . Then we can deduce that
H(aﬂulv un)HWZj;l/p’p(F)XWZZII/p’p(F) < C ||(’LL, 7-‘-)”TZPJ(RT_I_)'

Thus the linear mapping 7* : (u, m) — (9,4, uy)|p defined on D(RT) x D(RY) is
continuous for the norm of 77| (R%). In addition, since D(R%}) x D(RY) is dense in
Tg 1(R%), the mapping +# can be extended by continuity to a mapping still called
= L(T7 | (R7); gffl/p’p(F) X ngll/p’p(F)). Moreover, we can also deduce the
formula (4.4) from (4.5) by density of D(R%) x D(R}) in 77 (RY). 0

Thanks to this lemma, we now can give the result for singular boundary condi-
tions.

THEOREM 4.3. Let ¢ € Z with hypothesis (4.1). For any g = (@', gn) €
We__ll_l/p’p(f‘) X We__ll/p’p(f‘), satisfying the compatibility condition

(4.6) Yo = (@ on) € Moo/ X Adsemnyp;

’ ’ _
<g y P >WZ,1171/1)’p(F)XWi_ei/lp/’p/(F) - <gn; anson>W[11/p‘p(F)XWiZi{p/’p/(F) )

problem (2.1) admits a solution (u, ) € W?’f’l (R%) x Wéilfp(Ri), unique up to an

element of S[til,g,n/p]; and there exists a constant C such that

inf (et Al gy + 17+l 1 0eny ) < C llgllr

#
A ESH g /p)

Proof. To start with, let us observe that such a pair (u, 7) belongs to 7}, (R%),
and then Lemma 4.2 gives meaning to these boundary conditions. Next, we can
observe that problem (2.1) is equivalent to the variational formulation: find (u, 7) €
wr (R7) x w, P (R7) satisfying

V(v, ) € W%fﬂ(Ri) X Wi)ﬁkl(Ri)
such that v, =0, ,v' =0, and divv =0on T,

(4.7) T(v, 0 : o
<(u7 71—)7 (v7 )>W2’_171(R1)XW£7_11’I)(R1), W()_,ep+1(Ri)XW1_,f+l(Ri)

/
=— v, ¥ — Opv i _ il b
<g7 ( ’ n n)>W[,11 1/PYP(F)XW2711/17,F(F), Wiei/lp P (F)Xwiéif )

Indeed, the direct implication is straightforward. Conversely, if the pair (u, 7) satisfies
(4.7), then we have for any (¢, 1) € D(R") x D(R?),

(T(u, m), (¢, ¢)>‘D/(Ri)xD/(Ri),’D(Ri)xD(Ri) = ((u, m), T(ep, ¥)) =0,
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and thus T'(u, m) = 0 in R?. In addition, according to the Green’s formula (4.4), we
have

V(v, ¥) € W2 e+1(Ri) x Whi, (RY)
such that v, =0, ,v' =0 and divv =0on T,
<(8nu’,un), ('U/a Y — 8nvn)>r = (g, ('U/a Y — 8nvn)>1“

As we saw in the proof of Lemma 4.2, by Lemma 1.1, it follows that for any pu €

2—1/p",p’ 1-1
W2 ) < WP (),

(Onu' =g, un — gn), m)p =0,
that is, d,u' = g’ and u,, = g, on I'. Hence (u, ) satisfies (2.1).
Now, let us solve problem (4.7). By Theorem 3.10, we know that under hypothesis
(4.1), for all (f, h) € WO’fH(R”)X W e+1(Rn) L Sﬁl (—n/p)» there exists a unique
(v, 9) € W2E (RT) x WhE (R) /SW /) SOlUtion to

—Av+VY=f and divv=~h inRY}, 0, v'=0 and v, =0 onT,

with the estimate

(w5t < O (I lhworz, ey + M, o)

¥
(v, )HWi’ﬁl(Ri)XW [14+£—n/p']

l+1
Consider the linear form E: (f, h)— (g, (v, 9 — 0yvy)) defined on the product
space W e+1(Rn)X Wt £+1( n) L 8[1 v—nsp- According to (4.6), we have for any

©END 1np) X A[lJréfn/p’]’ or equlvalently, for any (X, p) € S1+e /o]’

I=(f, b = Kg, (vl+‘Plv ﬁ_anvn"‘an%on»ﬂ
= |<g,([’v/+)\/], [0 + ] _an[vn+/\n])>p|
<

NS C Hg”Wl—_ll—l/p,p(F)XWEill/P,P(F) ||(’U, 19) + (A7 M)||W2 P (R )XW_[+1(R1)
Thus

B WIS Cllglhw e @y yeray 10 D we g @yowt 2 @nrsi,, o,

S Cliglw sy avzyr e ("f”W‘l*f;l(Rm * ”h“wm’l(m) '

In other words, 2 is continuous on W° EH(R’}F) W E+1( n) L Sl t—nypp A0d

according to the Riesz representatlon theorem, we can deduce that there exists a
unique (u, 1) € Wb (R?) x W,_ fp(R")/S[l ¢—nyp)» Which is the dual space of

WO)zZ-l(Ri)X Wl_g_,_l( )J_S[l t—n/p]’ such that

V(f. h) € WO£+1(Rn)X W é+1( 1)

=) = (. f >W2;’1<Ri>xw(i‘f’+’1<m> *{m _h>WEf”<M>xv°vEe’i1<Rz> '

Then, we can conclude that the pair (u, 7) satisfies (4.7) and, moreover, that the
kernel of the associated operator is S? (—ten/p]" d
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To end this study, using the method of the proof of the existence in Theorem 3.5,
we can establish the existence of very weak solutions to the nonhomogeneous problem
with very singular boundary conditions.

THEOREM 4.4. Let ¢ € Z and assume that

n/p ¢{1,....0+1} and n/pg{l,...,—0+1}.
For any f € ngl(R’}r), h € Welﬁ([@r}r)’ gn € We—_ll/p,p(l—\)’ g € We—_ll—l/p,p(l_‘)’

satisfying the compatibility condition
A A
Ve € Nl tomn/p) X Al pen/p)s
—Vh) -pdzr + (div f, Iy di _ o1
/Ri(f ) pdx (div f, Iy lv(P>We+1fp(Ri)XWEep—1(Ri)

+ <gna an(pn>We—_11/p,p(F)Xwizi/lp’,p/(F)

’ I _
- <g y P >W21;1/p’p(F)XWi;i/lpl’p,(F) - 07

problem (S*) admits a solution (u, 7) € ngl (R7%) x nglfp(Rﬁ), unique up to an
element of S[ﬁlibn/p], with the estimate

inf (Jwt Mo oy + 17+ ol e )

#
A HESE g /)

< C (I llwo,z gy + Il zcany + 19nllu-1/m ey + 18"l --27mnps ) -
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